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I N T R O D U C T I O N 

D e t e r m i n a n t s e n t e r t h e f i e l d o f q u a n t u m p h y s i c s v i a 

Pauli's exclusion principle. T h e m a t h e m a t i c a l e x p r e s s i o n o f 

t h i s p r i n c i p l e i s a s f o l l o w s : d e n o t i n g b y r - t h e c o o r d i n a t e s 

o f t h e j - t h e l e c t r o n ( t h r e e s p a c e c o o r d i n a t e s t a k i n g a r b i t r a r y 

r e a l v a l u e s , p l u s a s p i n c o o r d i n a t e t a k i n g t h e v a l u e s + \ a n d 

1 -

- γ ) , t h e w a v e f u n c t i o n ψ ( r ^ , . · · » ) f o r a s y s t e m o f ρ e l e c -

t r o n s i s antisymmetric in its arguments r ^ , . . . , ^ . I f , f o r 

i n s t a n c e , ( r ) , . . . , ψ ( r ) a r e n o r m a l i z e d o n e - e l e c t r o n w a v e -

f u n c t i o n s , mutually orthogonal, c o r r e s p o n d i n g t o e n e r g y l e v e l s 

Ε η , . . . , Ε η , t h e n t h e n o r m a l i z e d p - e l e c t r o n w a v e f u n c t i o n 
p

- - 1 / 2 

Ψ ( Γ ^ , . . . , Γ ) = ( ρ ! ) ' d e t Ψ η · ( ι ^ ) s a t i s f i e s t h e e x c l u s i o n 

p r i n c i p l e a n d c o r r e s p o n d s t o t h e t o t a l e n e r g y E-, + . . . + Ε . S i m i -

l a r c o n s t r u c t i o n s o c c u r i n F o c k s p a c e o r s t a t i s t i c a l m e c h a n i c s . 

I t i s n o t t h e p l a c e t o r e v i e w t h e m a n i f o l d p h y s i c a l i m p l i c a -

t i o n s o f t h e e x c l u s i o n p r i n c i p l e ; i t s u f f i c e s t o s a y t h a t t h e 

s t a b i l i t y o f m a t t e r a s we k n o w i t d e p e n d s s t r o n g l y o n t h i s 

p r i n c i p l e . A t t h e m a t h e m a t i c a l l e v e l , t h e b a s i c e s t i m a t e w a s 

p r o v i d e d b y H a d a m a r d : i f A = ( a — ) i s a ρ χ ρ m a t r i x w i t h c o m -

p l e x e l e m e n t s , a n d i f C i s t h e m a x i m u m o f t h e n u m b e r s | a _ . . | , 

D/ 2 D
 J 

t h e n t h e d e t e r m i n a n t D o f A s a t i s f i e s | D | ύ p
K
 C

K
. T h i s r e -

s u l t s h o w s a r e m a r k a b l e c o m p e n s a t i o n o c c u r i n g a m o n g t h e p ! 

p r o d u c t s o f s i z e C
P
 ( a p p r o x i m a t e l y ) w h i c h c o m p o s e D , s i n c e 

p P ^
2
 i s r o u g h l y o f t h e o r d e r o f ( p ! ) ^

2
 f o r l a r g e p . N o t h i n g 

s i m i l a r c o u l d o c c u r i n t h e c a s e o f Bose-Einstein statistics, 

w h e r e i K r ^ , . . . , ? ) i s s y m m e t r i c a l i n i t s a r g u m e n t s 7* ι » · · · » ̂ p 

a n d t h e d e t e r m i n a n t s h o u l d b e r e p l a c e d b y a permanent 

4s Η ( ?

σ ( ι ) ) · · . ψ ρ ( ΐ σ ( Ρ ) ) 
( s y m m e t r i z a t i o n o f t h e p r o d u c t Ψ ^ ί ^ ) . . . Ψ ρ ( ^ ρ ) ) · 

Conformai Invariance and String Theory 443 Copyright © 1989 by Academic Press, Inc. 
All rights of reproduction in any form reserved 

ISBN 0-12-218100-X 



A g l a n c e o f t h e t a b l e o f c o n t e n t s w i l l r e v e a l t h e o r g a -

n i z a t i o n o f t h i s p a p e r . I t i s e s s e n t i a l l y a l e i s u r e l y e x p o s i -

t i o n o f t h e b a s i c p r o p e r t i e s o f d e t e r m i n a n t s , w i t h s p e c i a l 

e m p h a s i s o n t h e i n f i n i t e - d i m e n s i o n a l c a s e . I n a v e n e r a b l e s u b -

j e c t l i k e t h i s , i t i s h a r d t o i n n o v a t e . I n part one, we m o s t l y 

r e v i e w t h e p r o p e r t i e s o f f i n i t e d e t e r m i n a n t s i n a f o r m m o s t 

s u i t a b l e f o r g e n e r a l i z a t i o n s . O n e o f t h e n o v e l f e a t u r e s i s o u r 

u s e o f volume forms i n s u b s e c t i o n s 1 .4 a n d 1 . 5 ; we a i m a t 

g i v i n g c h a r a c t e r i z a t i o n s n o t o n l y o f o r d i n a r y d e t e r m i n a n t s , b u t 

a l s o o f p o w e r s o f ( a b s o l u t e v a l u e o f ) d e t e r m i n a n t s , a n d we 

p r o v i d e a l i n k w i t h a n o n - c o m m u t a t i v e d e t e r m i n a n t i n t r o d u c e d 

b y D i e u d o n n ê a r o u n d 1 9 4 0 . T h e c o n n e c t i o n b e t w e e n d e t e r m i n a n t s 

a n d antisymmetric tensors i s w e l l - k n o w n . We m a d e some e f f o r t s 

t o p r e s e n t t h i s ( c l a s s i c a l ) t h e o r y i n t h e s p i r i t o f supersym-

metry. T h e a n a l o g y b e t w e e n t h e s y m m e t r i c ( B o s e - E i n s t e i η s t a t i s -

t i c s ) a n d a n t i s y m m e t r i c ( F e r m i - D i r a c s t a t i s t i c s ) c a s e s i s e s -

p e c i a l l y t r a n s p a r e n t i n t h e s o - c a l l e d Mac Mahon
1
s master theo-

rem, c o n n e c t i n g v a r i o u s g e n e r a t i n g s e r i e s o f i n t e r e s t i n s t a -

t i s t i c a l m e c h a n i c s . We e n d p a r t o n e b y r e v i e w i n g v a r i o u s f o r -

m u l a s a b o u t G a u s s i a n i n t e g r a l s ; t h e y a r e a l l c l a s s i c a l a n d 

p r o v i d e u s e f u l i n t e g r a l r e p r e s e n t a t i o n s f o r v a r i o u s d e t e r m i -

n a n t s . T h e s e f o r m u l a s s h o u l d b e c o m p a r e d w i t h t h e o n e s d e r i v e d 

i n p a r t t h r e e u s i n g B e r e z i n i n t e g r a t i o n o f f u n c t i o n s o f 

G r a s s m a n n v a r i a b l e s . 

Part two i s d e v o t e d t o t h e i n f i n i t e - d i m e n s i o n a l d e t e r m i -

n a n t s w h i c h o c c u r a s v a r i a n t s o f t h e Fredholm determinants f o r 

i n t e g r a l o p e r a t o r s . We b e g i n a n e x p o s i t i o n o f t h e c l a s s i c a l r e -

s u l t s o f F r e d h o l m . We e n d e a v o u r e d a t m o t i v a t i n g , a s f a r a s p o s -

s i b l e , t h e d e f i n i t i o n s b y a n a l o g y w i t h t h e f i n i t e - d i m e n s i o n a l 

c a s e . W i t h t h e n o t a b l e e x c e p t i o n o f Fredholm* s alternative, we 

f a v o u r e d t h e c o n s t r u c t i v e p r o o f s o v e r t h e p u r e l y e x i s t e n t i a l 

o n e s . The basic formula, w h i c h i s u s e d t o d e f i n e t h e d e t e r m i -

n a n t i n v a r i o u s c o n t e x t s i s t h e f o l l o w i n g 

d e t ( l + A ) = Σ T r ( Λ
 n

A ) 
n ^ O 

w h e r e Λ
η
Α i s t h e o p e r a t o r a c t i n g o n t h e a n t i s y m m e t r i c t e n s o r 

s p a c e A
n
V b y m a p p i n g χ 1 Λ . . . Λ χ η i n t o Α χ 1 Λ . . . Λ Α χ η · I n p h y s i c a l 

s l a n g , A
n
V i s t h e η - p a r t i c l e F o c k s p a c e f o r f e r m i o n s , i f V i s 
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t h e o n e - p a r t i c l e s t a t e s p a c e . T h e t h e o r y i s e s p e c i a l l y s m o o t h 

i n t h e c a s e o f o p e r a t o r s i n H i l b e r t s p a c e s - i n c i d e n t a l l y , t h i s 

i s t h e c a s e o f g r e a t e s t r e l e v a n c e i n q u a n t u m p h y s i c s . B u t t h e 

H i l b e r t s p a c e t h e o r y d o e s n o t c o n t a i n t h e o r i g i n a l c a s e o f i n -

t e g r a l o p e r a t o r s w i t h c o n t i n u o u s k e r n e l s . T h e m a i n d i f f i c u l t y 

t o be o v e r c o m e i s t h a t t h e s e r i e s Σ λ o f t h e e i g e n v a l u e s o f 
η 

a n i n t e g r a l o p e r a t o r d o e s n o t a l w a y s c o n v e r g e , b u t i n s t e a d 

Σ |λη| i s f i n i t e . V a r i o u s a u t h o r s ( G r o t h e n d i e c k , R u s t o n ) 

m a d e e f f e r t s t o e x t e n d t h e d e f i n i t i o n o f F r e d h o l m d e t e r m i n a n t s 

t o s u i t a b l e c l a s s e s o f o p e r a t o r s i n B a n a c h s p a c e s . We p r e s e n t 

h e r e a n o v e l v e r s i o n , w h i c h d e p e n d s s t r o n g l y o n t h e p r o p e r t i e s 

o f H i l b e r t - S c h m i d t o p e r a t o r s . T h i s c a n b e c o n s i d e r e d a s t h e 

b e g i n n i n g o f a t h e o r y o f renormalized determinants-. 
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t h a n k t h e o r g a n i z e r s o f t h e c o n f e r e n c e a t P o i a n a B r a s o v , a b o v e 

a l l Radu P u r i c e who p r o v i d e d me w i t h a c o p y o f h i s n o t e s t a k e n 

d u r i n g t h e l e c t u r e s , and V l a d i m i r G e o r g e s c u . W i t h o u t h i s e n d -

l e s s p a t i e n c e , and t h e f r i e n d l y p r e s s u r e he e x t e r t e d on me, 

t h i s p a p e r w o u l d have n e v e r been w r i t t e n u p . 
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P A R T O N E : 

D E T E R M I N A N T S I N T H E F I N I T E D I M E N S I O N A L C A S E 

1. A R e v i e w o f t h e E l e m e n t a r y T h e o r y 

1 . 1 . L e t A b e a square matrix o f s i z e n , w i t h c o m p l e x e n t r i e s 

a Ί- j ( f o r 1 ^ i ^ n , 1 ^ j ^ n ) . We d e n o t e b y a 1 , . . . , a n i t s 

c o l u m n v e c t o r s , s o 

/
a

l n \ 

a
2 n 

, . - . , a n = . 

V
a
n n / 

T h e r e f o r e a ^ , . . . , a n a r e e l e m e n t s o f t h e c o m p l e x η - s p a c e C
n

. 

We a l s o d e n o t e b y I ( o r I n ) t h e unit matrix, b y δ^. i t s e l e -

m e n t s ( K r o n e c k e r s y m b o l ) a n d e ^ . . . , ! t h e c o l u m n v e c t o r s 

o f I n . T h e r e f o r e e^ i s t h e v e c t o r w h o s e o n l y n o n z e r o c o m p o n e n t 

i s t h e i - t h o n e , w h i c h i s e q u a l t o 1. A n y v e c t o r χ i n C
n
 w i t h 

c o m p o n e n t s x - L , . . . , x n i s t h e r e f o r e w r i t t e n a s t h e l i n e a r c o m -

b i n a t i o n y^i^i + . . . +
 x

n ^ n » a n d e ^ , . . . , e n i s t h e s o - c a l l e d 

canonical basis o f $ ̂ . 

1 . 2 . T h e determinant o f A i s a c o m p l e x n u m b e r , d e n o t e d u s u a l -

l y b y d e t A ( o r s o m e t i m e s | A | ) . V i e w e d a s a f u n c t i o n o f t h e 

c o l u m n s a ^ , . . . , a o f A , we d e n o t e i t a s Δ ( a ^ , . . . , a n ) . We c a n 

e x p r e s s a s f o l l o w s t h e b a s i c p r o p e r t i e s o f t h e d e t e r m i n a n t : 

a ) Δ ( θ ι » · · · » β η ) = 1 normalisation 

b ) f o r a l s. . : , a w , J i + 1, „ . a n 

f i x e d , Δ ( 3 1 , . . . » a ^ , . . , a n ) i s a n-linearity 

l i n e a r f u n c t i o n o f t h e v e c t o r 

a n-j h e n c e a l i n e a r c o m b i n a t i o n 

/ a 
11 

>21 

\
a

n l / 

» a : 

/
a
1 2 

*22 

*n2 
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o f
 a

i i ί · · · > a n. j w i t h c o e f f i c i e n t s 

d e p e n d i n g o n l y o n t h e o t h e r c o l u m n s . 

c ) i f we e x c h a n g e 5 Ί· a n d a i + 1 a n d k e e p 

t h e o t h e r v e c t o r s f i x e d , A ( a ^ , . . . , a n ) antisymmetry. 

g e t s m u l t i p l i e d b y - 1 . 

