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A factor M is of type III, if and only if the action of its unitary group on its
state space by inner automorphisms is topologically transitive in the norm
topology.

1. INTRODUCTION

The states on the algebra M, (C) of »n X # matrices over C are classified
up to unitary equivalence by their eigenvalue list (A,);o;, . .», .., the list of
eigenvalues of the associated density matrix. Let M be a factor with separable
predual; then it is a natural problem to try and classify the normal states of M
up to unitary equivalence, viz., ¢; ~ ¢, when ¢, is in the norm closure of the
orbit of ¢, under inner automorphisms of M. If M is of type = III, it is an
easy exercise, using the results on the flow of weights of M to get such a clas-
sification. If M is of type III; the flow of weights is trivial and one is led to
conjecture (cf. [5]) that any two normal states are topologically equivalent.

We prove this fact below, and obtain some easy consequences. The first
is that M has property L, of Powers [8] if and only if A/(1 — X) e S(M). We
then show that if M is of type IT or III then there exists a faithful normal state
on M whose centralizer contains the hyperfinite factor. This last result makes
it very easy to prove a conjecture of Dell’Antonio [6] to the effect that type I
factors are the only factors in which weak convergence of a sequence of normal
states to a normal state implies norm convergence of the same sequence.

In order to prove the main result we study in Section 2 the skew information
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188 CONNES AND STORMER

I(¢, x) of an operator x relative to a state ¢. If M is a factor of type I with trace
Tr and ¢ the state ¢(x) = Tr(hx) the skew information was introduced by
Wigner and Yanase [9] as the quantity —Tr([A'/2, ¥]?) when x is self-adjoint,
and is a measure of how far x is from commuting with ¢.

2. CoMMUTATION OF OPERATORS WITH NORMAL STATES

Let M be a von Neumann algebra with separable predual. Let M act standardly
on s and 2% be the natural cone associated with some cyclic and separating
vector [1, 3, 10]. Let J be the involution associated with &% If ¢ is a normal
positive linear functional on M let £, be the unique vector in " representing
drd(x) = (x€y, &40, x€ M. When ¢ is faithful we let 4, be the modular
operator for (M, &,). In order to estimate the commutativity of x € M with ¢
we use the quantity

1($, %) = 3 I(Jx*] — )&, I

cf. [9]. By construction 0 <CI($, x) < (| x|[5)%, where (|| x|%)? = || &, |2 +
| x*£4 |2 We list a few properties of I(¢, x) which will be used below.

ProposiTION 1. Let ¢ be as above. Then

@) I($, xy) <I($, ) ULy | + [ 2| L(p, )72, &,y € M.

(b) i, #]I < 2224(1)1/2 (g, %)'/7, x € M.

(¢) If ¢ is faithful and x € M(o®, [(1 — 8)%, (1 + 8)%]), where the spectral
subspace is taken with respect to the group R+, then I(¢, x) << $8%(|| x [I,)

(d) Let ¢ be a projection in the centralizer My of ¢, then I(¢, x) = I($, x),
where ¢* = | M, and xe M, .

(e) Letebeaprojectionin M, ,letxceM,yec(l — e)M. ThenI($, x + y) =
I($, x) + I(¢, )-

B xésll — Ix*€, 1] < (21, )12

(g) Let 0 = (33) be the functional ¢ & Trace on M Q My(C). Then
16, (z §) = 2I(¢, x), xe M.

