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INTRODUCTION

In his Annals paper on modular forms of half integral weight [81,
Shimura mentions several open questions. One of them is the following :

is every form of weight 1/2 a linear combination of theta series in one

variable ?

We show that the answer is positive. The precise statements are gi-
ven in 82, Theorems A and B; they give an explicit basis of modular
forms (and cusp forms) of weight 1/2 and given level. The proof uses
the fact that, for weight 1/2, the formula defining the Hecke operator
T(pz) introduces unbounded powers of p in the denominators of the coef-
ficients - unless some remarkable cancellations take place (§5). But it
is a familiar fact that coefficients of modular forms (on congruence
subgroups) have bounded denominators. Hence the above cancellations do
hold, and they give us the information we need, when combined with basic
properties of '"newforms” 3 la Atkin-Lehner-Li (8§ 3,4). The details are
carried out in 88 6,7. As an Appendix, we have included a letter from
1

Deligne sketching an alternative method, using the "group-~representation

point of view.

In the above proofs, arithmetic arguments play an essential role. It
would be interesting to have a more analytic proof; a natural line of
attack would be to adapt Shimura's Main Theorem ([8], 83) to weight 1/2,

but we have not investigated this.

We mention a possible application of Theorems A and B : since the

weights 1/2 and 3/2 occur together in dimension formulae and trace
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formulae ([8], §5), the explicit knowledge of forms of weight 1/2 gives

a way of computing these dimensions and tracesg for weight 3/2.

§1. SOME NOTATION

1.1. Upper half-plane and modular groups.

We use standard notations, cf. [3], [7]. The letter H denotes the

upper half-plane {z|Im(z) > 0}. If z € H, we put q = e2“lz. Let
GLQ(R)+ be the subgroup of 6L,(R) consisting of matrices A = [i 3) with

det(A) > 0; we make GLZ(R)+ act on H by
z b Az = (az+b)/(cz+d).

Let N be a positive integer divisible by 4. We denote by I'y(N) and

Fl(N) the subgroups of SL, (Z) defined by

(D er,a0 = c=0  (mod M)
G5 er,an = a=d=1 (mod N) and c= 0 (mod N).
The group Fl(N) is a normal subgroup of I'y(N), and the map [i g) » d in-

duces an isomorphism of FO(N)/Fl(N> onto (Z/NZ)*.

1.2. Characters.

If t € Z, we denote by Xy the primitive character of order < 2 corres-

1/2

ponding to the field extension Q(t 3/Q. If t 1is a square, we have

1/2

Xy ®= 1. Tt t 1is not a square, and the discriminant of Q(t )/Q is D,

then X is a quadratic character of conductor |D|, and we have

xt(m) = (%) (Kronecker symbol),
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In particular, xt(m) = 0 if and only if (m,D) # 1. (Recall that, if

t = u2d, with u € Z, and d is square~free, we have D = d if d = 1

(mod 4), and D = 4d otherwise.)

1.3. Theta multiplier.
oo 42 +o0 2
Let 8(z) = T (1-¢°™ (1+¢?" Toogt =1+ 2g + 2" +
n= -~00
be the standard theta function. If A = (i g} belongs to I'j(4), we

have

8(Az) = J(A,z)8(z),

where j(A,z) is the "§-multiplier" of A. Recall {(cf. for instance [81)

that, if ¢ # 0, we have

. - 1/2
j(A,z) = edi xc(d)(cz+d) / s
1 if d =1 (mod W)
where €4 =
i if d = -1 (mod 4),

/2

and (cz+d)1 is the "principal" determination of the square root of

cz + d, i.e. the one whose real part is > 0 (more generally, all frac-

tional powers in this

paper have to be understood as principal values).

If ¢ = 0, we have A = £1, and j(A,z) is obviously equal to 1.
1.4. Modular forms of half integral weight.
Let ¥ Z/NZ)* - ¢* be a character (mod N), and let « be a positive

odd integer. A function f on # is called a modular form of type

(/2,%x) on TO(N) if

a) f(Az) = x(d) j(A,z)F(z) for every A = [i S) in T (N); this
makes sense since 4|N;
b) f is holomorphic, both on H and at the cusps (see [81).
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One then calls «/2 the weight of f, and y its character. The space
of such functions will be denoted by MG(N,K/2,x); it is clear that
MO(N,K/Q,x) consists only of 0 unless y 1is even, i.e. yx(-1) = 1. We put
Ml(N,K/Z) = @ MO(N,K/Z,x),
X
where the sum is taken over all (even) characters of (Z/NZ)*; this space

is the space of modular forms of weight «/2 on Fl(N).

A modular form which vanishes at all cusps is called a cusp form.
The subspace of My (N,k/2,%) (resp. M,;(N,k/2)) made up by cusp forms

will be denoted by SO(N,K/Q,x) (resp. Sl(N,K/Q)).

EXAMPLE : theta series with characters.

Let ¥ be an even primitive character of conductor r = v(y). We put
2

6,(2) = R

When ¢ = 1, 08 is equal to 6. When ¢ # 1, 6, is equal to

¥ v
2 4
273 P(ndq® = 2(q +w(2dq + ...)
n=1
(n,r)=1

We have Sw S M0(4r2,1/2,w), cf. [8], p.457. This implies that, if

t is an integer > 1, the series ew T defined by
b th
ngt(z} = Gw(tz) = gn vi{ndg

belongs to Mo(uth,1/2,xtw), see for instance Lemma 2 below.

2
Warning. One should not confuse § 6 with the series ) d)(n)gqn obtained

v
by twisting 6 with the character y, cf. §7.

1.5. Petersson scalar product.

If 2 € #, we put x = Re(z), y = Im(z). The measure dxdy/y2 is
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invariant by GL2(R)+. If f,g belong to Ml(N,K/Z), the function

_ —— K /2
Ff,g(z) = f(z)glz)y

is invariant by PI(N)' Hence Ff g(z)y—dedy is invariant by Fl(N) and
k]

defines a measure Mg g on H#/T, (N). One checks immediately that He o is
s 1

a bounded measure in each of the following two cases

i) one of the forms f,g is a cusp form;
ii) k = 1 (this was first noticed by Deligne).

In each case, the Petersson scalar product <f,g> of f and g is de-

fined as the (absolutely convergent) integral

- 1 _ 1 s K /2-2
<f,g> = SNy J Uf,g el f flz)glz) vy dxdy ,
H/T, (N)
where c(N) is the index of Fl(N) in SLQ(Z).
This is a hermitian scalar product. One has <f,f> > 0if <f,f> is

defined and f # O.

§2. STATEMENT OF RESULTS

2.1. Basis of modular forms of weight 1/2.

Our main result (Theorem A below) states that every modular form of
weight 1/2 is a linear combination of theta series with characters.
More precisely, let x be an even character {(mod N); let Q(N,¥x) be the
set of pairs (¢,t), where t is an integer =2 1, and ¢ is an even primi-
tive character with conductor r(¥), such that

(i) wr@)?t  divides N,

(i1) x(n) = Y (nIx, (n) for all n prime to N.

Condition (1i) is equivalent to saying that ¢ is the primitive character

associated with XX, hence ¢ is determined by t and x. Conversely, t
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and y determine Y.

hog 2
THEOREM A. The theta series 6, . = ] w(n)q'" , with (y,t) € Q(N,X),
> —oc

make up a basis of MO(N,1/2,x).

This will be proved in §6.