T h e s e p r o p e r t i e s c o m p l e t e l y c h a r a c t e r i z e t h e d e t e r m i n a n t . 

I t i s e a s y t o g i v e a n i n d u c t i v e c o n s t r u c t i o n o f t h e d e -

t e r m i n a n t . D e n o t e b y ( f o r 1 ύ i ύ η ) t h e s q u a r e m a t r i x 

o f s i z e n-1 o b t a i n e d b y e r a s i n g f r o m A i t s f i r s t c o l u m n a n d 

i t s i - t h r o w . T h e n we h a v e 

d e t A = Σ ( - 1 )
1

"
1
 a - τ . d e t A

( i)
 . ( 1 . 1 ) 

i = l
 11 

1 . 3 . A s l i g h t l y m o r e i n v a r i a n t p r e s e n t a t i o n i s a s f o l l o w s . We 

c o n s i d e r a v e c t o r s p a c e V o f f i n i t e d i m e n s i o n η o v e r t h e f i e l d 

C o f c o m p l e x n u m b e r s , A volume form o n V i s a f u n c t i o n 

o i f x j x n ) d e p e n d i n g o n η v e c t o r s x ^ , . . . , x n i n V , w i t h c o m -

p l e x v a l u e s , w h i c h i s m u l t i l i n e a r a n d a n t i s y m m e t r i c , n a m e l y 

ω ( , , . , 5 ΐ 9, . , ) = λ ' ω ( . . . . S ; . , , . . ) + λ
π

ω ( . . . , Χ ^ \ . . . ) ( 1 . 2 ) 

i f x f = λ ' χ ΐ + λ " χ $ > 

ω ( . . . , Χ Ί· , χ ^ + 2 , . . . ) = - ω ( . . . , Χ .j + ι »
χ

 Ί· · · « · ) . ( 1 . 3 ) 

G i v e n a n y b a s i s Θ ^ , . , . , Θ o f V , t h e r e e x i s t s a u n i q u e v o l u m e 

f o r m ω 0 n o r m a l i z e d b y W q( , . . . , e n ) = 1. T h e n , f o r a n y v o l u m e 

f o r m , w e g e t 

ω ( Χ 1 , , . , , Χ η ) = ΐ ω 0 ( χ 1 , . . . , X n ) ( 1 . 4 ) 

f o r x 1 , . . , , x n a r b i t r a r y i n V , w i t h a c o n s t a n t t = ω{β±,. . , , e n ) . 

H e n c e , up t o a s c a l i n g f a c t o r , v o l u m e f o r m s a r e u n i q u e . 

I f t h e r e i s a n o n ^ - t r i v i a l l i n e a r r e l a t i o n λ 1

χ

1 + . . . 

+ λ η

χ

π = 0 a m o n g t h e y e c t o r s Xj>...?x n, i t f o l l o w s i m m e d i a t e l y 

f r o m ( 1 . 2 ) a n d ( 1 . 3 ) t h a t ω(χ±,... , x n ) = 0 f o r a n y v o l u m e f o r m 

ω o n V , On t h e o t h e r h a n d , i f a v o l u m e f r o m ω a s s u m e s a n o n -
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z e r o v a l u e o n s o m e b a s i s i j , . . . f e , t h e n i t i s n o n z e r o o n a n y 

b a s i s x ^ , . . . , x n w h a t s o e v e r . 

1 . 4 . L e t u s d e n o t e b y B ( V ) t h e s e t o f a l l ( o r d e r e d ) b a s i s 

χ ^ . - . , Χ ρ o f V , b y fl(V) t h e s e t o f v o l u m e f o r m s , a n d n * ( V ) t h e 

s e t o f n o n z e r o v o l u m e f o r m s . A n y e l e m e n t ω o f Ω ( V ) c a n b e 

v i e w e d a s a f u n c t i o n f r o m B ( V ) t o t h e s e t C
x
 o f n o n z e r o c o m -

p l e x n u m b e r s . A s s u c h , i t i s c h a r a c t e r i z e d b y t h e f o l l o w i n g 

v a r i a n t s o f p r o p e r t i e s ( 1 . 2 ) a n d ( 1 . 3 ) 

ω ( λ ι Χ ι, . . . , λ ηχ η) = λ χ ... λ η ω ( χ 1 , . . . , χ η ) ( 1 . 5 ) 

i f λ ^ , . . . , λ η a r e i n ί
χ
, a n d 

ω ( χ 1, . . . , Χ 1 + X k, ..., Χ η) = ω ( χ ΐ 9. . . , X i, . . . , Χ η) ( 1 . 6 ) 

i f k i s d i f f e r e n t f r o m i . 

L e t u s c h e c k f o r i n s t a n c e t h e a n t i s y m m e t r y ; i t s u f f i c e s 

t o w r i t e t h e p r o o f i n t h e c a s e η = 2. H e n c e 

ω ( χ 2 , Χ 1 ) = ω(Χ2 + Χ 1» Χ 1) = ω ( ( χ 2 + Χ 1 ) , - X 2 + ( X 2

 +
 Xi ) ) 

= ω ( ( χ 2

 +
 Χ ι ) S- X 2) = ω ( χ 2 + Χ 1 + ( - Χ 2) > - Χ 2) 

= ω(χ^, - Χ 2) 

b y r e p e a t e d a p p l i c a t i o n o f ( 1 . 6 ) a n d ω ( χ ΐ 9- χ 2 ) = - ω ( χ 1 , χ 2 ) 

b y ( 1 . 5 ) . 

T o c o n s t r u c t a v o l u m e f o r m ω i n Ω * ( ν ) , we c a n p r o c e e d 

i n d u c t i v e l y a s f o l l o w s . D e c o m p o s e V a s t h e d i r e c t sum o f a 

l i n e D ( o f d i m e n s i o n 1 ) a n d a h y p e r p l a n e Η ( o f d i m e n s i o n n - 1 ) . 

C h o o s e a v e c t o r e / 0 i n D a n d a v o l u m e f o r m φ i n Ω * ( Η ) . T h e n 

t h e r e e x i s t s a u n i q u e ω i n Ω * ( ν ) , s u c h t h a t 

ω(β β ί ι » · · · » ί η _ ι ) = Φ ( 5Ι»···»y n_i) (i-
7
) 

f o r a n y b a s i s ί χ » · · · » 5 β _ ι
 of Η

·
 L et

 * ΐ » · · · > * η ^
e a

 b a s i s ° f 

V , a n d e x p r e s s e a s t h e l i n e a r c o m b i n a t i o n λ ^ , + . . . + λ η χ η . 
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F r o m ( 1 . 5 ) a n d ( 1 . 6 ) i t f o l l o w s t h a t o n e d o e s n ' t c h a n g e t h e 

v a l u e ω ( χ ^ 9 . . . , χ ) i f o n e a d d s t o a n y χ η. a l i n e a r c o m b i n a t i o n 

o f t h e o t h e r v e c t o r s . F r o m ( 1 . 7 ) o n e d e r i v e s 

ω
( Χ χ > · · · > x n ) = ( - l )

1
"

1
^

1
 φ(ρ(Χχ) . · - · » Ρ ( x η· _ χ ) . P ( x i + i ) * · 

. . . , p ( x n ) ) ( 1 . 8 ) 

f o r a n y i n d e x i s u c h t h a t 1 ^ i ^ η a n d λ. f 0 ; f o r e v e r y 

v e c t o r χ i n V, p ( x ) i s t h e u n i q u e v e c t o r i n Η s u c h t h a t x - p ( x ) 

l i e s i n D ( t h a t i s , i s p r o p o r t i o n a l t o e ) . I t i s e a s y t o 

c h e c k t h a t the right-hand side of ( 1 . 8 ) is independent of the 

index i as long as λ. / 0 , h e n c e we h a v e a c o n s t r u c t i o n o f ω; 

c h e c k i n g p r o p e r t i e s ( 1 . 5 ) a n d ( 1 . 6 ) f o r ω i s e a s y i f a l i t t l e 

t e d i o u s . 

I f e 1 , . . . , e n i s a f i x e d b a s i s o f V, l e t 5 = 5 2 a n d H b e 

t h e s u b s p a c e o f V w i t h b a s i s e 2 » . . . » e · I f we a c c e p t t h a t t h e r e 

e x i s t s a u n i q u e <Pq i n Ω * ( Η ) n o r m a l i z e d b y <Pq ( e 2 > . · · » e n ) = 1 , 

i t f o l l o w s f r o m ( 1 . 7 ) t h a t t h e r e e x i s t s a u n i q u e ω 0 i n Ω * ( Υ ) 

n o r m a l i z e d b y ω 0( θ 1, e 2, . . . , e n) = 1 a n d t h a t ω 0 ( e x , y 2 , . . . , y n ) = 

Φ 0( Υ 2» · - · » 5 n )
 f or

 e v e r y b a s i s Υ 2 » · · · » 5 η

 of H
' 

1.5. T h e p r e v i o u s c o n s t r u c t i o n o f v o l u m e f o r m s h a s s o m e a d -

v a n t a g e s o n t h e m o r e o r t h o d o x o n e s . F o r i n s t a n c e , we c a n m o d i -

f y t h e h o m o g e n e i t y p r o p e r t y ( 1 . 5 ) i n t o 

ω ( λ 1Χ 1» . , , > λ ηΧ η) = \\ l . . . X n|
S
 ω ( Χ ΐ 9. , . , Χ η) ( 1 . 9 ) 

w h e r e s i s a c o m p l e x n u m b e r . I f s i s a n i n t e g e r , we c a n a l s o 

c o n s i d e r (λχ x n )
S
 i n s t e a d o f | λ ^ A n |

S
. T h e n i t f o l l o w s 

t h a t a n y f u n c t i o n ω; B ( V ) + C
x
 s a t i s f y i n g ( 1 . 9 ) a n d ( 1 . 6 ) i s 

o f t h e f o r m 

ω ( Χ 1 ?, . . , X n) - ΐ | ω 0( 5 1 X n ) |
S
 ( 1 . 1 0 ) 

w h e r e Wq i s a s b e f o r e a n d t = ω(θ^,..,,θ } i s a c o n s t a n t . 

T h e p r e v i o u s c o n s i d e r a t i o n s a r e v a l i d verbatim i n t h e 

r e a l c a s e . I f we d e n o t e b y Δ ( χ 1 ?χ 2 ) t h e a r e a o f t h e p a r a l l e -
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l o g r a m b u i l t i n t h e p l a n e IR o n t h e v e c t o r s x 1 $ x 2 , i t f o l -

l o w s f r o m g e o m e t r i c r e a s o n s t h a t Δ s a t i s f i e s t h e f o l l o w i n g 

r u l e s ( f i g . 1 ) : 

Δ ( λ 1 χ 1 , λ 2 χ 2 ) = I Χ χ I I Χ 2 I Δ ( χ 1 5χ 2) , ( 1 . 1 1 ) 

Δ ( χ 1 9χ 2) = Δ(χι + χ 2, χ 2) = Δ(χ^, χ 2 + χ^) . ( 1 . 1 2 ) 

H e n c e Δ ( χ 1 9χ 2 ) = | d e t Χ | w h e r e Χ i s t h e 2 x 2 m a t r i x w i t h c o -

l u m n s X-L a n d x 2 ( a w e l l - k n o w n r e s u l t ! ) . T h i s e x t e n d s i m m e d i a -

t e l y t o t h e v o l u m e o f t h e p a r a l l e l o t o p i n t h e s p a c e C R
N
 s p a n -

n e d b y η v e c t o r s x l s. . . , x n ; a g a i n t h i s i s e q u a l t o | d e t X | 

i f X i s t h e η χ η m a t r i x w i t h c o l u m n s x ^ » . - . » x n . 

We c a n a l s o c o n s i d e r v e c t o r s i n t h e quatevnionio s p a c e 

( H
n

9 w h o s e η c o m p o n e n t s a r e q u a t e r n i o n s . I f e 1 , . . . , e n a r e t h e 

c o l u m n s o f t h e u n i t m a t r i x I n ( a s i n s e c t i o n 1 . 1 ) , we c a n a s s o -

c i a t e t o a n y i n v e r t i b l e η χ η m a t r i x A = ( a — ) w i t h q u a t e r n i o -

n i c e n t r i e s a d e t e r m i n a n t Δ ( A ) c h a r a c t e r i z e d b y t h e f o l l o w i n g 

p r o p e r t i e s 

A ï e l t. . . f e n ) = 1 , ( 1 . 1 3 ) 

Δ ( ϊ 1 λ 1 , . . . > a n x n ) = \ \ χ ... λ η I Δ ( a 1 , - . . , a n ) ( 1 . 1 4 ) 
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Δ ( 5 Γ '
a

i
 + a

k ' , S n ) Δ ( 5 Γ ,a1 ,ϊ η) ( i Φ k ) 

( 1 . 1 5 ) 

H e r e t h e d e t e r m i n a n t Δ ( A ) i s e x p r e s s e d a s a f u n c t i o n o f t h e 

c o l u m n s a ^ â n o f A , a q u a t e r n i o n i c v e c t o r a =
 t

( a 1 , , a n ) 

i s m u l t i p l i e d o n t h e r i g h t b y a q u a t e r n i o n λ , h e n c e 

ax = ( 1 . 1 6 ) 

a n d t h e m o d u l u s o f a q u a t e r n i o n q = 

( a
2

 + b
2

 + c
2

 + d
2

)
1 / 2

. 

a + b i + c j + d k i s a s 

u s u a l | q | = ( a " + b " + c " + d " ) * '
1

" . T h i s q u a t e r n i o n i c d e t e r m i -

n a n t i s a p a r t i c u l a r c a s e o f a n o n - c o m m u t a t i v e d e t e r m i n a n t 

d e f i n e d b y D i e u d o n n é [ 5 , t o m e I I , p . 6 7 ] , 

1 . 6 . T h e b a s i c p r o p e r t y o f d e t e r m i n a n t s i s multiplioativity. 