(h) Given k = k* € M there exists a positive finite measure p on R? such
that for any bounded real Borel function f on R we have

16,78 =5 [ 1) — FO sz, ),

BE) = [£6) du = [ F() du.
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Proof. (a) Since JMJ = M’ we have

I(JGe)*T — 2)éall < Uy NIU*T — 2)6 | + [ 2 11IUY*T — 3)és Il
(b) If y e M we have

I, WD) = I<xyés 5 €6) — <%y, €6)]
< Kyés» %8s — (¥€s, JxJéodl + KyJx*JEs , €6) — yxés , €D
S 2y I E I ICT**T — x)és 1l

() Let S=[(1 —8)3(1+ 8)? and x e M(0®, S). Then x¢, belongs to
the range of the spectral projection of 4, corresponding to .S, so that

QI($, ) = || 45", — x£, )| < sup R M e AT

(d) Let xe M, and identify x with exe in M. Since the involution of e£,
with respect to M, is eJe [3], and Jef, = e£,, we have

I(¢*, x) = §1((e]Je) x*(eJe) — )&, I
3| Jex*eJely — xéy |

I Ja*éy — x€, |2

= I(¢, x).

(¢) As in (d) we have efx*{y = Jx*Jeb, = Jx¥ef, = Jx*¢, when
xeeM. Thus e(x — Jx*J)f, = (x — Jx*J)€, . Similarly (1 — e)(y — Jy* )€, =
(y — Jy*J)é, for ye (1 — )M, and (e) follows.

(f) Use that |||&,]l — 1a*Ell] = [l %66 | — [ Ja*JE, Nl | < | %€y —
Jx*JEs .

(g) We have (22 = )G L), and ( }) commutes with 6, so that
160, (3 §)) = 16, (§ 2)) = 2I(4, x), using (d) and (e).

(h) Let A and B be Borel subsets of R. Let I, , I be their characteristic
functions. Put u(4 X B) = {I(k)¢, , Jls(k)€,>. Then u(A x B) > 0 since
JIs(R) JL,(k) = 0, so there exists a unique positive measure p on R? determined
by these values on rectangles. If f and g are bounded real Borel functions on R
we get

I

[ £ 2(5) dut, ) = <FE) &, Je®) €,
£ dutn 3) = <FB) o 8> = <o, TEB) €03 = [ £(9) dil, ).

Hence we have

I JFR) € — F(B) &6l = 201 £ (R) £ 112 — 2CF(B) &6, TF(R) €0
— [ (F@r +FP — 2 ®F(9) du(x3) QED.
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Next, as in [4], we let E, be the characteristic function of the interval
[a, +0) CR for each @ > 0. For x € M we put uy(x) = u(x) E{| x |), where
x = u(x) | x| is the polar decomposition of x. Let da be the Lebesgue measure
on R.

Tneorem 2. For any ¢ € M, * and x € M we have:
@) Jo (| uan(x)I5)? da = (| 2 )2,
(b) [ I, uarp()) da < 61(, %)% | x|[3.

Proof. (a) We have wap(%)* uye(x) = Eup(l #]) = Ey(x*x) and
o Eo(x*x) da = x*x. Since uqp(x*) = uap(x)* (a) is immediate.
(b) First replace ¢ by 8 = (3 9) and x by (2 §"). We have (¢ &) &) =
z*z 0 ), and hence

G =" o) (G D)=l “§)
Thus we have

(i 0D =gy SN ) = gy 5

Using Proposition 1(g) and the computation of |[(2 £")l# we see that to prove

(b) we can assume that x = x*. Then by Proposition 1(h) we just have to show
that with the Borel functions F,;: R — R, F,(t) = sign(¢) E (| t |), we have

J:O (f | Fn(x) — Foan(y)I? du(x, y)) da
<4 (J. | x — y |2 du(x, y))1/2 [(f | % |2 du(s, y))l/Z N (J. Ly 2 dut, y))l/z]

for any positive finite measure x on R2 For sign x = sign y we have, since
Ean(x) = E (%),

[ 1 Enx) — Fun(3)/ da = [ | Ej(a®) — E(3%)| da = |x — y | (|| + |3 ]).