Call Q(N) the set of pairs (y,t) satisfying condition (i) above; this
set is the union of the §(N,x), for all even characters ¥ (mod N); hence

Theorem A implies

COROLLARY 1. The series Bw o with (y,t) € Q(N), make up a basis of the
, with

space Mi(N,l/Q) of modular forms of weight 1/2 on Fl(N).

In particular

oa

COROLLARY 2. If f = § a(n)q" is a modular form of weight 1/2 on T, (N),
n=0 .
then a(n) = 0 if n is not of the form tmz, where t is a divisor of N/u,
and m € Z.
COROLLARY 3. Let £ = 7§ a(n)q” be a formal power series with complex
n=0

coefficients. The following properties are equivalent

1) f is a modular form of weight 1/2 on some Fl(N)'

2) f is a linear combination of theta series

tn2
8 = q
RgaTst n=ng (mod 1)

n€Z

I
1] ey

3) For each square-free integer t > 1, there is a periodic function

€, on Z such that

3.1) a(tn?) = e (n) for every n > 1;

3.2) each €1 is even (i.e. at(n) = et(-n) for all n € Z);

3.3) €y is 0 for all but finitely many t;
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3.4) a(0) = 2 ] e, (0).
t

PROOF. The equivalence of 2) and 3) is elementary. The fact that a the-
ta series is a modular form is well known (cf. for instance [81, §2);

hence 2) implies 1). Corollary 2 above showsg that 1) implies 3).

COROLLARY 4. Let f = J a(n)q” be a non-zero modular form of weight 1/2
n=0

on_some Fl(N). Then

a) la(md)| = 0(1y;

b) for every p > 0, there is a constant cp > 0 such that

y !a(n)‘o = cpxl/2 + 0(1) for x - o=,

n<x

(If p = 0 and a(n) = 0, we put Ja(n)|? = 0.)

PROOF. This follows from Corollary 3.

REMARK. If f and g are modular forms of weight 1/2 on T (N), their
product F = f.g is a modular form of weight 1. By Theorem A, F is a
linear combination of series

2 2
I oa(nyg(m " U,

n,m
where o and 8 are characters. This shows that F is a linear combination

of Eisenstein series and cusp forms of dihedral type associated with

imaginary quadratic fields (cf. [3], 84). Hence, one cannot use pro-

ducts of forms of weight 1/2 to construct "exotic" modular forms of

weight 1.

2.2. Cusp forms of weight 1/2.

If ¢ is a character with conductor r, one may write ¥ in a unique
way as ¥ = II ¥ , where the conductor of wp is the highest power of p
pir
dividing r; we call wp the pth-comgonent of ¢ (in the Galois interpre-

tation of characters, wp is just the restriction of ¥ to the inertia
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group at p). We say that ¢ is totally even if all the wp's are even,
i.e. if wp(-l) = 1 for all plr; this is equivalent to saying that ¢ is
the square of a character (which can be chosen of conductor r, if r is

odd, and of conductor 2r, if r is even).

Denocte by Qe(N,x) the subset of Q(N,yJ) (see above) made up of the

(¢,t) such that ¢ is totally even, and put

QC(N,x) = Q(N,y¥) - Qe(N,x).

Define similarly

Qe(N) = g Qe(N,x) y QC(N) = g QC(N,X).

THEQREM B. The geries Gw o with (y,t) € Qc(N,X), make up a basis of the
b

space SU(N,l/Q,x) of cusp forms of MO(N,l/Z,X). The series ew o with

(p,t) € QE(N,X),make up abasis of the orthogonal complement of S§,(N,1/2,%)

in MO(N,l/Q,x) for the Petersson scalar product.

This theorem will be proved in §7. It implies

COROLLARY 1. The series ew o with (¢,t) € QC(N}, make up a basis of

the space Sl(N,l/Z) of cusp forms of weight 1/2 on r, ).

COROLLARY 2. We have Sl(N,l/Q) # 0 if and only if N is divisible by ei-

ther 64p2 where p is an odd prime, or upzp'g, where p and p' are dis-

tinct odd primes.

Indeed, Cor. 1 shows that Si(N,i/Q) is non~zero if and only if there
exists an even character ¢ with conductor r(3), which is not totally
even, and which is such that r(w)2 divides N/4. Since ¥ is even, at
least two pth~components of ¢y are odd; this shows that r(¢) is divisi-
ble by either u4p, where p is an odd prime, or by pp', where p and p'
are distinct odd primes; hence N ig divisible by either H.(up)Z = 64p2
or u(pp'}2 = szp‘Q. Conversely, if N is divisible by GQPQ (resp. by

2 ,2)

Yp“p , one takes for ¥ the product of an odd character of conductor
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p by an odd character of conductor 4 (resp. p'); it is clear that ¥

has the regquired properties.

EXAMPLES. The above results allow an easy determination of the spaces
of modular form of weight 1/2 on FO(N) and T';(N) : all one has to do is
to make a list of the divisors t of N/#, and, for each such t, deter-
mine the even characters ¥ with conductor r(y) such that r(w)2 divides
N/4t. The pairs (¢¥,t) thus obtained make up the set Q(N). We give two

examples

i) N = 4p,...pp> where the pi's are distinct primes. In this case t
is a product of some of the pi'g, and r(y) must be equal to 1, hence

Y = 1. Applying Cor. 1 to Th. A, we see that the series

oo 2
9(tz) = zﬁ qtn (where t divides p,...pp)
make up a basis of Ml(N’1/2>' Moreover, we have 6(tz) € MO(N,l/Q,Xt);
since the Xt's are pairwise distinct, each MO(N,l/Q,Xt) is one-dimen-
sional, and we have My(N,1/2,%x) = 0 if x is not equal to one of the

Xt’s {in particular if y is not real).

ii) Let us determine Sl(N,1/2) for N < 800. If this space 1is # 0,

2

Cor. 2 to Th. B shows that N is divisible by either Bup® or Mpzp'z

where p,p' are distinct odd primes; the first case is possible only if
N = 576 = 64-32; the second one is impossible (since it implies

N > 4.3°5% = 8900, which contradicts the assumption made on N). Hence
we have N = 576, and it is easy to see that the only element of Q. D
is the pair (Y,t) with t = 1 and ¢ = X3 (which has conductor 12). The
corresponding theta series is

_ n n
o, = 1 ¢ - ] q
3 n=t1 (mod 12) n=t5 (mod 12)

49 121 + q169 o).

25
= 2(g-q"" -q' T +q
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It foliows from a classical result of Euler (cf. for instance [4],
p. 931 or [8], p. 457) that % SX is equal to
3
hod )
n(28z) = g T (1-a°"™).
n=1

Up to a scalar factor, this series is thus the only cusp form of weight

1/2 and level N < 900.
§3. OPERATORS

3.1. Conventions on characters.

From now on, all characters are assumed to be primitive; this is ne-
cessary when dealing with different levels. We say that such a charac-
ter x is definable (mod m) when its conductor r(yx) divides m. The pro-
duct XX' of two characters y and %' is the primitive character associa~-

ted with n P x(n)x'(n); hence, we have

(xx")(n) = x(m)x'(m)

if n is prime to r(y)r{(x'), but maybe not otherwise.

3.2. The group G.

Following Shimura [8], we introduce the group extension § of GLQ(R)+
whose elements consist of pairs {M,¢(z)}, where M = fg i} belongs to

-1/2

GLQ(R)+ and ¢(z)2 = q det(M) “(tz+u), with Ja| = 1. The multiplica-

tion law in G is given by
M,0(z2) HNLp(z)} = {MN,¢(Nz)w(z)}.