L e t a g a i n V b e a v e c t o r s p a c e o f f i n i t e d i m e n s i o n n . T h e v o -

l u m e f o r m s o n V f o r m a o n e - d i m e n s i o n a l v e c t o r s p a c e Ω ( ν ) . 

I f A i s a n y l i n e a r o p e r a t o r o n V , i t a c t s o n fi(V) b y 

( ω - A H x j , . . . , x n ) = u ) ( A x l f. . . , A x n ] ( 1 . 1 7 ) 

f o r x 1 9. . . , x n i n V ; t o v e r i f y t h i s , i t s u f f i c e s t o c h e c k 

t h a t i f ω s a t i s f i e s t h e c o n d i t i o n s ( 1 . 2 ) a n d ( 1 . 3 ) , s o d o e s 

ω · Α , a n d t h i s i s o b v i o u s . S i n c e Ω ( ν ) i s o n e - d i m e n s i o n a l , A 

a c t s o n Ω ( ν ) v i a m u l t i p l i c a t i o n b y a s c a l a r d e t A , h e n c e 

w ( A x x , . . . , A x n ) = ( d e t Α ) ω ( χ 1 , . . . , χ η ) 

T h e m u l t i p l i c a t i v e p r o p e r t y 

( 1 . 1 8 ) 

d e t ( A B ) = d e t A · d e t Β ( 1 . 1 9 ) 

f o l l o w s i m m e d i a t e l y . 

A m a t r i x A = ( a - . ) o f s i z e η c a n b e v i e w e d a s a n o p e r a -
n * 

t o r a c t i n g o n I , t r a n s f o r m i n g t h e v e c t o r χ w i t h c o m p o n e n t s 

x 1 9. . . , x n i n t o t h e v e c t o r y = A x w i t h c o m p o n e n t s Υ χ » - . . * Υ η 

g i v e n b y 
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η 
y . = Σ a . , χ . . ( 1 . 2 0 ) 

1
 j = l

 1J 3 

I n p a r t i c u l a r , t h e c o l u m n s o f A a r e = A ê ^ , . . . , a n = A e n , a n d 

t h e d e t e r m i n a n t o f A a s a n o p e r a t o r i n î
n
 i s t h e o n e d e f i n e d 

i n s e c t i o n 1 . 2 . T h e m u l t i p l i c a t i v e p r o p e r t y ( 1 . 1 9 ) t h e r e f o r e 

a p p l i e s t o m a t r i c e s . 

1 . 7 . I t i s n o t t h e p l a c e t o r e v i e w t h e numerical methods u s e d 

t o e v a l u a t e d e t e r m i n a n t s . N e e d l e s s t o s a y , t h e i n d u c t i v e d e f i -

n i t i o n a f f o r d e d b y ( 1 . 1 ) i s n o t p r a c t i c a l u n l e s s η i s v e r y 

s m a l l , s i n c e i t r e q u i r e s n ! o p e r a t i o n s . 

T h e m u l t i p l i c a t i v e p r o p e r t y c a n b e u s e d t o g i v e v a r i o u s 

c h a r a c t e r i z a t i o n s o f d e t e r m i n a n t s . B y t h e e l e m e n t a r y m a t r i x 

Μ ^ . ( λ ) w e m e a n t h e m a t r i x d i f f e r i n g f r o m t h e u n i t m a t r i x I n 

b y t h e e n t r y i n r o w i a n d c o l u m n j b e i n g p u t e q u a l t o λ ( h e r e 

i ^ j ) . I f we d e n o t e t h e d i a g o n a l m a t r i x w i t h d i a g o n a l e n t r i e s 

c x c n a s d i a g ( c l 9. . . , c n ) , w e h a v e 

d e t M i d( x ) = 1 , ( 1 . 2 1 ) 

d e t d i a g j c p . . . , c n ) = c x . . . c n . ( 1 . 2 2 ) 

I f a s q u a r e m a t r i x A h a s c o l u m n s a ^ , . . . , a n , t h e c o l u m n s o f 

Α Μ ^ ( λ ) a r e a ^ , . . . , a n e x c e p t t h a t a . i s r e p l a c e d b y a ^ + a ^ x . 

S i m i l a r l y , i f ? n a r e t h e r o w s o f A , t h e m a t r i x Μ Ί · . ( λ ) Α 

d i f f e r s f r o m A b y r e p l a c i n g t h e r o w b y ?.. + x f j . B y p r e - o r 

p o s t m u l t i p l y i n g t h e m a t r i x A b y e l e m e n t a r y m a t r i c e s , w e c a n 

t h e r e f o r e a c h i e v e t o t r a n s f o r m A i n t o a d i a g o n a l m a t r i x . 

N o t i c i n g t h a t t h e m a t r i c e s Α Μ ^ ( χ ) , Μ ^ ( χ ) Α a n d A h a v e a l l t h e 

s a m e d e t e r m i n a n t , we c o n c l u d e t h a t t h e m u l t i p l i c a t i v i t y p r o p e r -

t y t o g e t h e r w i t h f o r m u l a s ( 1 . 2 1 ) a n d ( 1 . 2 2 ) c h a r a c t e r i z e s t h e 

d e t e r m i n a n t . 

1 . 8 . A s y s t e m a t i c p r o c e d u r e o f t h i s k i n d i s k n o w n a s Gauss
1 

pivoting method. P u t g e n e r a l l y , a s s u m e t h a t A i s g i v e n i n 

b l o c k f o r m 
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w h e r e t h e s i z e s o f t h e b l o c k s a r e a s f o l l o w s 

M i s p x p , Ν i s p x q , 

( p + q = 

Ρ i s q x p , Q i s q x q 

I f X i f a n y q x p m a t r i x a n d Y a n y p x q m a t r i x , o n e g e t s 

\ 

X
 ' q 

M MY + M 

^XM + P X M Y + X N + P Y + Q / 

' I Y ^ 

M o r e o v e r , t h e m a t r i c e s ί
 p

 I a n d [
 p

 | a r e p r o d u c t s 
q / V -

 T
q 

o f e l e m e n t a r y m a t r i c e s , h e n c e o f d e t e r m i n a n t 1. I f M i s i n v e r -

t i b l e , c h o o s e X a n d Y s u c h t h a t XM+P = 0 a n d MY+N = 0 . H e n c e 

[ - P M "
1
 I i ^ Ρ o M o I j I 0 Q - Ρ Μ ~

!
Ν j 

Ρ 

a n d t h e f i n a l r e s u l t r e a d s as f o l l o w s 

Μ Ν
1 

P Q , 

d e t l 1 = d e t M . d e t ( Q - P M
_ 1

N ) . ( 1 . 2 3 ) 

H e n c e an n - t h o r d e r d e t e r m i n a n t i s e x p r e s s e d a s p r o d u c t o f d e -

t e r m i n a n t s o f o r d e r ρ a n d q r e s p e c t i v e l y . 

T h e c a s e ρ = 1 i s w o r t h r e c o r d i n g . A f t e r p e r m u t i n g i f 

n e c e s s a r y some r o w s a n d c o l u m n s , o n e o b t a i n s t h e r u l e : 

• c h o o s e a n o n z e r o e n t r y a ^ . i n A , k n o w n a s pivot ; 

• e r a s e f r o m A t h e r o w a n d c o l u m n c o n t a i n i n g t h e p i v o t ; 

• r e p l a c e a n y r e m a i n i n g e l e m e n t a k l b y 

b
k l

 = a
k l "

 a
k j

 a
i j

 a
i l

 ; 

c o m p u t e t h e d e t e r m i n a n t b o f t h e ( n - l ) ( n - l ) m a t r i x 

w i t h e n t r i e s b k l; 

m u l t i p l y b b y ( - 1 )
1 +J

 a . , t o g e t t h e d e t e r m i n a n t o f A . 
ι J 

1 . 9 . T w o f i n a l r e m a r k s a r e i n o r d e r . T h e p r e v i o u s m e t h o d s c a n 

b e u s e d t o c o m p u t e t h e quaternionic determinants w i t h t w o s m a l l 

c h a n g e s . N a m e l y c h a n g e c 1 . . . c n i n t o \c± . . . c j i n t o f o r m u -

l a ( 1 . 2 2 ) a n d u s e d e t A = b · | a Ί· j I i n t h e l a s t s t e p o f t h e p i v o -

t i n g m e t h o d . 
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M o r e o v e r , i n f o r m u l a ( 1 . 2 3 ) a s s u m e t h a t ρ = q a n d t h a t 

t h e s q u a r e m a t r i c e s M , Ν , P , Q o f s i z e ρ c o m m u t e p a i r w i s e . 

T h e n o n e g e t s 

d e t ( I = d e t (MQ - MP) . ( 1 . 2 4 ) 

\ P Q I 

U s i n g a l i m i t i n g a r g u m e n t , o n e g e t s r i d o f t h e r e s t r i c t i o n 

d e t M t 0 . Now t h e d e t e r m i n a n t o f a 2 χ 2 m a t r i x Γ™ M i s 

mq - n p . ' 

T h e r e f o r e t h e r u l e : u s e t h e f o r m u l a t o c o m p u t e a 2 χ 2 

d e t e r m i n a n t r e p l a c i n g t h e s c a l a r e n t r i e s b y t h e c o m m u t i n g 

ρ χ ρ m a t r i c e s , t h e n t a k e t h e d e t e r m i n a n t o f t h e r e s u l t i n g 

ρ χ ρ m a t r i x . T h i s r u l e c a n b e g e n e r a l i z e d w h e n t h e m a t r i x A 

i s i n b l o c k f o r m 

λ
11 

VArl 

v
l r 

r r / 

w h e n e v e r t h e ρ χ ρ m a t r i c e s A . . . c o m m u t e p a i r w i s e ( a n d p r 

T h i s i s k n o w n a s Williamson
1
s theorem. 

2 . S y m m e t r y P r o p e r t i e s o f T e n s o r s 

2 . 1 . L e t u s r e c a l l t h e n o t i o n o f tensor product o f t w o v e c t o r 

s p a c e s V a n d W. T h i s i s a new v e c t o r s p a c e d e n o t e d b y V S W ; 

m o r e o v e r , t o a n y p a i r o f v e c t o r s ( x , y ) i n V χ W i s a s s o c i a t e d 

a n e l e m e n t x S y o f V ß W a n d t h e f o l l o w i n g p r o p e r t i e s h o l d : 

a ) for any y in \\Λ the map χ Η- χ β y from V into V S W 

is linear; 

b ) as a ) with V and W interchanged; 

c ) if ( e a ) is a basis of V and ( f ^ ) a basis of W then 

the vectors e ß f „ form a basis of V S W. 
a 3

 J 

W i t h t h e p r e v i o u s n o t a t i o n s , a n y e l e m e n t χ o f V h a s c o m p o n e n t s 

x
a
 s u c h t h a t χ = Σ x

a
e ; s i m i l a r l y f o r a n y e l e m e n t y =Σ y ^ f ß 

α α
 α ß ß 

o f W a n d a n y e l e m e n t t = ΣΛ e S f 0 o f V ß W. M o r e o v e r i f J
 a,3 n Ra 3 

t = x Q y , o n e g e t s t
a
^ = x y

1 5
. 
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N o t i c e t h a t we do n o t a s s u m e t h e d i m e n s i o n s o f V a n d W 

t o b e f i n i t e . I n a s i m i l a r w a y , o n e d e f i n e s t h e t r i p l e t e n s o r 

p r o d u c t U fi V β U a s ( U ö V ) 8 W , e t c . 