For sign x = —sign y we have | Fyup(x) — Fuup(y)12 < 2E,(x2) + E,(3?), so
that

[ 1Fan(®) = Fan(3)Pda <262 +5) <4x — 3P =415 — 3| (x| + | ¥))

"The desired inequality now follows easily from the Schwarz inequality. Q.E.D.
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COROLLARY 3. Let € M+ and xe M satisfy x # 0, I(¢, x) < (|| x|[3)%
Then there exists a > O such that v = u,(x) # 0 and I($, v) < Te/*(| v |[3)%

Proof. By hypothesis I(¢, x)'/2 << €'/2|| 2 |%; hence by Theorem 2
[ 169, uun(x) da < 6721 2 7
= 6672 [ (| un(x)]7)* da.
As x # 0 it is impossible that

I($, uan(x)) = Te*([|upn(®)f)  forall a >0,

hence the conclusion.

3. HOMOGENEITY OF THE STATE Spack oF Factors ofF Tyee III,

It was shown in [5] that if M is a factor of type III, with unitary group U
then the action of U by inner automorphisms on the space of weights with
infinite multiplicity, gifted with a natural topology, is topologically transitive,
i.e., each weight has a dense orbit. Moreover it was conjectured that the same
is true for the action of I/ on the set of normal states of M. We shall prove:

Tueorem 4. Let M be a factor type 111, with separable predual. Then for
any € > 0 and normal states ¢ and W there exists a unitary u in M such that

ldu — 1l <6 (bul®) = plw*xu), x € M).

Before we give the proof we include some applications. Our von Neumann
algebras will always have separable preduals. Note first that if M = C is a
factor satisfying the conclusion of the theorem then it is easy to see that S(M) =
R, ; cf. the proof of the next corollary.

CoroLLARY 5. Let Ae[0,}). Then a factor M has property L, of Powers
if and only if A[(1 — X) e S(M).

Proof. By [8, p. 157], M has property L, if and only if M is of infinite
type, hence if and only if 0e S(M). If 1€ (0, §) by [2, Théoréme 3.5.4 and
Corollaire 3.7.7], all that remains is to show that if M is of type III, then M
has property L, . Using a state of the form w, ®¢ on My(C) ® M, where
w, = Tr((3 9_,)), it is clear that condition L, is satisfied for some state on M
for all A (0, 3], hence by all states using the homogeneity (Theorem 4).

CoroLLARY 6. A von Neumann algebra M acting standardly on an infinite-
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dimensional Hilbert space H# is a factor of type 111, if and only if the product
UU' of the unitary groups of M and M’ respectively, acts topologically transitively
on the unit sphere in 3.

Proof. The “if” part is easy; cf. the proof of Corollary 5. Conversely,
to show that given unit vectors £ and 7 in J# and € > 0, there exist u e %,
veX with || uvé — 5 || < e, one can assume that ¢ and % are separating and
cyclic by [7] and that € 4¢ by [2, Lemma 3.5.5]. Then one applies Theorem 4
to the vector states w, and w,, .

CoroLLARY 7. Let (M,),., be a denumerable family of factors of type III, .
Then the infinite tensor product &,e, (M, ,,) is up to isomorphism, independent
of the choice of the sequence ($,), ¢, normal state of M, .

Proof. Immediate by homogeneity.

CoROLLARY 8. Let R be the hyperfinite factor and let M be a non-type-1
factor. Then there exists a faithful normal state ¢ on M whose centralizer contains R.

Proof. When M is semifinite or of type III,, 0 <{ » < 1, the conclusion
is easy (cf. [2]), so we assume M is of type III, . From the proof of Corollary 5,
M has property L, 5 , so if ¢, is a normal state of M then there exists a subfactor
K, of type I, of M such that ||¢y — ¢y | K’y @rx ll <e for € > 0, where
Tk, is the normalized trace on K, and ¢ | K', the restriction of ¢, to the com-
mutant of K, in M. Repetition of this procedure gives a sequence (¢, , K,),
where ¢,, is a normal state of M, the K are pairwise commuting I, subfactors
of M, and K| ,..., K, belong to the centralizer of ¢, . Moreover, we can assume
lén — bni1ll << 2-7; hence the ¢, converge in norm to a normal state ¢. By
construction the von Neumann algebra K generated by the K is contained
in the centralizer of ¢ and hence is the hyperfinite factor R. Now ¢ can fail
to be faithful, but as its support e belongs to the relative commutant of K in M
we obtain the conclusion of the corollary for M, . Since M is isomorphic to
M, we are through.