When dealing with forms of weight «/2 it is convenient to define the

"slash operator" f|K£ = flg by
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(£18)(z) = ¢(2) “£Mz) where € = {M,$} € G,

and, for Ei € G and = € C
£} ciE4) = Yeg(fleg.

If A € T (%), we define A¥ € @ by A* = {A,3(A,2)}, where j(A,2) is the
8-multiplier of A, cf. 81. Thus, if f € MG(N,K/Q,X) and
a= (3 ) € 1y, we have £]A¥ = x(@)f.
It follows from the definition of J that
* %

(1) A¥B* = am* if A,B € T (u).

Computations in G are greatly aided by making use of (1) whenever poss-

ible.

3.3. Hecke operators.

For a prime p, with p {N, we define T(pz) on My(N,x/2,x) as in

Shimura [8] by

i

2 : -
o PTTL a3y 12 PC : -1
RE R S ¢ 52) 5P 2y« x(p DERICEIE ey X5 ()}
j=0 ]=

T(pz)

2
s xHE D

where ep = 1 or 1 according as p = 1 or 3 (mod 4), cf. §1. Tor a

prime p with p | N (for instance p = 2), we define T(pz) by

2
g BE iy _1/2
T(pz) = PK/2 2 Z {(1 %]9 }7
L 0p
j=0 L
and, if up | N, we define T(p) by
-1 Pz j 1/4
T(p) = pK/u ! )} {(é %}:P 3.
320
LEMMA 1. Let f = 7§ a(n)qn be an element of MO(N,K/Q,x), and let

n=0

£lT(p?) =

=}
r~1 §
(e

b(n)qn. Then f|T(p2) belongs to MO(N,K/Q,X) also, and
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we have
2 .
Jamp) if p N,
bi{n) =
a(an) . ?(K»3)/QX(p)X-u(p>(K—l)f2(§>a(n) .
+ 2 (pHras/p?) if pt N,

where (%) is the Legendre symbol. If 4p | N, then f£|T(p) belongs to

MO(N,K/Z,XXP) and is equal to |} a(np)qn. Any two such operators
n=0
commute.

PROOF. The statements about T(p2) are proved in Shimura, loc. cit.

Those about T(p), when u4p | N, are proved by a simple computation.

3.4. Other operators.

We need the shift v(m) = m /% {(? i),m_l/u} which acts by

[£fivim)](z) = fimz).

We need also the symmetry W(N) = {(g 1}),N1/u<-iz)1/2}, which acts by
(MO0 1) = N7 (-i) ™/ 28 (-1/mz),
so that [flWODI|WO) = f for all f.
The conjugation operator H is defined by
(£l (z) = £f(-2) = E atmqg" if f = § a(n)g".
n=0 n=0

LEMMA 2. The operators Vim), W(N) and H take MO(N,K/Q,X) to

My(Nm,</2,xx,) > MO(N,K/Q,QXN) and #,(N,k/2,%) respectively. Further,

if f belongs to MO(N,K/Z,x), we have :
[f]V(m)][T(p2) = [f|T(p?)]]V(m) when p {m,
[E1HT|T(p?) = [£]T(p%)1]H,

[ElWAD T T(p%) = TP IEIT(p ) 1|WN)  when p IN.
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PROOF. Again, the proof involves simple computations in G and is left
to the reader. Care should be exercised in the commutativity results
since the definition of T(pz) depends on the character appearing in the

space containing the function to which T(pz) is applied.

The following operators will be used in 84 only. To define the
first one, suppose the prime Pg divides N/4, and write TO(N/pO) as a
disjoint union of cosets modulo TO(N)

. ]
FO(N/pO) = U FO(N)Aj, with Aj = , and u =(FO(N/pO) : FO(N)).

j=1 c. d.
J 1 J

=
[

We define the trace operator 8'(yx) = S'(x,N,pO) on MO(N,K/2,X) by

ST (x) =

Ho~
nes1e

*
LYAL =
x(aj) 3

Y (d. Ak,

3j 1
It is easily seen that this operator does not depend on the choice of
the Aj's. Moreover, if x is definable (mod N/po), S'(y) takes

My(N,k/2,%) to My(N/py,x/2,%x) and commutes with T(pz) for p [Ny if f

belongs to MO(N/pO,K/Q,x), we have

£18t(x) = uf.

For our purposes, it is more important to find an operator which
goes from level N to level N/pO and which undoes the action of the
shift operator V(po). To do this, we define S(y) = S(X,N,po) on

MO(N,K/E,x) by

1 [ — .
S() = ﬁ.pg/ WO ST (X )W/ pg)

LEMMA 3. Let p, be a prime such that L+pD[N, and XX is definable
- 0 )
(mod N/po). Then

a) The operator S(x,N,pO) maps MO(N,K/Q,x) into MO(N/pO,K/Z,XXp ).
0
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b) If m is prime to Pg» and f belongs to MO(N,K/Z,x), then
f|S(X,N,pO) = ffS(x,Nm,pO).

e¢) S({x) commutes with all T(pz), for p fN.

4y 1If g € MD(NIPG,KXQ)XXP ), then g{V(pO) € My(N,x/2,x) and
O

[g[V(pO)]IS(x,N,pG) = g.

e) Let p be a prime such that Lp|N, p # Pg» and XXp ig definable

(mod N/p). 1If g € MO(N/p,K/Q,XXP), we have

[g]V(p)]|S(X,N,DO) = [g|S(xxp,N/p,pO)]|V(p).

PROOF. Assertion a) follows from Lemma 2 and from the fact that

XXy = XX. X
N Py N/py

is definable (mod N/po).

If (i g) belongs to FO(Nm/pO), with (m,py) = 1, then

*
womy (& DY wam/pg) = tma1d wan (7, P W /py)

f.

and b) follows, since f|{m,1}
Assertion c¢) follows from the commutativity of the T(pg), pf N, with
W(N),8" (Xxy) and W(N/pgy).

As for d), we have

(00 D) spg wan = {pg,1wai/p),
hence
|V I wan = po*/" gluai/py).
This is invariant by % S'(QXN), and is sent to paK/” g by WN/p,), whic

proves d).
As for e), we have 4p0p|N, and XX, Xp is definable (mod N/ppo). Tur-
0

ther
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-1/4

e g),p W = {p,1IWW/p),

0 -
W(N/py) :W(N/ppo){[g 1) o1/t
and YXN = XXPXN/P' The formula

[g|V(P)T[S(X,N,py) = [g|S(xxp,N/p,pO)]|V(p)

follows from this, after a simple computation.

Let p be any prime. We shall need the operator
K(p) =1 -T(p,Np)V(p),

where T(p,Np) is the Hecke operator T(p) relative to the level Np (see

above).

LEMMA 4. If f = a(n)qn belongs to MO(N,K/Z,x), then f|K(p) belongs
n=0

to MO(Np2,K/2,X) and is equal to ) a(n)qn. Further, if p' | Np,

(n,p)=1
then T(p'2) and K(p) commute.

PROOF. This is immediate.

REMARK. All the above operators take cusp forms to cusp forms.