T e n s o r p r o d u c t s o f s p a c e s h e l p t r a n s f o r m m u l t i l i n e a r 

f u n c t i o n s i n t o l i n e a r f u n c t i o n s . F o r i n s t a n c e , i f < p ( x , y ) i s a n 

e l e m e n t o f a s p a c e Τ d e p e n d i n g l i n e a r l y o n χ i n V f o r y f i x e d 

i n W , a n d s y m m e t r i c a l l y d e p e n d i n g l i n e a r l y o n y i n to* f o r χ 

f i x e d i n V , t h e r e e x i s t s a u n i q u e l i n e a r map Φ f r o m V & W i n t o 

Τ s u c h t h a t Φ ( Χ ^ ) = $ ( x Q y ) . T h i s f o l l o w s f r o m c ) a b o v e , 

n a m e l y 

Φ ( ΐ ) = Σ t
a 3

c p ( e a , f ) ( 2 . 1 ) 
a ,3

 p 

f o r t = Σ t
a ß

e „ 8 f f t . 

a,3
 a 3 

2 . 2 . We f i x now a v e c t o r s p a c e V o f f i n i t e d i m e n s i o n n , a n d 

i f n e c e s s a r y we u s e c o o r d i n a t e s w i t h r e s p e c t t o a f i x e d b a s i s 
8k 

e 1 , . . . , e n o f V . F i x a n i n t e g e r k ^ 2 a n d d e n o t e b y V t h e 

t e n s o r p r o d u c t V-, 8 . . . 8 V . w h e r e a l l s p a c e s V q , . . . , V . a r e 
SO 81 

p u t e q u a l t o V . B y c o n v e n t i o n we s e t V = C a n d V = V . 
Ω I, 

A g e n e r a l e l e m e n t i n V i s w r i t t e n a s a t e n s o r 

α
1 ' · -

a
k 

t = Σ t e 8 . . . 8 e ( 2 . 2 ) 
a

l " -
a

k
 1 k 

w h e r e t h e i n d i c e s a^, r u n o v e r 1, . . . , η i n d e p e n d e n t l y . 
L e t us d e n o t e b y Sl, the group of permutations o f t h e i n -

S k 
t e g e r s 1 , 2 , . . . , k . It operates on V i n s u c h a w a y t h a t 

1 K
 σ

 A
( l ) σ

 A
( k )

 ( Ζ
·

3 ) 

f o r x ^ , . . . , x k i n V . I n c o m p o n e n t s : 

( σ - t )
 1 k

 = t
 σ

(
Χ

)
 σ

( Μ ( 2 . 4 ) 

M o r e o v e r , t h e r u l e o f o p e r a t i o n i s s a t i s f i e d 

( σ · τ ) · ΐ = a . ( T . t ) ( 2 . 5 ) 

â k 

f o r t i n V a n d σ , τ i n S K. 
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2 . 3 . T h e a c t i o n o f t h e s y m m e t r y g r o u p o n V e n a b l e s o n e t o 

k Qk 

d e f i n e t h e Symmetrie part S V o f V a n d t h e antisymmetric 

part A
k
V o f V

S k
. 

k S k 
B y d e f i n i t i o n , S V c o n s i s t s o f t h e t e n s o r s t i n V s u c h 

t h a t σ - t = t f o r a l l σ i n S k , o r w h a t i s t h e s a m e , t h e c o m p o -
α ι οι u 

n e n t s t
 i

' * a r e u n c h a n g e d b y a n y p e r m u t a t i o n o f t h e i n d i c e s 
a

l
9 ,

* '
, a

k *
 If χ

ι » · · · ί
χ

| ζ
 a re

 v e c t o r s i n V , we d e n o t e s i m p l y b y 

. . . t h e i r symmetric product Σ σ · ( χ ^ 8 . . . f i x ^ ) . T h e n t h e 
oeS, 

k 

v e c t o r s p a c e S V h a s a b a s i s c o n s i s t i n g o f t h e s y m m e t r i c p r o -

d u c t s e a . . . e a f o r o ^ , . . . j
0

^ i n a s c e n d i n g o r d e r < . . . 

^ a . . T h e s e
 k

 p r o d u c t s c a n a l s o b e e x p r e s s e d a s m o n o m i a l s 

e-. . . . e-, e 0 . . . e0 e M . . . e n 

w i t h i n t e g e r s 3 ^ , . . . , ß n s u c h t h a t 3 1 ^ 0 , . . . , $ n ^ 0 , 

B 1 + . . . + e n = k . 

O t h e r w i s e s t a t e d , S V c a n b e i n t e r p r e t e d a s t h e s e t o f 

p o l y n o m i a l s i n e 1 , . . , e n , h o m o g e n e o u s o f d e g r e e k . I t s d i m e n -

s i o n i s e q u a l t o (
n + k

"
1

) . 

2 . 4 . F o r a p e r m u t a t i o n σ , t h e number Ι ( σ ) of inversions i s 

t h e n u m b e r o f p a i r s o f i n t e g e r s i , j s u c h t h a t 1 s i < j ύ k , 

σ ( ι ) > a ( j ) . 

T h e signature s g n a i s d e f i n e d a s ( - 1 ) ^
σ

^ ; i t s m a i n 

p r o p e r t y i s e x p r e s s e d b y 

s g n(A-R) = s g n a · s g n x . ( 2 . 6 ) 

T h e n Λ V c o n s i s t s o f t h e t e n s o r s t s u c h t h a t a't - ( s g n a ) - t 
α -ι α. 

f o r a l l σ i n S k ; a l t e r n a t i v e l y , t h e c o m p o n e n t t
 1
 '''

 K
 v a -

n i s h e s w h e n t w o o f t h e i n d i c e s α^,.,.,α^ a r e e q u a l a n d i s m u l -

t i p l i e d b y - 1 i f o n e i n t e r c h a n g e s t w o i n d i c e s . H e n c e , up t o 

a s i g n , t h e n o n z e r o c o m p o n e n t s o f t a r e t h e t f o r 

1 ^ αχ < ..,< ύ η , P u t i n a n o t h e r f o r m i n t r o d u c e t h e wedge 

product ΧχΛ ... ΛΧ^ o f t h e v e c t o r s χ ^ , . , . , χ ^ b y 

( 2 . 7 ) 



T h e n t h e v e c t o r s p a c e Λ V i s s p a n n e d b y s u c h p r o d u c t s a n d a 

b a s i s o f Λ Y c o n s i s t s o f t h e p r o d u c t s e Λ . . . A e f o r 

k
 ai

 "
k
 η 

1 ύ OL^< ...< a k ύ η . H e n c e Λ V i s o f d i m e n s i o n ( k ) . 

2 . 5 . The case k = n is particularly interesting. T h e v e c t o r 

s p a c e A
n
V i s o n e - d i m e n s i o n a l , s p a n n e d b y t h e p r o d u c t s X ^ A . . . 

A x n f o r x - p . . . , x n r u n n i n g o v e r V , a n d a b a s i s i s g i v e n b y 

e-^Λ . . . A e n . We s h a l l f o l l o w G r o t h e n d i e c k
1
 s c o n v e n t i o n a n d d e -

n o t e A
n
V b y d e t V ( r e c a l l η i s t h e d i m e n s i o n o f V ) . 

T h e v o l u m e f o r m s o n V c a n be i n t e r p r e t e d a s l i n e a r f o r m s 

o n d e t V . M o r e p r e c i s e l y , f o r a n y v o l u m e f o r m ω o n V t h e r e 

e x i s t s a u n i q u e l i n e a r f o r m ω o n d e t V s u c h t h a t 

ω ( Χ ι, . . . , χ η ) = ω ( Χ ιΑ . . . Α χ η ) . ( 2 . 8 ) 

C o n v e r s e l y , f o r a n y l i n e a r f o r m φ o n d e t V , t h e f o r m u l a 

ω ( χ 1 $ . . . , x n ) = Φ( χ 1 Λ . . . A x n ) ( 2 . 9 ) 

d e f i n e s a v o l u m e f o r m ω o n Y . 

2 . 6 . L e t W b e a s u b s p a c e o f V . D e n o t e b y m t h e d i m e n s i o n o f 

W , a n d b y V / W t h e f a c t o r s p a c e ( o f d i m e n s i o n n - m ) . L e t ρ b e 

t h e n a t u r a l p r o j e c t i o n o f V o n t o V / W . T h e n o n e c a n i d e n t i f y 

t h e s p a c e s d e t V a n d d e t W Q d e t ( V / W ) i n s u c h a w a y t h a t t h e 

w e d g e p r o d u c t χ ^ Λ . . . A x n i n d e t V i s i d e n t i f i e d t o 

( X lA . . . A x m ) S ( p ( x m + 1) A . . . A p ( x n ) ) i n c a s e * ι > - - - · \ b e l o n g 

t o W. 

D u a l l y , i f i s a v o l u m e f o r m o n W a n d
 a

 v o l u m e 

f o r m o n V / W , t h e r e e x i s t s a u n i q u e v o l u m e f o r m o n V s u c h 

t h a t 

ω γ ( Χ ι . · · · . Χ η) =
 ω

Μ (
χ

ι
 x

m )
ü ,

V / W
( p

(
x

m + l ) · · - · » Ρ (
χ
η > ΐ 

( 2 . 1 0 ) 

f o r x 1 9. - - > x m i n W a n d x m + 1 ). . . , x n i n V . 

A v a r i a n t i s o b t a i n e d b y c h o o s i n g a s u b s p a c e Η o f V s u c h 

t h a t V b e a d i r e c t sum o f W a n d H . We c a n i d e n t i f y d e t V t o 

d e t W Q d e t Η i n s u c h a w a y t h a t x - ^ . . . A x m A y ^ . . . A y n -m 

c o r r e s p o n d s t o ( χ χ Λ . . . A x m ) Q ( y x A . . . A y n - m) f o r X i » - . . » x m 
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i n W a n d y ! , . . . , y n _ m i n Η . S i m i l a r l y , a v o l u m e f o r m ω ν o n V 

i s o b t a i n e d 1 

o n H . N a m e l y 

i s o b t a i n e d f r o m a v o l u m e f o r m o n W a n d a v o l u m e f o r m ω Η 

< M
x

l > - - " V
y

l ' - ' "
y
n - m )

 = w
w (

x
l ' - - "

x
m )

w
H ^ l ' - - "

y
n - m ) 

( 2 . 1 1 ) 

f o r x ^ , . . . , x m i n W a n d y i » « ' ' » y n _ m

 ιη Η
·
 T ne

 c o n s t r u c t i o n g i v e n 

i n s e c t i o n 1 .4 c o r r e s p o n d s t o t h e p a r t i c u l a r c a s e m = 1. 

2 . 7 . Let A be a linear operator acting on V . T h e n A a c t s o n 
Qk 

V i n s u c h a w a y t h a t 

A - ( x x a . . . Q x k ) = A x x Q . . . Q A x k ( 2 . 1 2 ) 

f o r X 2 9 . . . 9 x k i n V . I n c o m p o n e n t s , i f A i s r e p r e s e n t e d b y t h e 

3 3 
m a t r i x ( a a ) i n s u c h a w a y t h a t A e a = z a a e ^ , t h e n a t e n s o r t 

α ̂  . . . α k 3 
w i t h c o m p o n e n t s t i s t r a n s f o r m e d b y A i n t o a t e n s o r 
A t w i t h c o m p o n e n t s 

a 1. . . a k a a 3 3 
( A . t )

 1 K
 = Σ a ß

A
 . . . a ß

K
 t

 1
 . ( 2 . 1 3 ) 

3 l 9. . . , 3 k

 P
l
 P

k 

T h i s i s i n a c c o r d a n c e w i t h t h e s t a n d a r d r u l e s o f t e n s o r c a l c u l u s , 

I t f o l l o w s f r o m t h e f o r m u l a s ( 2 . 3 ) a n d ( 2 . 1 2 ) t h a t A 

a c t i n g o n V
ß k

 c o m m u t e s w i t h t h e a c t i o n o f t h e s y m m e t r y o p e r a -

k k 
t o r s . H e n c e i t l e a v e s i n v a r i a n t t h e s u b s p a c e s S V a n d Λ γ . A s 

a k 

a m a t t e r o f n o t a t i o n , we d e n o t e b y A t h e o p e r a t o r i n V 
k k 

g i v e n b y t h e a c t i o n o f A , b y S A i t s r e s t r i c t i o n t o S V a n d b y k k 
Λ A i t s r e s t r i c t i o n t o Λ V . F o r t h e t h r e e k i n d s o f p r o d u c t s o f 

v e c t o r s , we h a v e t h e r e f o r e t h e r u l e s 

A
S k
( X lS . . . fixk) = A x xS . . . Q A x k , ( 2 . 1 4 ) 

S
k

A ( x x . . . x k ) = A x x . . . A x k , ( 2 . 1 5 ) 

Λ
 k

A ( χ^Λ . . . A x k ) = A x ^ . . . A A x k . ( 2 . 1 6 ) 

I f we r e s t r i c t A t o t h e g r o u p G L ( V ) o f i n v e r t i b l e l i n e a r t r a n s -

f o r m a t i o n s i n V , we g e t t h u s t h r e e l i n e a r r e p r e s e n t a t i o n s o f 

G L ( V ) i n t h e s p a c e s V
Q k

, S
k
V a n d A

k
V r e s p e c t i v e l y . 
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I n p a r t i c u l a r , Λ
η
Α i s a n o p e r a t o r i n t h e o n e - d i m e n s i o n a l 

s p a c e A
n
V = d e t V . I t f o l l o w s f r o m t h e d u a l i t y o f d e t V a n d 

Ω ( ν ) a n d f r o m f o r m u l a ( 1 . 2 0 ) t h a t Λ
η
Α a c t s b y m u l t i p l i c a t i o n 

b y d e t A o n d e t V . O t h e r w i s e s t a t e d , o n e h a s 

Α χ χ Λ . . . Λ Α χ η = ( d e t A ) . ( x x A . . . A x J ( 2 . 1 7 ) 

f o r x ^ , . . . , x n i n V . T h i s i s y e t a n o t h e r c h a r a c t e r i z a t i o n o f 

t h e d e t e r m i n a n t . 

A s s u m e t h a t W i s a s u b s p a c e o f V , s t a b l e u n d e r A . C h o o s e 

t h e b a s i s e ^ , . . . , e n o f V i n s u c h a w a y t h a t e ^ , . . . , e m c o n s t i -

t u t e a b a s i s o f W. T h e m a t r i x o f A i n t h i s b a s i s i s i n b l o c k 

f o r m 

A = 
/ Μ Ν ^ 

\ °
 P

 ι 

w h e r e t h e s i z e s a r e a s f o l l o w s : M i s m x m , Ν i s m x ( n - m ) , 

a n d P i s ( n - m ) x ( n - m ) . 

T h e n t h e i d e n t i f i c a t i o n o f d e t V a n d d e t W β d e t ( V / W ) 

a m o u n t s m o r e o r l e s s t o t h e c l a s s i c a l d e t e r m i n a n t f o r m u l a 

d e t A = d e t M · d e t Ρ . ( 2 . 1 8 ) 

2 . 8 . I t i s t h e a i m o f supersymmetry t o u n i f y b o s o n s a n d f e r -

m i o n s , o r i n a l g e b r a i c t e r m s t o u n i f y s y m m e t r i c a n d a n t i s y m m e -

t r i c t e n s o r s . We p r e s e n t h e r e a g e n e r a l m e t h o d i n s p i r e d b y r e -

c e n t w o r k o n Yang-Baxter equation. 