Following Dell’Antonio [6], a factor M has property U if each sequence
of normal states of M which converges weakly to a normal state already con-
verges in the norm topology. Dell’Antonio showed that every factor of type I
has property U and conjectured the converse [6].

CoroLLARY 9. A factor has property U if and only if it is of type 1.

Proof. Let M be a factor not of type I. By Corollary 8, there is a faithful
normal state ¢ on M whose centralizer M, contains the hyperfinite factor R.
Composing the canonical expectations of M onto M, and of M, onto R we
get a normal expectation @ of M onto R. Since R does not have property U
[6] there is a sequence (¢,) of normal states on R which converges weakly to
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a normal state but not in norm. Then the sequence (¢, - P) has the same
properties in M, , so M does not have property U.

Note that since we might consider a reduced algebra M, , Corollary 9 remains
true without the hypothesis that M, is separable.

We now prove two lemmas which will be important for the proof of
Theorem 4.

LemMma 10. Let ¢ € M *, where M is a factor of type II1, . Let ¢', f' € M,
be nonzero projections smaller than the support of ¢. For any € >0 there exists
a partial isometry u 5= 0 in M such that w*u = ¢ < ¢/, uu* = f < f’, and

(@) I($,u) < e(fulz)
(B) 1($,e) < efle), 1($, f) < «4(f)-
Proof. We can assume that ¢ is faithful [7]. Since M is a factor of type III, ,
for any & > 0, there exists ¥ £ 0, xe M(c% [1 — 6,1 + 8]), xef' Me'; see
[2, Sect. 2.1]. Now by Corollary 3 and Proposition 1(c), we can find a partial

isometry u € f'"Me' such that I(¢, u) <C (| #|[%)?, # # 0. Next, by Proposition
1(f) we get, with u*u = e, uu* = f, that

| $(e) — SN < 14(e)/2 — (12 | | (e)/2 + S(f)/2 ]
< 20(g, u)*(dle) + SN
< 26%(d(e) + $(f))-

Hence by assuming ¢'/2 << 1 we get 3d(e) < ¢(f) < 2¢(e). By Proposition
1(a) we have I(¢, u*u) < 4I(¢, u) < 4e(¢(e) + #(f)). Hence (B) follows. Q.E.D.

Lemma 11. Let €€ P4 and ee M be a projection. Put ¢ = efeJ¢ +
(1 —e) J(1 — ¢€) JE. Then

(a) & belongs to 2% and with obvious notation, ¢'(e) = ¢(e) — I($, ).
(b) Let u be a partial isometry in M such that ue — u, eu = Q. Then

I(¢', u) < I(¢, ).

Proof. (a) Both eJeJ¢ and (1 — ¢) J(1 — €) J¢ belong to #% [3], so ¢ € #*.
We have <(ef, &) = (eJeJ¢ eJeJE) = e, JeJE>, but (¢, e) = ¢(e) —
<e§, JeJ€)-

(b) We have (u — Ju*])eJe] =uje], since u*e=0. Also, (u — Ju*J)x
(1 —e) J(1 — e)] = —(1 —€) Ju*]. Thus (u — Ju*])¢'= JeJut — (1 — €)X
JurJé = (1 — &) JeJ(u — Ju*])¢é since (1 —eju = u and eu* = u*. Since
(1 —e) JeJ Il < 1, (b) follows. Q.E.D.

Proof of Theorem 4. Let 8 >0, 8§ << 1, ¢, by be faithful normal states
of M and §,, 7, be the corresponding unit vectors in #%. Let R be the set
of all triples r = (w, «, B), where w is a partial isometry in M, «, 8 € 5, and:
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(a) With @ = w*w, b = ww*, we have ax = «, b8 = B.