§4. NEWFORMS

4.1. Definitions.

Let f € MO(N,K/Q,X) be an eigenform of all but finitely many T(p2).
We say that f is an oldform (compare [1], [5]) if there exists a prime
p dividing N/4 such that

either x is definable (mod N/p) and f belongs to MO(N/p,K/Z,x),

or Xxp is definable (mod N/p) and f = g|V(p), with g € MO(N/p,k/Z,Xxp).
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We denote byMOld(N,K/Z,X) the subspace of M (N,x/2,%x) spanned by old
0 b 0

formg. If f € My(N,k/2,%) is an eigenform of all but finitely many

old

T(pz), and f does not belong to M,

(N,x/2,%x), we say that f is a

newform of level N.

LEMMA 5. The symmetry operator W(N) : MO(N,K/Z,x) - MO(N,K/Z,QXN) and

the conjugation operator H : MO(N,K/Q,x) - MO(N,K/Q,Q) take oldforms

to oldforms and newforms to newforms.

PROOF. By Lemma 2, W(N) and H take eigenforms to eigenforms. If f is

an oldform of the firgt type above, i.e. f € MO(N/p,K/Z,X), then

flwan = ot e WO 1] V()

is an oldform of the second type. Conversely, if f = g|V(p) is an old-

form of the second type, then f{W(N) = p—K/u

g|W(N/p) is an oldform of
the first type. Hence W(N) takes oldforms to oldforms; the same is ob-
viously true for the conjugation operator H. That W(N) and H take new-

forms to newforms follows from this, and from the fact that their square

is the identity.

LEMMA 6. Let h € Mgld(N,K/Z,x) be a non-zero eigenform of all but fini=-

tely many T(pz). Then there is a divisor N, of N, with N. < N, a cha-

1 = 1
racter  definable (mod Ni) and a newform g in MO(Nl’K/Z’w) such that

h and g have the same eigenvalues for all but finitely many T(pz).

PROOF. We use induction on N. By construction, Mgld(N,K/Q,x) has a ba-
sis (fi) consisting of forms of the type g, or g|V(p), where g is an
eigenform of all but finitely many T(pQ), and is of lower level. Hence
h is a linear combination with non-zero coefficients of some of the
fi‘s, and each fioccurringjjx h has the same eigenvalue for T(pz) as

h does. The Lemma then follows from the induction assumption.
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LEMMA 7. Let p be a prime, and let f = | a(n)q" be a non-zero ele-
n=0
ment of My(N,k/2,x) such that a(n) = 0 for all n not divisible by p.

Thenl p divides N/Q,Xxp is definable (mod N/p) and f = g|V{(p) with

g € MO(N/p,K/Z,XXP>.

PROOF. Put

g(z) = flz/p) = | al(pn)q" = pK/uf{{{

n=0

10 174
0 P)’P }‘

Let N' = N/p if up|N and N' = N otherwise. Let [,(N',p) be the sub-

group of TO(N') consisting of matrices [2 g) with b = 0 (mod p); 1if

b . .
A = (i d) is such a matrix, put A, = (;C b/g]. We have A; € T (),
and
i G 1/4 * *¥.,1 0 1/4
{G p),p/} AT = @ Al e
hence

g|a¥® = X, (Dx(dg.

Since d is relatively prime to both p and N, this can be rewritten
as

(%) gIA* = (xxp)(d)g.

By hypothesis, g has a g-expansion in integral powers of q, hence (%)
1 . .
holds for A = [é 1J~ Since FO(N') is generated by FO(N',p) and
1
(é 1): this shows that (%) holds for any A € FO(N'). Since g 1is
non-zero, this implies that XXP is definable {(mod N'); this is easily
seen to be possible only if p divides N/u4, in which case N' = N/p and

(x) shows that g belongs to MO(N/p,K/Q,xxp).

REMARKS. (1) If f is a cusp form, it is clear that g is also a cusp
form.

(2) The above Lemma gives a characterization of oldforms of the second

type.



Se—-St-18
46

THEOREM 1. Let m be an integer > 1, and let f = J a(n)q" be an ele-
n=0
ment of MO(N,K/2,X) such that a(n) = 0 for all n with (n,m) = 1. Then

f can be written as

f = g fp|V(p), with fp e MO(N/p,K/z,XXp),

where p runs through the primes such that p{m, 4p|N, and XX is defin=

able (mod N/p).

If f is a cusp form, the fp can be chosen to be cusp forms. If f is an

eigenform of all but finitely many T(p'Q), then the fp may be further

chosen so that they, too, are eigenforms of all but finitely many T(p'ZL

and have the same eigenvalues as f.

(Compare with the integral weight case, in [1] or [5].)

PROOF. Clearly, we may assume that m is square-free. We proceed by
induction on the number r of prime factors of m. If r = 0, thenm = 1
and all a(n) are zero by hypothesis; there is nothing to prove. Now
suppose r 2 1 and that Theorem 1 has been proved for all m's which are
productsof strictly less than r primes (and all levels). Let py be a
prime divisor of m. Put m = pgmgy, and

h= 7 a(mq™ = £] T K(p), cf. §3.
(n,mo):l plmg,

If h = 0, we may replace m by m and Theorem 1 follows from the in=-

O)

duction hypothesis. Hence, we may assume that h # 0. By Lemma 4, we
have h € MO(ng,K/Q,X). If (n,mo) = 1 and a(n) # 0, by hypothesis we
have (n,po) # 1 and Lemma 7 shows that HpO|NmS, XXp is definable

0

2 . 2 .
(mod Nmy/py) and h = gpo\v(po) with gpo € MO(NmO/pO,K/Z,XXPO). This
implies that MpD]N and that XXp is definable (mod N/pq).
0
Moreover, we have

oo

f-h=7f-g |Vipy = ] blm)g",
Py _

n=
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with b(n) = 0 if (n,mO) = 1. By the induction hypothesis (applied to
my and to the level ng), this shows that f<—gp {V(po) can be written
0

as
f-g |Vipy) = g [vip),
Po 0 1}; P

where p runs through the primes such that pfmo and XXP is definable
(mod Nmé/p), with gp € MO(Nmé/p,K/Q,XXP). We now apply the operator
S{y) = S(x,N,pO) of 83 to f. Using Lemma 3, the above formula gives
£]s(x) - 8, y [gp\S(XXp,ng/p,pon|v<p).
P
Let now fp be f|S(x). We have fp

0
above formula shows that the nth

€ M (N/p,,k/2,%XX. ). Moreover the
0 0 ¢ Py
coefficient of £, = £-f fvip,) is O
Py 0
if (n,mO) = 13 this allows us to apply the induction hypothesis to £
and My, and we get the required decomposition of f. As for the other

assertions of Theorem 1, they follow from the inductive construction of

the fp's and from Lemma 3.

COROLLARY. If the form f of Theorem 1 is an eigenform of all but finite-

old

ly many T(p'z), then f belongs to MmN,/ 2,%) .

§5. THE “"BOUNDED DENOMINATORS" ARGUMENT

5.1. Coefficients of modular forms of half integral weight.

LEMMA 8. (a) There is a basis of My(N,k/2,x) consisting of forms whose

coefficients belong to a number field.

(b) If £ = § a(n)qn belongs to MB(N,K/Q,x) and the a(n) are algebraic

numbers, then the a(n) have bounded denominators {(i.e. there exists a

non-zero integer D such that D.a(n) is an algebraic integer for all n).
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PROOF. The analogous statement for modular forms of integral weight is

well known (cf. for instance [7], Th. 3.5.2 or [3], Prop. 2.7J. We
shall reduce to that case by the familiar device of multiplying by a

fixed form fo. We choose for fO the form

0%¢ = (1 +2q +2qﬁ'+...)3K = 1+6kg + ... .