F i x a n i n t e g e r k ^ 2 , a n d d e f i n e e l e m e n t s ^ ί · · · * *
5
^ ! i

n 

t h e s y m m e t r i c g r o u p b y 

S Ί· ( j ) 

Γ
 j i f j Φ i , i + 1 

i + l i f j = i ( 2 . 1 9 ) 

i i f j = i + l 

( s . , i s t h e i n t e r c h a n g e , o r t r a n s p o s i t i o n , o f i a n d i + l ) . I t i s 

a c l a s s i c a l t h e o r e m i n g r o u p t h e o r y ( M o o r e , 1 8 9 4 ) t h a t t h e s e 

e l e m e n t s g e n e r a t e t h e g r o u p a n d t h a t a c o m p l e t e l i s t o f r e l a -

t i o n s a m o n g t h e s e g e n e r a t o r s i s a s f o l l o w s : 
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s
2
 = 1 f o r i = 1 k - 1 ( 2 . 2 0 ) 

S-jSj = s j Si if è 2 ( 2 . 2 1 ) 

s
i

s
i + i

s
i =

 s
i + i

s
i

s
i + i

 f or 1
 =

 1 k
"

2
 <

2
-

2 2
> 

I n g r a p h i c a l t e r m s , t h e g e n e r a t o r s S i » - - « » ^ - ! c o r r e s p o n d t o 

t h e n o d e s o f a c h a i n 

1 2 3 k - 2 k-1 

t w o g e n e r a t o r s c o m m u t e i f t h e c o r r e s p o n d i n g n o d e s a r e n o t d i -

r e c t l y c o n n e c t e d i n t h e c h a i n , a n d t h e r e l a t i o n ( 2 . 2 2 ) h o l d s 

f o r p a i r s o f g e n e r a t o r s c o r r e s p o n d i n g t o n o d e s a d j a c e n t t o t h e 

same e d g e . 
Ω p 

L e t now Τ b e a n y o p e r a t o r a c t i n g o n V . We d e n o t e b y 
i i + l û k 

Τ * t h e o p e r a t o r a c t i n g o n V i n s u c h a w a y t h a t 

T
1
 » ^ ( x j f t . . . f t x k ) = x xa . . . β χ ^ β Τ ί χ . β χ ^ ) a 

8 x . + 2a . . . a x k . ( 2 . 2 3 ) 

O n e c o u l d i n a s i m i l a r w a y d e f i n e m o r e g e n e r a l l y o p e r a t o r s 

T
1 ,J

 a c t i n g o n t h e f a c t o r s o f r a n k s i a n d j o f V
S k

. T h i s c o n s -

t r u c t i o n c a n b e i l l u s t r a t e d b y a simple quantum-mechanical mo-

del. We c o n s i d e r a s y s t e m o f k p a r t i c l e s l a b e l l e d l , 2 , . . . , k , 

s u b j e c t e d t o pair interaction. I f V i s t h e s p a c e o f o n e - p a r t i c l e 

s t a t e s , V
8 k

 d e s c r i b e s t h e s t a t e s o f t h e s y s t e m . T h e e l e m e n t a r y 

i n t e r a c t i o n l a w i s e x p r e s s e d b y a two-body potential, a n o p e r a -

t o r Τ i n V ®
2
 ; t h e n T

1
' ̂  i s t h e c o n t r i b u t i o n t o t h e p o t e n t i a l 

e n e r g y s t e m m i n g f r o m t h e p a i r o f p a r t i c l e s l a b e l l e d i a n d j . 

W h e n | i - j | i s a t l e a s t 2 , t h e s e t s { i , i + l } a n d j { j , j + l > 

a r e d i s j o i n t a n d t h e o p e r a t o r s Τ ^
 9 Ί

*
+
 * a n d τ ^ *

1
 c o m m u t e . F r o m 

t h e e q u a t i o n s ( 2 . 2 0 ) t o ( 2 , 2 2 ) , o n e c o n c l u d e s t h a t t h e r e e x i s t s 

ak 

a l i n e a r r e p r e s e n t a t i o n π γ o f t h e g r o u p S k i n t h e s p a c e V 

s u c h t h a t Tr y ( s j ) = τ
Ί
'

Ί + 1
 ( f o r I s i s k - 1 ) i f f t h e f o l l o w i n g 

c o n d i t i o n s a r e s a t i s f i e d 
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We d e n o t e b y Σ V t h e s u b s p a c e o f V c o n s i s t i n g o f t h e 

t e n s o r s t s u c h t h a t σ - t = t f o r e v e r y σ i n S k « We d e f i n e a p r o -

d u c t x-£ . . . x k f o r v e c t o r s b y 

χ χ . . . x k = Σ σ · ( χ χ β . . . S x k ) ( 2 . 3 0 ) 
a e s k 

I t r e d u c e s t o t h e s y m m e t r i c p r o d u c t o f v e c t o r s i f x ^ , . . . , x k 

a r e a l l e v e n , t o t h e w e d g e p r o d u c t x - ^A . . . A x k i f x ^ , . . . , x k 

a r e a l l o d d . T h e s p a c e Σ^ν d e c o m p o s e s a s a d i r e c t sum o f s u b -

s p a c e s Σ
Β , Ρ ν w h e r e Β ^ 0 , F ^ 0 , Β + F = k . T h e n u m b e r Β i s t h e 

B F 

bosonic number a n d F t h e fermionic number, a n d Σ ' V i s g e n e -

r a t e d b y t h e p r o d u c t s ( x ^ . . . x B ) ' ( y ^ A . . . A y p ) w h e r e x ^ , . . , x ß 

a r e e v e n a n d y i . . j p a r e o d d ; i t c a n b e i d e n t i f i e d i n a n a t u -

r a l w a y w i t h S
6

V
+
 8 A

F
V " . I n p a r t i c u l a r , i f V = V

+
 ( t h a t i s 

ε = 1 ) t h e n z
k
V r e d u c e s t o S

k
V , a n d i f V = V " ( t h a t i s ε = - 1 ) 

k k 3 F 
t h e n Σ V r e d u c e s t o A V . T h e e l e m e n t s i n Σ ' V a re c o n s i d e r e d as 
e v e n o r o d d a c c o r d i n g a s F i s e v e n o r o d d ( p a r i t y b y f e r m i o n i c 

n u m b e r ) . 

3 . Mac M a h o n ' s M a s t e r T h e o r e m 

3 . 1 . We k e e p t h e p r e v i o u s n o t a t i o n s . F o r i n s t a n c e , V i s a c o m -

p l e x v e c t o r s p a c e o f f i n i t e d i m e n s i o n n . We d e f i n e d p r e v i o u s l y 

t h e a n t i s y m m e t r i c t e n s o r s p a c e s A ° V = C , A ^ V = V , A
2

V , . . . , A
n

V = 

d e t V . M o r e o v e r , A
k
V i s r e d u c e d t o 0 f o r k > n . D e n o t e b y A V 

t h e d i r e c t sum o f t h e s p a c e A ° V , A
n

V . We d e f i n e p a r i t y o n 

A V b y t h e r u l e s 

A
+
V = θ A

2 k
V ( 3 . 1 ) 

k ^ O 

A " V = θ A
2 k + 1

V . <
3

-
2

) 
k ^ O 

T h e w e d g e p r o d u c t o f v e c t o r s c a n b e e x t e n d e d t o a m u l t i p l i c a -

t i o n i n A V , w h i c h i s b i l i n e a r , a s s o c i a t i v e , c o m p l y i n g w i t h t h e 

s i g n e r u l e 

ξ Λ η = ( - l )
P q

 η Λ ξ ( 3 . 3 ) 
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T T = 1 i n V
s 2
 "Unitarity" ( 2 . 2 4 ) 

T 1 2 T 2 3 T 1 2 T2 3 T 1 2 T 2 3 . . ,83 ,. _ , /0 9, , 
T T T = T T T m V "Yang-Baxter ( 2 . 2 5 ) 

equation " 

ο 

2 . 9 . L e t us a s s u m e t h a t ε i s a n o p e r a t o r o n V s u c h t h a t ε = 1 . 

T h e n V i s t h e d i r e c t sum o f V
+
 a n d V " , w h e r e V

+
 c o r r e s p o n d s 

t o t h e e i g e n v a l u e +1 o f ε a n d V " t o t h e e i g e n v a l u e - 1 . A v e c -

t o r i n V
+
 i s c a l l e d even(or b o s o n i c ) a n d a v e c t o r i n V " i s c a l -

l e d odd(or f e r m i o n i c ) . We c o n s i d e r t h e o p e r a t o r Τ i n 

82 

V = V 8 V c h a r a c t e r i z e d b y 

T ( x + 8 y + ) = y + 8 x + 

T ( x + a y _ ) = y „ a χ + 

( 2 . 2 6 ) 

T ( x . a y + ) = y + a x _ 

T ( x _ 8 y _ ) = - y _ 8 x _ 

w h e r e x + a n d y + a r e e v e n , a n d x _ , y _ a r e o d d . T h i s i s t h e w e l l -

k n o w n Koszul
x
s sign rule: " i n s e r t a f a c t o r -1 e a c h t i m e y o u 

p e r m u t e t w o o d d f a c t o r s " . T h e p r o p e r t i e s ( 2 . 2 4 ) a n d ( 2 . 2 5 ) a r e 

e a s i l y c h e c k e d , h e n c e we g e t a n a c t i o n o f t h e s y m m e t r i c g r o u p 
8k 

S k o n V . E x p l i c i t e l y , o n e g e t s 

σ · ( χ Ί β . . . fix.) = ( - 1 )
1
 χ τ fi . . . fix , ( 2 . 2 7 ) 

Κ
 ο• ( 1 ) a "

X
( k ) 

w h e r e I i s t h e n u m b e r o f p a i r s ( i , j ) o f i n t e g e r s s u c h t h a t 

1 s i < j ύ k , a ( i ) > a ( j ) a n d χ η. , x ^ a r e b o t h o d d ( w e a s s u m e 

t h a t χ - ρ . , . , χ ^ h a v e w e l l - d e f i n e d p a r i t i e s , e i t h e r e v e n o r o d d ) . 

I n p a r t i c u l a r 

[ x j f i . . . 8 x k ) = x 8 . . . ß x l 

a ( 1 ) σ " ( k ) 

i f , . . . , x k a r e a l 1 e v e n 

( 2 . 2 8 ) 

σ · ( χ Ί 8 . . . S x . ) = s g n a - ( x Ί 8 . . . 8 x -, ) 
Κ
 σ

_ 1
( 1 ) a

_ i
( k ) ( 2 . 2 9 ) 

i f x 1,...,X| < a r e a l l o d d . 
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i f ξ b e l o n g s t o A^V a n d n t o A ^ V . E v e n e l e m e n t s c o m m u t e t o e v e n 

o r o d d e l e m e n t s a n d ξ Λ η
 =

 ~n Λ ξ i f b o t h ξ a n d π a r e o d d . 

I f ξ = χ χ Λ . . . Λ Χ ρ a n d n = γ Χ Λ ... A y q , t h e n ξ Λ η i s b y d e f i -

n i t i o n t h e w e d g e p r o d u c t o f v e c t o r s ... Λ Χ ρ Λ y ^ ... A y q . 

3 . 2 . L e t A b e a n o p e r a t o r a c t i n g l i n e a r l y o n V. We d e f i n e d t h e 

k k 
o p e r a t o r A A a c t i n g o n Λ V. We d e n o t e b y AA t h e o p e r a t o r o n 

k k 

AV w h i c h c o i n c i d e s w i t h A A o n A V f o r k = 0 , 1 , . . . , n . T h e n AA 

e x t e n d s t h e o p e r a t o r A o n V = A*V a n d r e s p e c t s m u l t i p l i c a t i o n 

A A ( ξ Λ η ) = ( A A ) ξ Λ ( Λ Α ) · η . ( 3 . 4 ) 

T h e first statement i n Mac M a h o n ' s t h e o r e m i s t h e f o l l o w i n g 

f o r m u l a 

n . , 

d e t ( l + t A ) = l t
K

T r ( A
K

A ) , ( 3 . 5 ) 
k = 0 

w h e r e t i s a c o m p l e x p a r a m e t e r ( o r a f o r m a l v a r i a b l e ) . 

T h e p r o o f i s e s p e c i a l l y s i m p l e i f A c a n b e diagonalized. 

A s s u m e t h a t t h e r e e x i s t s a b a s i s e ^ , . . . , e n o f V c o n s i s t i n g o f 

e i g e n v e c t o r s o f A , n a m e l y 

A e x = A x e l s . . . , A e n = x n e p . ( 3 . 6 ) 

T h e n t h e t e n s o r s e . Λ ... Λ Θ . f o r 1 ύ i η < . . . < π \ % n f o r m 
1 Η 

k k 
a b a s i s o f A V a n d A A m u l t i p l i e s s u c h a t e n s o r b y λ Ί · . . . λ _ · . 

k
 1 k 

H e n c e t h e t r a c e o f A A i s t h e e l e m e n t a r y s y m m e t r i c f u n c t i o n 

Σ λ- j . . . λ . | = c k o f A j , . . . , λ η · M o r e o v e r , t h e o p e -
i , < ; « . . < i | ^ 1 k 

r a t o r 1 + t A m u l t i p l i e s e v e r y b a s i s v e c t o r β Ί· b y 1 + ΐ λ η · . H e n c e 

f o r m u l a ( 3 . 5 ) r e d u c e s t o t h e c l a s s i c a l s t a t e m e n t 

Π (1 + U , ) = Σ c , t
k
 . ( 3 . 7 ) 

i = l
 1

 k=0
 k 

3 . 3 . I n t h e g e n e r a l c a s e , w e c o u l d a r g u e b y c o n t i n u i t y s i n c e i t 

c a n b e p r o v e d t h a t a n y m a t r i x ( o r o p e r a t o r ) i s a l i m i t o f m a -

t r i c e s c o n j u g a t e t o d i a g o n a l o n e s . I n s t e a d , w e s h a l l r e l y o n 

t h e p o s s i b i l i t y o f f i n d i n g f o r t h e o p e r a t o r A a b a s i s e ^ , . . . , e 
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o f V s u c h t h a t t h e m a t r i x ( a ^ ) e x p r e s s i n g A i n t h i s b a s i s b e 

upper triangular ( a ^ = 0 i f i < j ) . 