(b) lleil® < 8o(a), I BIIF < Siho(b)-

(c) é=¢é —a—Jo and n =9y —B— JB belong to Z£* and
(@—JaJ)¢ =0,(6—JbJm =0, ¢l < 1,00l <1

(d) Let ¢, e M,* correspond to £, 7, let & = (¢ 2); then @ = (2 J)
satisfies I(0, w) << 8(l| @ ||7)>.

We define a partial ordering on R by setting r <{ 7" when
(1) =’ is an extension of w (i.e., w'a = w, w'*b = w*),
) a(«’ —a) =0,b(8 —B) =0,

B) o' —alf < 8pg(a” — a), [| B — BIF < Sfo(b” — b).

This relation is transitive, in fact if r <{ 7" and ' < 7" then ¢(0” — o) = 0
because a'(a”" —a') =0 and a<<d. Also |o" —aP=a" —a' |2+
||a — «|? because a'(o’ — o) = o — o while a’'(a” — o) = 0. It follows that
< is indeed a partial ordering on R.

To prove the existence of a maximal element in R we note that the map
r = (w, o, B) — po(a) (¢ = w*w) is injective on any totally ordered subset
of R since a = a4’ implies r = r’ whenever r < #’. Hence we just have to
show that any increasing sequence (7,),en in R is majorized. To see that,
let @ =lim,a,, b =1lim, b, in the strong topology. Furthermore, since
the w,’s are extensions of each other they converge in the strong *-topology
to a partial isometry w such that @*w = a, ww* = b. By (3), | o, — a [P <
3do(a,, — a,) whenever n < m. Thus « = lim, o, , 8 = lim, B, exist, and
by continuity we have r = (w, o, 8) € R. The relation r, < r for all n also
follows by continuity.

Now let by Zorn’s lemma r = (w, «, §) be a maximal element of R, We
assume that ¢ = w¥*w # 1, b = ww™* 4 1 and shall obtain a contradiction.

Lete =1—a,f =1—b& =( 3, f = %) and 8 = (¢ 9), where
¢ and ¢ are as in (d). By construction &' and f’ commute with 8, moreover
6% is identical with ¢¢; ¢ is represented in &% by the vector ¢ Je'J¢ =
1—a)J1l—a)Jé =1 —a)J(1 —a)Jé because ¢ = £ —a— Ja and
(1 — a)x = 0. Since £, is separating and cyclic for M, it follows that ¢¢, which
corresponds to e’ Je' JE,, is faithful on M, . In particular &’ is smaller than
support . Similarly f* < support 6. Thus Lemma 10 gives us a partial isometry
of the form # = () J) with support # = ({ 3), support @* = (J %), where
e <<, f<f,uru = e, uu* = f, and

() 18, @) < (3/2)(Il # 115"
(B) 1($ &) < (3/2)p(e), I(h, f) < (8/2) (f).

As ¢ is orthogonal to a and f to b we let ' = w 4 u and obtain a partial
isometry in M extending w. Let ¢ = a -+ ¢, & =b 4 f be, respectively,
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the support and range of &’. Leto’ = o + ¢J(1 — ¢) J¢, B = B + fJ(1 — f) Jn.
We assert 7’ = (@', o/, f/)e Rand r < 7.