The map ¢ : f & SSKf sends MO(N,K/Q,x) into the space MO(N,ZK,x) of mod-
ular forms of type (2«,¥x) on FO(N). By the results quoted above, it

SKf

follows that, if the coefficients of f are algebraic, those of 8
have bounded denominators; dividing by 8%€ does not increase denomina-
tors, hence b) follows. As for a), one has to check that the image
Im(®) of ¢ can be defined by linear equations with algebraic coeffi-
cients. This is so because 6 does not vanish on the upper half-plane
(as its expansion shows), nor at any cusp except those congruent mod
Fo(u) to 1/2; hence a modular form F in MO(N,QK,X) belongs to Im(¢) if
and only if it vanishes (with prescribed multiplicities) at these cusps,
i.e. if some of the coefficients of its expansions at these cusps are

zero; since it is known that these coefficients are algebraic linear

combinations of the coefficients of F at the cusp *«, the result follows.

REMARKS. (1) A similar argument shows that Ml(N,K/Q) has a basis made up
of forms with coefficients in Z, and that the action of (Z/NZ)* is Z-
linear with respect to that basis. This implies that, if f = ) a(n)qn

belongs to M(N,k/2,X) and ¢ is any automorphism of €, the series

£9 = ¥ ola(n))q"

belongs to MO(N,K/Q,XO), just as in the integral weight case ([3], 2.7.4).
We will not need these facts.

(2) On noncongruence subgroups, part (a) of Lemma 8 remains true, but

part (b) does not, as was first noticed by Atkin and Swinnerton-Dyer [21.

A simple example is
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1/2 1/2 1 2 11 4

f(z) = 8(=z) 6(3z) =l+ta-3q -+% q3-+7? q = e

which is a modular form of weight 1/2 on a subgroup of index 2 of T1(12%
and whose coefficients have unbounded powers of 2 in denominator (if n

th

is a power of 2, the 2-adic valuation of the n coefficient of f 1is

i-n). Similar examples exist 1in higher weights, integral as well as

half integral : take for instance

£ (z) = 0(z)12 a(32)™ 2, with m odd > 1,

which is of weight (m+1)/4.

5.2. Eigenvectors of the Hecke operators for weight 1/2.

From now on, we restrict ourselves to weight 1/2, i.e. we take x = 1.

LEMMA 9. Let f = 2 a(n)qn be a non-zeroc element of MO(N,l/Q,x) and
n=0
let p be a prime, with p [N. Assume that fIT(pz) = cpf, with o €C.

Let m > 1 be such that p2 | m. Then

2n, _ n,mn
(a) we have a(mp®) = a(m)x(p) (5) for every n > 0.

(b) If a(m) # 0, then p{ m and ey = X(p)(g)(1+p_1).

PROOF. Since T(pQ) maps forms with algebraic coefficients into them-
selves (cf. Lemma 1), it follows from Lemma 8 that the eigenvalue cp is
algebraic, and that the corresponding eigenspace is generated by forms
with algebraic coefficients. Hence we may assume that the coefficients

a(n) of f are algebraic numbers. Consider the power series

ACTY = T almp?™TP,
n=0

where T is an indeterminate. By [8], p. 452, we have

1 - oT

A(TY = a(m) —mW——"
(1-8T) (1-vyT)
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with o = x(p)p_l(g) and B + vy = ¢ By = )((pz)p”1 (note the negative

D’
exponent of p, which comes from the fact that « = 1). This already
shows that a(m) = 0 implies A(T) = 0, i.e. a(men) = 0 for all n = 0.
Hence we may assume that a(m) # 0, in which case A(T) is a non-zero ra-
tional function of T. If we view A(T) as a p-adic function of T {(over
a suitable finite extension of the p-adic field Qp), Lemma 8 (b) shows

that A(T) converges in the p-adic unit disk U defined by ITID < 13 hence

A(T) cannot have a pole in U. However, since By = x(pz)pﬁl, either

8_1 or Y—l belongs to U; assume it is B—l.

~1

In order that A(T) be holo-
morphic at B ~, it is necessary that the factors 1 - 8T and 1 - aT cancel

each other. We then have o = B and

A(TY = a(m)/(1-yT), sc that a(mpzn) :Yna(m).
Since By # 0 we have o # 0, hence p | m. Moreover,

1

y = By/a = x(p2)p Y/x(p)p” 3 - x(p) (3.

n
This shows that a(mpzn) = y" a(m) = a(m)x(p)n(g) , which proves (a).

As for the last assertion of (b), it follows from Cp = B+y=a+y.

THEOREM 2. Let f = Z a(n)qn be a non-zero element of MO(N,l/Z,x)
n=0
and let N' be a multiple of N. Assume that, for all p | N', we have

f|T(p2) = Cpf, with cP € C. Then there exists a unique square-free
integer t > 1 such that a(n) = 0 if n/t is not a square. Moreover

(iy  t]N',

1

(1) e = x(p)(%)(1+p_ )y if p/f N'.

(iii) a(nu?) = atmxw ) if (u,NY) = 1, u > 1.

PROOF. Let m and m' be two integers » 1 such that a(m) # 0 and
a(m') # 0. We show first that m'/m is a square. Let P be the set of

primes p with p} N'mm'. If p € P, Lemma 9 shows that
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m -1, _ m' -1
X(P)(§>(1+p ) = cp = x{(p)( P)(1+p Vs
h E o .nl.i. e .
ence (p) (.P) for all p € P

It is well known that this implies that m'/m is a square. We may write
m and m' as m = th, m' = tv'z, with v,v' 2 1 and t square-free > 1.
This proves the first part of the Theorem, i.e. the existence of t.
Write now v as pnu, with p | N' and (p,u) = 1, so that m = tpzan. By

. 2 n tul D 2 2
Lemma 9, applied to tu”, we have a(m) = x(p) (—5—) a(tu™) hence a(tu®) #0
and Lemma 9 (b) shows that p [/ tug, hence p | t, and cp = x(p)(%)(1+p_1l
Hence every prime factor of t divides N'; since t is square-free, this
shows that t{N', and (i) and (ii) are proved. As for (iii), it is

enough to check it when u = p with p f N'; in that case, one writes n

as mOPQa, with p2 ! my, and applies Lemma 9 (a).

COROLLARY. If a(1) # 0, then t = 1 and c = x(p)(14p™ 1) for p f NT.

(Note that, in this case, the cp's determine the character x.J

Let now § af(n)n
n=1 .
¥ be the character xx,, so that ¥(p) :X(p)(é) if pf N'. Assertions

® be the Dirvichlet series associated with f. Let

(i) and (iii) of Theorem 2 can be reformulated as

THECREM 2'. Under the assumptionsof Theorem 2, we have
® - - - - -1
Y oa(mn ®=t75¢ b a(tnHn %Sy 1 (1 -y(plp 28
n=1 n|Nt p{ N’

(The notation A|BW means that A divides some power of B, i.e. that every

prime factor of A is a factor of B.)
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§6. PROOF OF THEOREM A

6.1. Structure of newforms of weight 1/2.

oo

Let £ = a(n)qn be a newform of level N (cf. 84) belonging to
n=0
MO(N,l/Q,x). By Theorem 2, there is a unique square-free integer t=>1
such that a(n) = 0 if n/t is not a square.

LEMMA 10. We have t = 1 and a(1) # 0.