L e t us n o t a s s u m e a t f i r s t t h a t t h e m a t r i x ( a ^ ) b e t r i a n -

g u l a r . F o r e v e r y i n c r e a s i n g s e q u e n c e I = ( i j < . . . < i k ) o f i n d i -

c e s b e t w e e n 1 a n d n , d e n o t e b y e T t h e w e d g e p r o d u c t e_. Λ . , . Λ β . . 
1

.
 1

1
 1

 k 
B y d e f i n i t i o n , we h a v e A e - = Σ a ^ e - . I t f o l l o w s 

( A
k
A ) . e j = Σ a j e j ( 3 . 8 ) 

J 

w h e r e a j i s t h e m i n o r o f A c o r r e s p o n d i n g t o t h e s e t I o f c o -

l u m n s a n d t h e s e t J o f r o w s . I n p a r t i c u l a r , we g e t 

T r ( A
k
A ) Σ aJ , ( 3 . 9 ) 

w h e r e t h e sum i s e x t e n d e d o v e r a l l s e q u e n c e s I = ( i j < . . . < i ^ ) 

o f l e n g t h k . 

A s s u m i n g now t h e m a t r i x ( a ^ ) t o b e t r i a n g u l a r w i t h d i a g o -
1

1 

n a l e l e m e n t s λ , t h e n a j i s t h e d e t e r m i n a n t o f a t r i -

a n g u l a r m a t r i x w i t h d i a g o n a l e l e m e n t s λ . , . . , , λ . . B y a w e l l -
1
 I

 k 

k n o w n g e n e r a l i z a t i o n o f f o r m u l a ( 2 . 1 8 ) , we g e t a j = \ ^ . . . λ . , 
I
 1 k 

h e n c e Σ a j = c ^ a n d o n e c o n c l u d e s t h e p r o o f a s b e f o r e . 

We c o n c l u d e w i t h t w o r e m a r k s : 

a ) P u t t i n g t o g e t h e r f o r m u l a s ( 3 . 5 ) a n d ( 3 . 9 ) we g e t 

n
 ν Τ 

d e t ( l + t A ) = Σ t Σ a i , ( 3 . 1 0 ) 
k=0 I 11=k

 1 

a w e l l - k n o w n f o r m u l a f o r t h e c h a r a c t e r i s t i c d e t e r m i n a n t . H e r e 

| l | i s t h e l e n g t h o f t h e i n c r e a s i n g s e q u e n c e I . 

b ) We c a n p u t t = 1 i n f o r m u l a ( 3 . 5 ) . H e n c e w e g e t 

d e t ( l * A ) = T r ( A A ) = T r ( Λ
+
Α ) + T r ( A ~ A ) . ( 3 . 1 1 ) 

P u t t i n g t = - 1 , w e g e t 

d e t ( l - A ) = T r ( Λ
+
Α ) - T r ( Λ " Α ) ( 3 . 1 2 ) 

T h e r i g h t - h a n d s i d e i s t h e s o - c a l l e d supertrace o f A a c t i n g 

o n t h e s p a c e AV w i t h e v e n p a r t A
+
V a n d o d d p a r t Λ V. 
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3 . 4 . We s t u d y now t h e a c t i o n o f A i n t h e symmetric algebra 

S V = θ S V . T h e symmetric -product of vectors c a n b e e x t e n d e d 

t o a m u l t i p l i c a t i o n i n SV w h i c h i s b i l i n e a r , a s s o c i a t i v e as 

w e l l a s c o m m u t a t i v e . C h o o s i n g a b a s i s e ^ , . . . s e n o f V e n a b l e s 

o n e t o c o n s i d e r t h e e l e m e n t s o f SV a s t h e p o l y n o m i a l s w i t h c o m -

p l e x c o e f f i c i e n t s i n e n , . . . , e n . 
k k 

T h e o p e r a t o r A o n V d e f i n e s o p e r a t o r s S A a c t i n g o n S V . 
1/ 

We d e n o t e b y SA t h e o p e r a t o r o n SV w h i c h r e s t r i c t s t o S A o n 

t h e s u b s p a c e S V o f p o l y n o m i a l s h o m o g e n e o u s o f d e g r e e k . I t 

r e s p e c t s t h e s y m m e t r i c p r o d u c t . 

W i t h t h e s e n o t a t i o n s , t h e second statement i n Mac 

M a h o n ' s t h e o r e m i s t h e f o l l o w i n g f o r m u l a 

d e t ( l - t A f
1
 = Σ t

k
 T r ( S

k
A ) . ( 3 . 1 3 ) 

k^O 

T h e p r o o f i s q u i t e s i m i l a r t o t h e p r e v i o u s o n e . A s s u m e 

f i r s t t h a t A c a n b e p u t i n d i a g o n a l f o r m a s i n f o r m u l a ( 3 . 6 ) . 
3
1

 3
 η 

T h e n t h e m o n o m i a l s e , . . . e M w i t h 3-, + . . . + ß n = k f o r m a 

1 η 1 η 
k

 3
1

 3
n 

b a s i s o f S V , a n d A m u l t i p l i e s s u c h a m o n o m i a l b y ... λ η . 
H e n c e we g e t f o r t h e t r a c e 

ß ß 

T r ( S
k

A ) = Σ λ λ

1
 ... λ η

η
 , ( 3 . 1 4 ) 

Ί
+
 · · ·

 + ß
n

= k 

a n d t h e r e f o r e 

k k 3 1+ . . . + ß n ß x ß n 

Σ t
K

T r ( S
K

A ) = Σ t
 1 n

 λ Ί ...λη

π 

k ^ O β, ... β 
ρ
 1

 ρ
η 

3
1

 3
η 

Σ ( U , ) . . . ( U ) 
3ι . . . β 
ρ
1

 μ
η 

Σ ... Σ (tx ) 

4-0 ßn=o 

1 1 

ι - t x 1 * · · ι - α η 

B u t t h e d e t e r m i n a n t o f 1 - t A i s t h e p r o d u c t ( l - t x ^ ) . . . ( l - t x n ) , 

h e n c e f o r m u l a ( 3 . 1 3 ) . 
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I n t h e g e n e r a l c a s e , a s s u m e t h a t A c a n b e p u t i n t r i a n -

g u l a r f o r m . I t m e a n s t h a t t h e r e e x i s t s a b a s i s e ^ , . . . , e o f V 

a n d s c a l a r s λ 1 , . . . , λ η s u c h t h a t A e i - xe* b e a l i n e a r c o m b i -

n a t i o n o f t h e v e c t o r s e j f o r j < i . T h e m o n o m i a l 

e
l • · · ·

 e

n

n is
 t r a n s f o r m e d b y S

k
A i n t o ( A e j )

 1
 . . . ( A e n )

 n
. 

E x p a n d i n g t h i s p r o d u c t , i t i s e a s y t o s e e t h a t t h e c o e f f i c i e n t 
3
1

 β
η

 β
1

 β
η

 β
1

 3
n 

o f e - f . . . e n i n t o ( A e x ) . . . ( A e n ) i s e q u a l t o λ 1

Α
. . . λ η

ί Ι
. 

F o r m u l a ( 3 . 1 4 ) i s s t i l l v a l i d , a n d t h e d e t e r m i n a n t o f 1 - t A i s 

s t i l l t h e p r o d u c t ( l - t x ^ . . . ( 1 - U n ) . T h e p r o o f i s f i n i s h e d 

a s b e f o r e . 

3 . 5 . I t i s i n t e r e s t i n g t o p u t t o g e t h e r f o r m u l a s ( 3 . 5 ) a n d 

( 3 . 1 3 ) . We g e t 

oo η 

1 = { Σ t
m

T r ( S
m

A ) } . { Σ ( - l )
k

t
k

T r ( A
k

A ) } . M . , . 
m=0 k=0 (J.ib) 

C o m p a r i n g t h e c o e f f i c i e n t s o f t h e p o w e r s o f t , we g e t 

Σ ( - l )
F

T r ( S
B

A ) - T r ( A
F

A ) = 0 f o r k * 1 . ( 3 . 1 6 ) 
B + F = k 

T h i s f o r m u l a c a n b e g i v e n a supersymmetric i n t e r p r e t a t i o n . 

D e n o t e b y W t h e double V χ V o f V , w i t h a p a r i t y o p e -

r a t o r g i v e n b y ε = \ \ i n m a t r i x f o r m , a n d a p a r i t y c h a n -

VO - 1 / 
/ n I N _j_ 

g i n g o p e r a t o r π =| \ . H e n c e π e x c h a n g e s W a n d W , a n d 
V 1 0 / 

π
2
 = 1. B o t h W

+
 a n d W" a r e c o p i e s o f V . I n p h y s i c a l s l a n g , 

π a s s o c i a t e s t o e v e r y b o s o n s t a t e i n W
+
 i t s f e r m i o n i c p a r t n e r 

k 
i n W . F r o m w h a t w e s a w i n s e c t i o n 2 . 9 , we c a n i d e n t i f y Σ W 

w i t h t h e d i r e c t sum o f t h e s p a c e s Σ
Β

' ^ = S
B

W
+
 S A

F
W " ( f o r 

B F 
B + F = k ) , a n d i n t u r n t o t h e sum o f t h e s p a c e s S V β A V . 

We e x t e n d A t o W , i n m a t r i x f o r m t h a t i s A ( x , y ) = 

( A x , A y ) f o r x , y i n V . We t h e n e x t e n d A ^°
 Al

 t o a n o p e r a t o r 

^ k 
A a c t i n g o n Σ W i n s u c h a w a y t h a t 

A ( x x . . . x k ) = Α χ χ . . . A x k ( 3 . 1 7 ) 

R F 

f o r x 1 , . . . , x k i n W . T h e n t h e s u b s p a c e s Σ
 9

 W a r e s t a b l e u n d e r 
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A , a n d i f we i d e n t i f y E
B , F

W t o S
B
V β A

F
V , t h e a c t i o n o f % o n 

I
B
'

F
W i s g i v e n b y t h e o p e r a t o r S

B
A β A

F
A . L e t now ε b e t h e 

o p e r a t o r o n i
k
W w h i c h a c t s b y m u l t i p l i c a t i o n b y ( - 1 )

F
 o n E

B
'

F
W . 

I t i s r e l a t e d t o t h e p a r i t y o p e r a t o r i n W b y 

e (Xj ... X k) = ε χ 1 . . . ε χ ( < ( 3 . 1 8 ) 

f o r x - p . . . , x k i n W. 

A f t e r a l l t h e s e p r e p a r a t i o n s , t h e i d e n t i t y ( 3 . 1 6 ) t u r n s 

o u t a s a supertraee vanishing theorem 

T r ( ε A ) = 0 ( f o r k * 1 ) ( 3 . 1 9 ) 

( t r a c e o f o p e r a t o r s a c t i n g o n Σ W ) . A d i r e c t p r o o f c a n b e q i -
k 

v e n u s i n g t w o new o p e r a t o r s d a n d s a c t i n g o n Σ w* b y 

Β 

d ( X l . . . x B - y i . . . y F ) = ^
 x

i - - -
x

i . i ^
x

i
x

i + i · · · 

χ Β · Υ χ . . . y F ( 3 . 2 0 ) 

F
 j - 1 

s ( X l. . . x B - y r - . y F ) = s ^ "
1

)
 χ

ι · · ·
χ

Β · ^ ι · · -
y
j - i 

^ y d y j +1 . . . y F ( 3 . 2 1 ) 

w h e r e X j ' s a r e even a n d t h e y j ' s a r e odd . S i n c e d c h a n g e s t h e 

f e r m i o n n u m b e r F b y +1 a n d s c h a n g e s i t b y - 1 , o n e g e t s 

dε = -ed , Se = -es . ( 3 . 2 2 ) 

M o r e o v e r , f r o m t h e p r e v i o u s d e f i n i t i o n s , o n e g e t s 

Αε = ε Α , A d = dÂ , A s = s A . ( 3 . 2 3 ) 

I t c a n a l s o be p r o v e d t h a t s d + d s m u l t i p l i e s e v e r y e l e m e n t o f 

Σ W b y k ( s e e f o r i n s t a n c e s u b s e c t i o n 

F r o m t h e s e f o r m u l a s , o n e d e r i v e s 
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T r ( e A s d ) = T r ( A s s d ) b e c a u s e Α ε = ε / 

= - T r ( Ä s e d ) b e c a u s e e s = - s e 

= - T r ( e d Ä s ) b y c y c l i c i n v a r i a n c e o f t h e 
t r a c e 

= - T r ( £ Ä d s ) b e c a u s e À d = d A 

F r o m s d + d s = k , o n e g e t s t h e n k T r ^ A ) = T r ( ε Α ( s d + d s ) ) = 0 a n d 

T r ( e A ) = 0 f o l l o w s p r o v i d e d k £ 1. 