Clearly (a) holds. To show (b) note that e(o’ — o) == o/ — a, and hence
a(e’ — «) =0, and «is orthogonal to o' — o. But || o’ — a2 = ||eJ(1 — &) J¢|2 =
le(e — JeD)E 2 < 2($,¢).  Since  (e) — 7(e) = <e(1 — @) J(1 — @) JEo.,
(1 —a) J(1 —a) Jé» = <J(1 — a) Je&,, J(1 — a) Je&y) < dole), we get by
B) & — «l < 2I(4, €) < 8¢(e) < Sdy(e) = Spy(a’ — a). Since « and o' — «
are orthogonal, we get (b). To show (c) let ¢ = £, — o’ — Jo' and %’ =
no— B —JB. Then & —&—ef(1—e) JE— (1 — e) JeJt = eJeJé +
(1 —e) J(1 —e)¢, so ¢ € 2% and e commutes with &, ie., (e — JeJ)¢ = 0.
As a commutes with ¢ we have Jaé = a¢ and a(l — ¢€) JeJ¢ = Jeat = 0.
Thus af = ¢’ and (JaJ — a)¢’ =0, so that (Ja'J — a')¢ =0, and (c)
follows.

To show (d) let ¢ and ¢ in M,* correspond to ¢ and 7', respectively, and
let 8 = (§" 3.). From the preceding paragraph a commutes with ¢'; thus
a = (5 ¢) commutes with 6’ as well as b = (§ 9). As the support of @ = (%,
is contained in @ and that of # = () J)in 1 — a we get by Proposition 1(e) that

10, @+ @) = I(0', @) -+ I(¢', &).

Now by construction & = (§ ) commutes with § = (¢ 9), and 6° = (6",
as can be seen using ¢% = (¢'), Y* = (')°. As @we (M & M,(C)); we hence
get by Proposition 1(d) and (d),

16", w) = 10, @) < &(| w|5)* = (| @ |[5)".

We claim that I(¢', @) < I(6, #). Indeed, we can apply Lemma 11(b) twice,
since in 3 ® 5, where 5 is the Hilbert space of 2 x 2 Hilbert—Schmidt
matrices, the vector (§' 2,) is obtained from (§ %) by applying the operators

eJef] +(1—a)J1—a] end FIFI+A—F)J1—F)], where [=
J & complex conjugation.

Next (| #[f)! = g(e) + $(f) and (|@|[£.)* = §(e) + '(f) and by Lemma
11(a) and (B) we have ¢'(e) = i(e), $'(f) = $¢(f), since 8 < 1. Thus we have

1o, ) <I(6, @) < (3)2)( 2 |7)* < 8(ll 15"
Since (| @' [12)2 = (| @)% + (| @||f)2, we therefore have
10, @) =10, @) + (', @) < 8| @|lf ) + 8( wl7) = (| @' |}g)%,
and (d) follows.

Thus 7’ € R as asserted. From the above discussion it is clear that » < ¢’
and 7 3 r’. This contradicts the maximality of 7, so that either w is an isometry
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or a coisometry. By symmetry we may assume w*w == | and let ¢; = ¢ and
; be the reduced of by b = ww*. By (b) and (c) we have

o — ol << 201 & — Eyls < 481

in particular, §(&*®) = #(1) = | — 46%/2. By Proposition [(f), | 6(ww*)'/? —
Haorw)/? | < (216, w))1/2 < 212812 | |7 < 20V/2. Thus (b)1/? = O(waw*)1/% =
O(zw*w)L/2 — 2812 = 1 — 68'/2, and we have

[ — | < 201 bm — il = 2(1 — b/ < 148172,
In particular,

o — o ll <lltho — 1l + 114 — oy | < 4812 + 14812 = 185172

As I(6, w) < 28 we have from Proposition 1(b) that | 0(@y — y@)| < 8812 y ||
for any y e M ® M,(C). It follows that | $(xw) — Ph(wx)| < 881/2] x| for any
x € M. In particular, since ww* = be M, we have

| po(w*aw) — ()] < 82| xf, xeM.

Since M is of type III standard arguments show that we can find a sequence
of unitaries (v,) in M converging strongly to w. Then v,£ — wf in J#, so
that for large enough n we have

| $o(v, *xv,) — ()| < 9812 || %}, xeM.

Thus | o, *x0,) — (%) < 318Y2 || x{|, x € M, and the proof is complete.
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