PROOF. The product expansion of J a(n)n”® given in Theorem 2' shows
n=1
= 0 for every n such that (n,N') = 1;

the Corollary to Theorem 1 then shows that f belongs to Mgld

that, if a(1) = 0, we have a(n)

(N,1/2,%),
contrary to the assumption that f is a newform. Hence a(1) # 0, and

this implies t = 1, cf. the Corollary to Theorem 2.

This Lemma allows us to divide f by a(l); hence we may assume that

f is normalized, i.e. that a(1) = 1.

LEMMA 11. Let g € MO(N,i/Q,x) be an eigenform of all but finitely many

T(pz), with the same eigenvalues as f. Then g is a scalar multiple of f.

PROOF. Let ¢ be the coefficient of q in the g-expansion of g, and set
h =g ~ cf,

80 that the coefficient of g in the gq-expansion of h is 0. Suppose

h # 0. By Lemma 10, h is not a newform; since it is an eigenform of

old

all but finitely many T(pz), it belongs to Mo

(N,1/2,x). Hence, by
Lemma 6, thereare NllN, with N, < N, a character y definable (mod N
and a normalized newform g4 in MO(Ni,l/Q,w) with the same eigenvalues

Cp as f and h, for all but finitely many T(pz). Since the cp’s
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determine the character (cf. the Corollary to Theorem 2) we have ¥ = ¥

and so g4 belongs to Mgld

(N,1/2,x). On the other hand, the coefficient
of g in the g-expansion of f-—gl is 03 the same argument as above then
shows that f-—g1 belongs to Mgld(N,1/2,x). Hence f =g, +(f~g1) belongs
to Mgld(N,1/2,X). This contradicts the assumption that f is a newform.

Hence h = 0, i.e. g = cf.

LEMMA 12. The form f ig an eigenform of every T(p2). If we put

f}T(p2) = cpf, we have

T -s -2s -1 -28 -1
(%) 7 al(m)n = I (1-c_p ) T (1-x{pp ™)
n=1 p|N P p{ N

Further, if up|N, then ey = 0.

PROQOF. If we apply Lemma 11 to g = f]T(pQ), we see that g is a multi-
ple of f. Hence f 1is an eigenform of every T(p2), and the Euler pro-
duct (%) follows from this and Theorem 2' (applied with N' = N, t=1,
b=

If 4p|N, then Lemma 1 shows that

2.2 pm2
a(m"p®)q = cpf’V(p)

e~ §

£|T(p) = § alnp)q" =
n=0 o]

m
belongs to MO(N,l/Z,XXP). If ° # 0, Lemma 7 applied to f|T(p) and to
the character xxp shows that x is definable (mod N/p) and that

£lT(p) = g|v{(p) with g € My(N/p,1/2,x). We have cpflv(p> = glvip),
hence cpf = g; this shows that f belongs to MO(N/p,lf?,x) and contra-

dicts the assumption that f is a newform, Hence c_ = 0.

LEMMA 13. The level N of the newform f is a square, and f|W(N) is a

multiple of flH.

(Recall that W(N) and H are respectively the symmetry and conjugation

operators, cf. 83.)
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PROOF. If p /N, we have f{T(pz) = cpf with e, = (1+p_1)x(p), and, by

Lemma 2,

[ElWOD 1| T(p?) = §<p>20p gluan = 5 £lwan,

[f|H]|T(p2) = (cpf)|H = Ep flu since H is anti-linear.
But f|W(N) and f|H are newforms of level N and characters iXN and X res-
pectively, cf. Lemma 5. Since they have the same eigenvalues Ep for all
T(pz), p I N, and these eigenvalues determine the character (cf. the Co-
rollary to Theorem 2), we have QXN = ¥ and N is a square. The fact that

f]W(N) and f|H are proportional follows from this and from Lemma 11.

THEOREM 3. If f is a normalized newform in MO(N,1/2,X), and r is the

conductor of x, then N = HrQ and £ = % &l

X
PROOF. We write £ = J a(n)q" as above, and put
n=0
o -1 - -1
F(s) = J atwn ® = T (1-cp % T (1-x(pp %
n=1 p|N P p /N

F(s) a(n)n"s.

"
1ne~1 8

The Dirichlet series F and T converge for Re(s) large enough. Using

Mellin transforms and Lemma 13, we obtain by a standard argument the

]

analytic continuation of T and T as entire functions of s (except for

a simple pole at s = 1/2 if a(0) # 0), and the functional equation

- ~(1/2-8) _
(2175 T(s)F(s) = c1<3NTl> (3-6)F(3-s),

where C1 (and C27 CS’ Cu below) is a non-zero constant.

On the other hand, we know that the functions

8
!
N

L(2s,y%) = x(n)n-zs =

I )
n=1 D X r

G(s)

i

G(s)

i

L(2s,%)
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satisfy the functional equation
_ ~-{1/2-s) _
(2m)7% T(s)6(s) = ) (LT r(3-$)T(3-5).
Yr
Dividing these equations, we find
1-c_p 28 ¢ (1/2-9) 1—Epp25‘1

(%) I {—2 ) =, (— o |—E1,

pim | 1-x(p)p~7° P up? slm  \1-x(p)p?s7?

where m is the product of the prime divisors p of N such that cp=#x(p%

If, for some p|m, we have x(p) # 0, then the left side of (%) has an
infinity of poles on the line Re(s) = 0, only finitely many of which

can appear on the right side. This shows that p|m implies x(p) = 0,

(i.e. p|r) and cp # 0 since cp # x(p). We may now rewrite (%) as
2 2®
mo(t-e pT%) = o, ARy m (1eelpT?,
plm P L plm P

where cé = p/Ep. The same argument as above (using zeros instead of
poles) shows that, for every p|m, we have cp = cﬁ, i.e. Jc |2
2 2

= p;
b I

But, by Lemma 12,

n
£
3

the above egquation then gives €, = 1 and Nm
we have Cp = 0 when 4p|N. This shows that m = 1 or 2, and that m = 2
can occur only when 8 [ N and ¥(2) = 0; in the last case, r is divisible
by 4 and the equation Nm? = up? shows that N is divisible by 16,
which contradicts 8 }/ N. Hence only the case m = 1 is possible, and we
have N = 4r2, F(s) = G(s). This shows that, for every n > 1, the coef-
ficients of qn in f and in % ex are the same. Hence f-—% SX is a
constant, and, since it is a modular form of weight 1/2, it is 0. This

concludes the proof.

6.2. Alternative arguments.

(1) To show that the constant term of f and % eX agree, we could have

used the well-known fact that they are equal to - F(0) and - -G(0)
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respectively.
(2) Another way to rule out )cpiz = p is to prove a priori that [cp' <1.
This may be done as follows. Choose D > 1 such that p 1is inert in

QV/~D), and consider the modular form of weight 1

2 2 2
Dv y = X a(u2)qu +Dv

u,v

g(z) = £(2)8(Dz) = ( ) a(u)qu)( T oq
u=0 ~o0

. . 2 1
The p2n—th coefficient of g is a(p”') = (cp)p By [3], Cor. 5.2,
this coefficient is O(pzna) for every & > 0. This obviously implies
] < 1
e

Theorem 3 has a converse

THEOREM 4. If x is an even character of conductor r, then % GX is a

normalized newform in MO(4r2,1/2,X).

(Recall that all characters are assumed to be primitive.)