3 . 6 . We d e r i v e a s a n a p p l i c a t i o n a n i m p o r t a n t f o r m u l a i n g r o u p 

t h e o r y , k n o w n a s Cartan-Molien
1
s formula. S u p p o s e G i s a 

f i n i t e g r o u p , o f o r d e r | G | , a c t i n g l i n e a r l y o n t h e v e c t o r s p a c e 

V . We l e t G a c t o n t h e s y m m e t r i c t e n s o r s p a c e S
k
V i n s u c h a w a y 

t h a t g . ( X j . . . x k ) = ( g x ^ ) . . . ( 9
x
k ) ^

o r t ne
 s y m m e t r i c p r o d u c t o f 

v e c t o r s χ ^ , . , . , χ ^ i n V . D e n o t e b y I
k
 t h e s u b s p a c e o f S

k
V c o n -

s i s t i n g o f t h e i n v a r i a n t s o f G . T h e d i m e n s i o n o f t h e s e s p a c e s 

i s g i v e n b y t h e f o l l o w i n g generating series 

Σ t
k
. d i m I

k
 = i G l "

1
 Σ d e t (1 - t g . . ) "

1
 . ( 3 . 2 4 ) 

k=0 g € G
 V 

F o r c l a r i t y , we d e n o t e b y q y t h e o p e r a t o r a f f o r d e d b y g o n V . 

A s i m i l a r f o r m u l a w i t h | G | " Σ r e p l a c e d b y / dg h o l d s f o r 
geG

 G 

a c o m p a c t g r o u p G a c t i n g l i n e a r l y o n V . 

T h e proof o f f o r m u l a ( 3 . 2 4 ) i s a s f o l l o w s . D e f i n e a n 

o p e r a t o r P k i n S
k
V b y P k u = I G I "

1
 Z g u f o r u i n S

k
V . T h e n 

• g6G 

P k i s a p r o j e c t i o n o f S
k
V o n t o I , h e n c e i t s t r a c e i s e q u a l t o 

t h e d i m e n s i o n o f I
k

. B u t P k i s n o t h i n g e l s e t h a n I G l "
1
 Σ S

k
g v , 

h e n c e 
geG 

d i m I
k
 = | G f

1
 Σ T r ( S

k
q v ) . ( 3 . 2 5 ) 

geG 

O n e c o n c l u d e s u s i n g f o r m u l a ( 3 . 1 3 ) . 

3 . 7 . S o f a r w e h a v e a s s o c i a t e d t o a n o p e r a t o r A a c t i n g o n V 

t h e n u m b e r s c k ( A ) = T r ( A
k
A ) a n d h k ( A ) = T r ( S

k
A ) . I n t e r m s o f 

t h e e i g e n v a l u e s λ ΐ 9. . . , λ η o f A , c k ( A ) , i s t h e elementary Symme-

trie function of order k a n d h k ( A ) i s t h e complete symmetric 

function of order k , n a m e l y t h e s u m o f a l l m o n o m i a l s o f d e -
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g r e e k i n
 λ

χ » · · · »
 λ

η

 e a cn W l tn
 c o e f f i c i e n t o n e . We f o u n d t h e 

g e n e r a t i n g s e r i e s 

Σ c . ( A ) t
k
 = d e t (1 + t A ) , ( 3 . 2 6 ) 

k ^ O
 K 

Σ h , ( A ) t
k
 = d e t (1 - t A ) "

1
 . ( 3 . 2 7 ) 

k ^ O
 K 

k k 

We i n t r o d u c e now t h e sum-of-powers
 T

k ( M = λ ^ + . , . + λ ^ , 

o r w h a t i s t h e same
 T

k ( A ) = T r ( A
k

) ( p u t a g a i n A i n t r i a n g u l a r 

f o r m ) . T h e c o r r e s p o n d i n g g e n e r a t i n g s e r i e s i s e x p r e s s e d i n t h e 

f o l l o w i n g v a r i o u s f o r m s : 

k
 λ ι ι - V 

Σ T
k (

A
^

 =
 Τ - λ t

 +
 · · ·

 +
 1 - x t

 9
 <

3
-

2 8
) k^l k 1 x

l
l 1

 V 

Σ τ ( A ) t
k
 = t T r ( A - ( l - t A ) '

1
) , ( 3 . 2 9 ) 

k^l K 

Σ τ . ( A ) t
k
 = - t L r l o g d e t ( l - t A ) ; ( 3 . 3 0 ) 

k^l K az 

f o r t h e l a s t e q u a l i t y , u s e t h e p r o d u c t f o r m u l a 

d e t ( l - t A ) = (1 - X x t ) . . . ( 1 - X n t ) . ( 3 . 3 1 ) 

F o r m u l a ( 3 . 3 0 ) c a n e a s i l y b e i n v e r t e d t o g i v e 

d e t ( l - t A ) = e x p - Σ x . ( A ) t
k

/ k . ( 3 . 3 2 ) 

k^l K 

We c a n now r e s t a t e f o r m u l a s ( 3 . 2 6 ) a n d ( 3 . 2 7 ) i n t h e 

f o l l o w i n g f o r m 

Σ c . ( A ) t
k
 = e x p Σ ( - l )

k
"

1
T . ( A ) t

k
/ k , ( 3 . 3 3 ) 

k ^ O
 K

 k^l K 

Σ h . ( A ) t
k
 = e x p Σ T . ( A ) t

k
/ k . ( 3 . 3 4 ) 

k ^ O
 K

 k^l K 

I f we e x p a n d t h e e x p o n e n t i a l s a n d c o m p a r e t h e c o e f f i c i e n t s o f 

t h e v a r i o u s p o w e r s o f t , we g e t t h e f o l l o w i n g v a r i a n t s o f 

Waring
1
s formulai 

! < + a 1 +. . + a k τ χ ( Α ) \ 2 ( A ) . . . τ k ( A )
 Κ 

c k ( A ) = Σ ( - 1 ) 
α -ι α « α,

 9 

β ιΙ 1 Κ , Ι Ζ ...a k!k
 k

 (3 . 3 5 ) 
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I n b o t h c a s e s , t h e s u m m a t i o n i s r e s t r i c t e d t o t h e s y s t e m s 
a

l » . o f p o s i t i v e i n t e g e r s ( i n c l u d i n g 0 ) s u c h t h a t 

1 · α 1 + 2 . α 2+ . . . + k . a k = k . T h i s l a t e s t r e s t r i c t i o n e x p r e s s e s 

t h e homogeneity of the functions c ^ , h ^ a n d τ^: i f we c h o o s e 

a b a s i s o f V a n d r e p r e s e n t a c c o r d i n g l y A b y a m a t r i x ( a ^ j ) , 

t h e n c k ( A ) , h | < ( A ) a n d τ ^ ( Α )
 a r

e p o l y n o m i a l s i n t h e e n t r i e s a ^ . , 

h o m o g e n e o u s o f d e g r e e k . 

I f U ( t ) a n d V ( t ) a r e p o w e r s e r i e s s u c h t h a t U ( t ) = e x p V ( t ) , 

o n e g e t s U ' ( t ) = V ' ( t ) U ( t ) f o r t h e d e r i v a t i v e s . U s i n g t h i s r e -

m a r k i n c o n n e c t i o n w i t h f o r m u l a s ( 3 , 3 3 ) a n d ( 3 . 3 4 ) , we d e r i v e 

t h e f o l l o w i n g r e c u r s i o n f o r m u l a s ( d u e t o N e w t o n ) ( r e c a l l c Q ( A ) = 

h 0 ( A ) = 1 ) 

p c D ( A ) = Σ ( - l ) ^
1
 τ ( A ) c , ( A ) , ( 3 . 3 7 ) 

Ρ j = l J Ρ J 

p h p ( A ) = ^
 τ

j ( A ) h p _ j ( A ) . ( 3 . 3 8 ) 

F r o m t h e s e r e c u r s i o n f o r m u l a s , o n e d e r i v e s determinantal for-

mulas due to Plemelj, n a m e l y 
π λ τ 2 τ 3 \ 

V 1 ' ^ \o ι T l 

c
l
 = τ

1 » 2 ! c £ = d e t | , 3 ! c ^ = d e t 2 

a n d , i n g e n e r a l , p ! c p ( A ) i s a ρ χ ρ d e t e r m i n a n t w h o s e n o n z e r o 

e n t r i e s a r e g i v e n b y u ^ . = τ^._Ί. + 1( Α ) f o r j ^ i a n d Uj + 1 j = P - J 

f o r j = l , . . . , p - l . T o p r o v e t h i s s t a t e m e n t , d e v e l o p t h e p - t h d e -

t e r m i n a n t a c c o r d i n g t o i t s f i r s t r o w a n d g e t b a c k t o f o r m u l a 

( 3 . 3 7 ) . T o g e t a s i m i l a r f o r m u l a f o r h p ( A ) , t h e b e s t i s t o u s e 

a duality principle, w h i c h f o l l o w s o b v i o u s l y f r o m f o r m u l a s 

( 3 . 3 3 ) a n d ( 3 . 3 4 ) : in every formula, one can exchange c ^ ( A ) 

with h ^ ( A ) , . . . , c ^ ( A ) with h ^ A ) , . . . provided that at the same 

time one multiplies ^ ( A ) by ( - 1 ) ^ 

S o f a r , we c o n s i d e r e d t h e g e n e r a t i n g s e r i e s a s f o r m a l p o -

w e r s e r i e s . I f we c a r e a b o u t convergence , t h e f o l l o w i n g h a s t o 

b e s a i d : 
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( a ) I f η i s t h e d i m e n s i o n o f V , t h e n c · . ( A ) = 0 f o r k > n . H e n c e 
k 

t h e s e r i e s Σ c , ( A ) t is a -polynomial of degree η in t 
k ^ O

 K 

( a n d s o d o e s d e t ( l + t A ) ) . 

( b ) I f λ ^ , . . . , λ η a r e t h e e i g e n v a l u e s o f A , d e n o t e b y L L A I L S P 

t h e m a x i m u m a m o n g t h e n u m b e r s | λ , | , . . . 9 | λ | ( t h e s o - c a l -
k 

l e d spectral radius o f A ) . T h e n t h e s e r i e s Σ h , ( A ) t , 
k k

 k
" ° 

Σ τ . ( A ) t a n d Σ τ , ( A ) t / k h a v e t h e same r a d i u s o f c o n -
k ^ l

 K
 k ^ l

 K 

v e r g e n c e e q u a l t o t h e i n v e r s e o f Ι | Α | | $ ρ· 

3 . 8 . I n t h e p r e c e d i n g s u b s e c t i o n s , c k ( A ) , η ^ ( Α ) a n d ̂ ( A ) 

h a v e b e e n c o n s i d e r e d a s s y m m e t r i c f u n c t i o n s o f t h e e i g e n v a l u e s 

λ ^ , . . . , λ o f A a n d o u r r e l a t i o n s a r e i n f a c t t h e o r e m s a b o u t 

s y m m e t r i c f u n c t i o n s . A n o p e r a t o r i n t h e f i n i t e - d i m e n s i o n a l c a s e 

c a n b e t r a n s f o r m e d i n t o a t r i a n g u l a r f o r m , a n d we made e x t e n -

s i v e u s e o f t h i s p o s s i b i l i t y . N o t h i n g o f t h i s s o r t e x i s t s f o r 

o p e r a t o r s a c t i n g o n H i l b e r t o r B a n c h s p a c e s . I t i s t h e r e f o r e 

n o t w i t h o u t i n t e r e s t t o s k e t c h a l t e r n a t e p r o o f s o f some o f t h e 

p r e v i o u s r e s u l t s . I n t h e i n f i n i t e - d i m e n s i o n a l c a s e , f o r m u l a 

( 3 . 2 6 ) s h a l l b e a d e f i n i t i o n o f t h e d e t e r m i n a n t , w i t h a p r o -

p e r i n t e r p r e t a t i o n o f c p ( A ) . O n e c o n v i n c e s e a s i l y o n e s e l f t h a t 

e v e r y t h i n g c a n b e d e d u c e d f r o m t h e W a r i n g f o r m u l a s ( 3 . 3 5 ) a n d 

( 3 . 3 6 ) . 

A s C a u c h y r e m a r k e d a l r e a d y , a n y p e r m u t a t i o n σ i n t h e 

g r o u p c a n be d e c o m p o s e d i n t o cycles. I f t h e r e a r e c y c l e s 

o f l e n g t h l , . . . , a . c y c l e s o f l e n g t h k , o b v i o u s l y 1 · α Ί + 2 . a 9+ . . . 

+ k*a. = k a n d t h e s i g n a t u r e o f σ i s ( - 1 )
 1

 " " "
 k

 , o r 

( - 1 ) w h e r e s i s t h e t o t a l n u m b e r o f c y c l e s . M o r e o v e r , t h e 

n u m b e r o f p e r m u t a t i o n s σ c o r r e s p o n d i n g t o g i v e n v a l u e s o f 
α -, οι L 

αι,.,.,α. i s k l / α - , . Ι
 1

 ... α , ! k . I n t r o d u c e a f u n c t i o n o n t h e 
ι κ ι κ α- a, 

g r o u p S k w h o s e v a l u e Ι ( σ ) i s e q u a l t o τ ^ Α )
 1

 . . . T k ( A )
 K
 . 

I t i s c h a r a c t e r i z e d b y t h e f o l l o w i n g t w o p r o p e r t i e s . 

( a ) I is a class function, that is Ι ( σ ) = Ι ( τ σ τ ^) for σ,τ 

in S k . 