PROOF. Let N = MPQ. We know that SX belongs to MO(N,l/Z,x) and it is

easily checked that it is an eigenform of all T(pz), with eigenvalue

ey = (1+p"1)x(p) if p /N (cf. Lemma 1).

Thus, if GX is not a newform, Lemma 6 shows that there area divisor N1
of N, with N1 < N, a character ¥ definable (mod Nl) and a newform f in
MO(Ni,l/Z,W) guch that f and SX have the same eigenvalues for all but

finitely many T(pz). We thus have

(1+P_1)W(P) = Cp = (1+p_1)x(p) for almost all p,

and this implies ¥ = ¥y, hence Nj = urz by Theorem 3. This contradicts

N1 < N. Hence SX is a newform, and % GX is obviously normalized.

6.3. Proof of Theorem A.

Let x be an even character definable (mod N). With the notations of
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§2, we want to prove that the theta series ew g = 6w|v(t), with
o

(p,t) € Q(N,x), make a basis of MO(N,i/Z,X). The proof splits into

two parts

a) Linear independence of the 8

Y,t”

Since t and y determine ¥, every t occurs as the second entry of at

most one (P,t) in Q(N,yx). Suppose then that we have

A, B ...+ X 8 = 0
| 3
1 Kbl:tl m Vmstm
Y
with tl < t, <. ..< t, and Xi # 0 for all i, The coefficient of ¢ in
8 is equal to 2; in © » J 2 2, it is equal to 0. This shows
Vst Vyots

that 2%1 = 0, hence Al = 0. This contradiction proves the linear inde-

pendence of the ew,t.

b) The 6 with (P,t) € Q(N,¥x), generate MO(N,i/Z,X).

vyt

We need

LEMMA 14. There is a basis of MO(N,l/Z,X) consisting of eigenforms for

all the T(pz), p | N.

PROOF. Put on MO(N,1/2,x) the Petersson scalar product <f,g>, cf. §1.

A standard computation shows that, if p * N, we have

< £|T(k?),g > = x(pD)< £,8[T(7) >,

hence i(p)T(pz) is hermitian. The Lemma follows from this, and from

the fact that the T(pz) commute.

We can now prove assertion b), using induction on N. By Lemma 14, it
ie enough to show that any eigenform f of all T(pz), p { N, is a line-
ar combination of the 6¢’t with (¢,t) € QN,x). If f is a newform,

this follows from Theorem 3. If not, we may assume f is an oldform of

one of the two types of 8i
either x is definable (mod N/p) and f belongs to MO(N/p,l/Q,X),
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or XXP is definable (mod N/p) and f = g|V(p) with g € MO(N,N/p,l/Z,XXP).

In the first case, the induction assumption shows that f is a linear

combination of the ew + with (y,t) € Q(N/p,x) and a fortiori with
3
(p,t) € Q(N,x). In the second case, g is a linear combination of the
Sw £ with (¢,t) € Q(N/p,xxp),and hence f is a linear combination of
>
the ewatp’ with (Y,tp) € QN,x).

REMARK. It is possible to prove Lemma 14 without using Petersson pro-
ducts. Indeed, assume that some T(pz), p [ N, is not diagonalizable.
Then there exists an eigenvalue c¢_ of T(p2) and a non-zero element g of

MO(N,1/2,x) such that
2 _ 2
glu# 0 and gl|U® = 0, where U = T(p") ~ e

Using Lemma 8, one may further assume that the coefficients of g are
algebraic numbers. A computation similar to that of Lemma 9 then shows

that these coefficients have unbounded powers of p in denominators, and

this contradicts Lemma 8. Hence, each T(pz) is diagonalizable. Since

these operators commute, Lemma 14 follows.

§7. PROOF OF THEOREM B

7.1. Twists.

oo

Let £ = J a(n)q" be a modular form of weight k = «/2 on some 0.
n=0
Let M be an integer > 1, and ¢ a function on Z with period M (i.e. a

function on Z/MZ). We put

oo

fxeg= a(nme(n)q”.
n=0

Let € be the Fourier transform of ¢ on Z/MZ, defined by
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£(m) = % ) e(n) exp(-27inm/M).
n € Z/MZ
We then have
e(n) = 7§ £(m) exp(2minm/M),
mEZ/MNEA
hence
(fxe)X(z) = 7§ E(m)f (z43) .
mEAX/MZ ’
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From this, one deduces easily that f *x¢ is a modular form of weight k

on Fl(NMQ)‘

7.2. Characterization of cusp formg.

We keep the above notation, and we put

9¢(s) = ] almn”®.

n=1

THEOREM 5. The following properties are equivalent

i} f vanishes at all cusps m/M, with m € Z;

ii) for every function e on Z, with period M, the function

oo

Op () = ] a(m)e(n)n”® is holomorphic at s = k.
) n=1

(This is also true when k 1is an integer, instead of a half integer;

the proof is the same.)

PROOF. Consider first the case where M = 1. Assertion 1) then means

that f vanishes at the cusp 0, and assertion ii) that ¢f(s) is holo-

morphic at s = k. If we put

g=flWND) = 7 blndq",
n=0
then i) is equivalent to

ity g vanishes at the cusp =, i.e. b(0) ig 0,

while the functional equation relating ¢f(s) and ¢g(k—s)

is equivalent to

shows that ii)
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ii') (QF)‘ST(S)¢E(S)iS holomorphic at s = 0, i.e. ¢g(o) = 0.

The equivalence of i') and ii') then follows from the known relation

b(0) =-¢ (0).
g
Consider now the general case. By applying the above to f % ¢ (with N
replaced by NMZ), we see that 1i) is equivalent to

iii) for every function € on Z, with period M, the modular form f * ¢

vanishes at the cusp 0.

Using the above formulae, this is in turn equivalent to

iv) for every m € Z/MZ, the modular form f(z+§0 vanishes at the cusp 0O,

and it is clear that iv) is eguivalent to 1).

CORCLLARY. The following properties are eguivalent

a) £ is a cusp form;

b) for every periodic function € on Z, the function ¢f.*5(s) is holo-

morphic at s = k.

Indeed, Theorem 5 shows that b) is equivalent to the fact that f van-
ishesat all cusps # «; gince = is Tl(N)—equivalent to 1/N, this means

that f is a cusp form.

REMARK. When f belongs to some MO(N,K/Q,x), it is enough to check pro-
perty b) for functions e with period N. Indeed, by Theorem §, this
implies the vanishing of f at all cusps m/N, with m € Z, and it is

known that every cusp is FO(N)—equivalent to one of these.

We now go back to the case ¥ = 1, k = 1/2

LEMMA 15. Let ¢ be an even character which is not totally even (cof. §2).

Then 6, is a cusp form.

1

PROOT. Let € be a periodic function on Z. By the Corollary to Theorem
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5, it is enough to prove that the Dirichlet series

F(s) =2 T emypin
€
n=1

2s

is holomorphic at s = 1/2. Let M > 1 be a period of e, which we may

assume to be a multiple of the conductor r(y) of Y. We have

2
F (s) =2 e(m™)y(m)F (2s),
€ n€Z/MZ m, M
where ) -5
F (s) = n ~.
m, M n=m (mod M)
m=>1

It is an elementary fact that Fo m(s) has a simple pole at s =1 with
3
residue 1/M. Hence Fs(s) has at most a simple pole at s = 1/2, with

residue R(e,¥)/M, where

R(e,p) = ) em®)ypm),
meEzZ/MZ
and we have to prove that R(e,y) = 0. By assumption, there is a prime
£ dividing r(y) such that the Kth component wﬂ of ¥ is odd. Let us

write M as £7M', with (£,M') = 1, so that the ring Z/MZ splits as

Z/L%Z x Z/M'Z. Let Xp be the element of %/MZ whose first component (in

the above decomposition) is -1, and the second component is 1. The
fact that wﬂ is odd means that w(xﬂ) = -1. Since Xy is invertible in
Z/MZ, we have

- 2 ~ 2

R(e,v) = e ((x,m)D(x,m) = ) e(m“ )Y (x,m)
mEZ/MZ mEZ/MZ
_ 2
= - e(m )y(m) = -R(e,y)
mEZ/MZA

which shows that R(e,y) = 0, as wanted.

LEMMA 16. Let ¥ be a totally even character, and T a finite set of inte-

gers = 1. If the modular form £ = ) c,H (c, € C)
s o ‘tGTtw’t t
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is a cusp form, then &ll ¢_ are Q0.

t

PROQOF. Assume the c_ are not all 0, and let to be the smallest t € T

t

such that ¢, # 0. Choose an integer M > 1 which is divisible by 2r(y)
and by all t € T. The first divisibility condition, together with the

assumption that ¥ is totally even, implies that there is a character a

definable (mod M) such that a2 = ¢. Define now a periodic function €
on % by
aln/ty) if tyln and n/t, is prime to M
e(n) =
0 otherwise.

We have

, J'$<n) if (n,M) = 1

e(tyn”) =
Lo if (n,M) # 1

and

etn’) = 0 if t €T, t > t, (since (tn’,) > t > ty).

0

Using the minimality of tO’ this shows that the Dirichlet series

¢f»*€(s) is equal to

. i i
2e, ] Tow egn?) = 2e, 5% ] n"%s,
0 (n,M):l 0 (n,M)=1
n=1 n=1

The same argument as in the proof of Lemma 15 shows that the residue of

this funection at s = 1/2 is equal to

c t_l/z

- - -z
¢, %o S(MI/M = o t no1-2),

which is # 0. By Theorem 5, we thus see that f is not a cusp form.



7.3.

Se-sSt-35
63

Proof of Theorem B.

Let N,X,QC(N,x),Qe(N,x) be as defined in §2. We have three asser-

tions

al

b)

c)

7.4,

to prove

The Gw’t,

Indeed, Lemma 15 shows that ew is a cusp form, and this obviously

with (y,t) € QC(N,x),are cusp forms.

implies the same property for 8

y,t-
No linear combination (except 0) of the ew’t, with (w,t)fEQe(N,X)a
is a cusp form.
Let V be the space of the linear combinations of the 6 with

Y,t?
(Yp,t) € Qe(N,x), which are cusp forms. It is clear that V is

stable under the T(pz), p | N. Hence, if V is non-zero, it con-
tains a common eigenform f of the T(pz), p { N. Since the eigen-

value of © is (1+p_1)w(p), the form f has to be a linear com-

v,t

bination of the 8 for a fixed character ¥, and this contradicts

vt

Lemma 16.

If (y,t) € QC(N,x) and (¥',t") € Qe(N,X), then ew,t and Gw,,t,

are orthogonal for the Petersson scalar product.

Indeed, since y # ¢', there is a p | N such that ¥(p) # ¥'(p).

Hence, and 6 are eigenforms of T(pz) corresponding to

%, bt
different eigenvalues. Since Y(p)T(pZ) is hermitian (cf. the
proof of Lemma 14, §6) this implies that these two functions are

orthogonal.

The space El(N,i/Q).

Let Ey(N,1/2,%) be the space of linear combinations of the ew + with
k

(p,t) € Qe(N,x). By Theorem B, we have the orthogonal decomposition

MO(N,l/Q,x) = EO(N,1/2,x) ® SO(N,l/Z,X),

where SO(N,1/2,X)is the space of cusp forms. Similarly, if we put
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Ei(N,1!2) =@ ED(N,1/2,x), we have

M1(N,1/2) = El(N,i/2) @ SI(N,l!Z).

The elements of El(N,ifz) can be characterized as follows

THEOREM 6. Let f be an element of Ml(N,l/Z). The following properties

are equivalent

i) f belongs to El(N,l/Z).

ii) f is a linear combination of 6(az+b), with a € Z, a = 1, and b€qQ.

iii) £ is orthogonal to all cusp forms of all levels.

PROOF. Clearly ii) implies iii) since 8 is in EI(M,i/Z) for every M,
and so is orthogonal to all cusp forms; the same is then true of

B (az+b) for any a and b. We have already shown that iii) implies 1).
Finally, if ¢ is a totally even character, we may write § as a2 where
the character o is ramified at the same primes as y; we have ew =06 % o,
hence Sw is a linear combination of the 0(z+b), with b € Q; this shows

that Gw has property 1i), hence that i) implies ii).

REMARK. Maass [6] has shown that 6(z) can be defined as an "Eisenstein
series’, by analytic continuation ad la Hecke. The same is true for

all the 6(az+b), hence for all the elements of El(N,l/Z).
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APPENDIX

Free translation of a letter from Pierre DELIGNE,

dated March 1, 1976

.. Using the same triek as in my Antwerp's paper (vol. II, p.90, proof
of 2.5.86), one can deduce directly from your Theorem 2 the structure
of the modular forms of weight 1/2 (on congruence subgroups of SLQ(Z)).

The final result is

THEOREM. The g-expansions of the modular forms of weight 1/2 are

I¢ <u>q“2
(S t ’

(1) )
T Z

u

where Tt runs through a finite subset of Q*+, and, for each t, by is a

periodic function on Z (i.e. the restriction of a locally constant func-

tion on i).

PROOF. Let H be the space of modular forms of weight 1/2, and 6 the sub-
space of H consisting of the theta series (1). We put on H the Peters-
son scalar product (which always converges). The metaplectic 2-covering
§L2(Af) of SLZ(Af) acts on H, preserves the scalar product, and leaves

© stable. Under this action, H decomposes into a direct sum of irredu-
cible representations. Let H. be one of them. We want to prove that

H; is contained in ©.

One checks immediately that, if N and x are suitably chosen, Hi has a
non-zero intersection with My(N,1/2,%x). The Hecke operators T(p2) asso-
ciated with all primes p (including those dividing N) come from the ac-
tion of (the group ring of) siz(Af), and commute with each other. Hence

they have a non-zero common eigenvector f in Hi n MO(N,1/2,X)- By



Se~8t-38
66

your Theorem 2, one has

£= 7 a(tu2)qtu {(t square-free, t|N),
u €l
and
a(mu2) = a(m)yyp(w if (u,N) =1, ¢ being some character (mod 2N),
a(mp?) = Apa(m) if plN (cf. Shimura [81, 1.7).

Congider now
2
g = 3 a(tu2)qtu
(u,N)=1
It is clear that g 1is & non-zero element of 0. On the other hand, g

is (up to a scalar factor) the transform of f by ? Lp’ where LP is
pIN
the operator which transforms h{(z) into h{z) -Aph(pzz). Since Lp can

be defined by the element 1 —Ap (p fﬁ) of the group ring of éLQ(Qp),
0 p
this shows that g belongs to Hi’ hence Hi N 6 # 0. Since Hi is irre-

ducible, this implies Hi < 0, q.e.d.

Yours,

P. Deligne

PS. These arguments should extend to any totally real number field.
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