( b ) If ο is decomposed into cycles ( 1 . . . a ) ( a + 1 . . . a + b ) 

( a + b + 1 . . . a + b + c ) then Ι ( σ ) is equal to t a ( A ) x b ( A ) t c ( A ) . 
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M o r e o v e r , o u r f o r m u l a s t a k e t h e f o l l o w i n g f o r m : 

k ! c . ( A ) = Σ ( s g n a ) - I ( o ) , ( 3 . 3 5 b i s ) 
aesk 

k ! h . ( A ) = Σ Ι ( σ ) . ( 3 . 3 6 b i s ) 
aesk 

H e r e i s a direct proof. F o r c l a r i t y , d e n o t e b y π t h e a c -
S k 

t i o n o f t h e p e r m u t a t i o n σ o n t h e s p a c e V d e f i n e d b y f o r m u l a 

( 2 . 3 ) , n a m e l y 

π ( χ Ί β . . . fix.) = χ - S . . . S x Ί . ( 3 . 3 9 ) 
1 k

 * ( 1 ) a -
X

( k ) 

-1 Q k 
T h e o p e r a t o r P . = ( k ! ) Σ π i s a p r o j e c t i o n o f V o n t o 

a G S k

 σ 

S V a n d s i m i l a r l y P_ = ( k ! )
- 1
 Σ ( s g n a ) . π i s a p r o j e c t i o n o f 

ök k
 K

 Qk ßk 
V o n t o A * V ; t h e y b o t h c o m m u t e w i t h A . T h e o p e r a t o r Ρ , . A 

k k a k 
c o i n c i d e s w i t h S A o n S V a n d w i t h 0 o n a s u b s p a c e o f V

e
* 

k k 
s u p p l e m e n t a r y t o S V ; h e n c e t h e t r a c e h k ( A ) o f S A i s e q u a l t o 

t h e t r a c e o f t h e o p e r a t o r P , . A ®
k
 a c t i n g o n V ®

k
. S i m i l a r l y c ^ ( A ) 

S k 
i s e q u a l t o t h e t r a c e o f Ρ _ · Α . H e n c e t h e f o r m u l a s ( 3 . 3 5 b i s ) 

ß k 

a n d ( 3 . 3 6 b i s ) a r e t r u e w i t h Ι(σ) d e f i n e d a s T r ( i T G . A
B
 ) . I t r e -

m a i n s t o c h e c k t h a t t h i s f u n c t i o n I e n j o y s p r o p e r t i e s ( a ) a n d 

( b ) a b o v e . 

A s f o r ( a ) , i t f o l l o w s f r o m t h e c y c l i c i n v a r i a n c e o f t h e 
S k 

t r a c e a n d t h e p e r m u t a b i 1 i t y o f A w i t h π χ , n a m e l y 

Ιίτστ"
1
) = T r ( π ^ π ^

 1
 A

S k
 ) = T r ( i^ iT *Α

β
 \ ) = 

= T r ( * a A
S k

) = Ι ( σ ) . 

T o p r o v e ( b ) , i n t r o d u c e a b a s i s e ^ , . . . , e n o f V , a n d d e n o t e b y 
A ( i , j ) t h e m a t r i x o f A w i t h r e s p e c t t o t h i s b a s i s . T h e t e n s o r 

Qk 
p r o d u c t s e . S . . . S e - m a k e u p a b a s i s o f V · , t h e m a t r i x o f 

1 k 
Qk 

A w i t h r e s p e c t t o t h i s b a s i s i s 
A k ( i l 5. . . , i k ; j 1 9. . . , j k ) = A ( i 1 i j 1 ) . . . A ( i k ; j k ) ( 3 . 4 0 ) 

a n d m o r e o v e r π 0 t r a n s f o r m s e^ S . . . S e . , i n t o e^ ^ S . . . 

e , , . I t f o l l o w s
 1 k σ

"
 ( 1) 
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Ι ( σ ) Σ ^ 1 > \ ( 1 ) ΐ ' · · ^ \ > \ ( ^ · (
3

·
4 1

) 
Ί

1 · · ·
Ί

| < 

I f σ i s d e c o m p o s e d i n t o c y c l e s ( 1 . . . a ) ( a + 1 . . . a + b ) ( a + b + 1 . . . 

a + b + c ) . . . , t h e n t h e t e r m u n d e r t h e s u m m a t i o n s i g n c a n b e w r i t -

t e n a s t h e p r o d u c t o f t h e f a c t o r s 

A ( i 1 , i 2 ) A ( i 2 9i 3 ) . . . A ( i a _ 1 , i a ) A ( i a , i 1 ) = J a 

A
(

i
a + l *

i
a + 2 )

A
(

1
a + 2 '

i
a + 3 ) - - -

A ( i
a + b - l -

1
a + b )

A
(

1
a + b '

i
a + l )

= J
b 

T h e sum i n ( 3 . 4 1 ) b r e a k s a c c o r d i n g l y i n t o a p r o d u c t . T h e sum o f 

t e r m s o f t h e f o r m J a g i v e s t h e t r a c e o f A
a

, e t c . . . h e n c e 

Ι ( σ ) = T r ( A
a

) T r ( A
b

) T r ( A
c

) . . . 

= T a ( A ) T b ( A ) T c ( A ) . . . 

T h i s e n d s o u r p r o o f . 

O n e p a r t i c u l a r c a s e o f t h e p r e v i o u s r e s u l t s i s w o r t h men*-

t i o n i n g . N a m e l y , c o n s i d e r t h e c y c l i c p e r m u t a t i o n γ , a c t i n g o n 

V
S k

 b y 

Y k( X ! S x 2 S . . . 8 x k ) = x k â x : S . . . ß x k ^ 1 . ( 3 . 4 2 ) 

T h e n we g e t 

T r ( A
k

) = T r ( A
S k

 . Y j <) . ( 3 . 4 3 ) 

M o r e g e n e r a l l y , l e t A - ι , . . . , Α . , b e l i n e a r o p e r a t o r s a c t i n g o n V ; 
ß k 

d e f i n e t h e o p e r a t o r A } 8 . . . S A k a c t i n g o n V i n t h e f o l l o w i n g 

w a y 

( A X S S A ^ U ^ . . . fixk) = A 1 x 1 f t S A k x k . ( 3 . 4 4 ) 

T h e n 

T r ( A x . . . A k ) = T r i i A ^ . . . fiAk).Yk) . ( 3 . 4 5 ) 
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4 . Some I n t e g r a t i o n F o r m u l a s 

4 . 1 . T h e basic formula r e a d s as f o l l o w s , i n t h e s i m p l e s t f o r m 

j
+ W

 e- * x
2
 d x = 1 . ( 4 . 1 ) 

— 00 

T h e p r o o f u s e s a w e l l - k n o w n t r i c k . D e n o t i n g b y I t h e p r e v i o u s 

i n t e g r a l , we g e t 

l 2 = / / e - ( x V ) d x d y 

o r , u s i n g p o l a r c o o r d i n a t e s , 

oo 2ττ 2 2
 00 

r = / r d r / e
_ 7 Tr

 de = J θ"
π Γ

 2 7 r rd r = / e "
u
d u = 1 . 

0 0 0 0
 2 

( u = frr ) 

S i n c e I i s o b v i o u s l y p o s i t i v e , we g e t I = 1. 

4 . 2 . L e t Ε b e a real euclidean space o f d i m e n s i o n n . We d e n o t e 

b y x « y t h e d o t p r o d u c t o f t w o v e c t o r s . I t i s b i l i n e a r a n d s y m -

m e t r i c a l , a n d χ·χ > 0 u n l e s s χ = 0 . L e t t h e b a s i s e l 5. . . , e n 

o f Ε b e o r t h o n o r m a l ; h e n c e e ^ e ^ = 1 a n d e ^ ' e j = 0 f o r i £ j. 

C o n s i d e r t h e v o l u m e f o r m ω s u c h t h a t ω ( θ ^ , · . . , θ η ) = 1. A c l a s -

s i c a l c a l c u l a t i o n g i v e s t h e f o l l o w i n g f o r m u l a ( w h e r e x ^ x n 

a r e a r b i t r a r y v e c t o r s i n E ) 

ω ( χ 1 5. . . , x n )
2
 = d e t ( x n . - Xj) . ( 4 2) 

2 

I n p a r t i c u l a r , o n e g e t s ω ( e | , . . . , ε ^ ) = 1 i f e j , . . . , e ^ i s a n o -

t h e r o r t h o n o r m a l b a s i s o f Ε . Up t o a s i g n , ω i s t h e r e f o r e i n d e -

p e n d e n t o f a n y o r t h o n o r m a l b a s i s o f E . 

T o t h e v o l u m e f o r m ω i s a s s o c i a t e d a n i n t e g r a t i o n e l e m e n t 

d
n
x i n E . E x p l i c i t e l y , o n e g e t s 

/ E f ( x ) d
n

x = / . . . / f ( x
1

e 1 * . . . + x
n

e n ) d x
1

. . . d x
n
 ( 4 . 3 ) 

f o r e v e r y o r t h o n o r m a l b a s i s e 1 9. . . , e n o f E . M o r e g e n e r a l l y , 

f r o m ( 4 . 2 ) , o n e d e r i v e s 

/ f ( x ) d
n

x = / . . . / f ( x
1

e 1 + . . . + x
n

e n ) g
1 /2

 d x ^ . - d x " ( 4 . 4 ) 
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f o r a n a r b i t r a r y b a s i s ( e ) w i t h g 0 = e « e 0 a n d g = d e t ( g 0) . 
J v

 α '
 J

a 3 a 3
 v 3

a 3 

4 . 3 . F r o m t h e b a s i c f o r m u l a ( 4 . 1 ) , o n e g e t s b y m u l t i p l i c a t i o n 

/ . . . / e xp{-7r Σ ( χ
1

)
2

} d x
1
 . . . d x

n
 = 1 . ( 4 . 5 ) 

i =1 

T o g e t a n i n v a r i a n t f o r m u l a , u s e ( 4 . 3 ) a n d g e t 

ί Ε θ -
π χ

·
χ
 d

n
x = 1. ( 4 . 6 ) 

M o r e g e n e r a l l y , c o n s i d e r a s y m m e t r i c p o s i t i v e - d e f i n i t e 

o p e r a t o r A i n E . H e n c e Α χ . χ > 0 u n l e s s χ = 0 , a n d Α χ . y = x - A y . 

I t i s l e g i t i m a t e t o t a k e a s a n e w d o t p r o d u c t o f t h e v e c t o r s 

χ a n d y t h e s c a l a r A x . y . F r o m s u b s e c t i o n 4 . 2 , o n e g e t s t h e 

e x i s t e n c e o f a v o l u m e f o r m
 ω

Α o n E , a s s o c i a t e d t o t h i s d o t p r o -

d u c t , a n d u n i q u e up t o s i g n . F r o m ( 4 . 2 ) , o n e g e t s 

ω Α ( Χ ι, . . . , χ η )
2
 = d e t ( A x r x j ) ( 4 . 7 ) 

f o r a n a r b i t r a r y b a s i s χ ^ , . , . , χ o f E . S p e c i a l i z e χ Ί · t o e^ 

a n d n o t i c e t h a t t h e m a t r i x ( a . . ) o f A w i t h r e s p e c t t o t h e o r -

t h o n o r m a l b a s i s e ^ , . . . , e n i s g i v e n b y a — = A e ^ - e . . . We g e t 

w
A ( "

e
l ' - - "

e
n )

2
 = d e t ( a i d) = d e t A . ( 4 . 8 ) 

C o m p a r i n g w i t h t h e d e f i n i t i o n o f ω , w e c o n c l u d e 

ω Α = + ( d e t A )
1 /2

 ω . ( 4 . 9 ) 

F o r t h e c o r r e s p o n d i n g i n t e g r a t i o n e l e m e n t s , we o b t a i n d * x = 

1 / 9 η η η 

( d e t A ) d χ . We c a n now r e p l a c e χ · χ b y Α χ · χ a n d d χ b y d ^ x 

i n f o r m u l a ( 4 . 6 ) . Conclusion 

| E θ "
π Α χ

·
χ
 d

n
x = ( d e t A ) '

1 /2
 . ( 4 . 1 0 ) 

T h e m o s t c u s t o m a r y f o r m i s o b t a i n e d b y r e p l a c i n g A b y Α / 2 π a n d 

r e a d s as f o l l o w s 

/ E e x p i - \ Α χ . χ } d
n
x = ( 2 π )

n / 2
( d e t A ) "

1 /2
 . ( 4 . 1 1 ) 
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T h e n o r m a l i z a t i o n f a c t o r ( 2 π )
η
^

2
 may b e t r o u b l e s o m e w h e n e x -

t e n d i n g t h e s e f o r m u l a s t o t h e i n f i n i t e - d i m e n s i o n a l c a s e . 

4 . 4 . We n e e d a complex form o f t h e p r e v i o u s f o r m u l a s . We c o n -

s i d e r now a f i n i t e - d i m e n s i o n a l H i l b e r t s p a c e tf. T h a t i s , tf 

i s a c o m p l e x v e c t o r s p a c e o f d i m e n s i o n n , a n d t h e r e i s g i v e n a 

s c a l a r p r o d u c t < x | y > f o r v e c t o r s i n tf, w i t h t h e f o l l o w i n g 

p r o p e r t i e s 

< χ I y ! + y 2 > =
 <

x l y i
> + < x

l y 2

>
 » ( 4 . 1 2 ) 

< x | X y > = X < x | y > , ( 4 . 1 3 ) 

< y | x > = < x | y > * , , ( 4 . 1 4 ) 

< x | x > > 0 u n l e s s χ = 0 , ( 4 . 1 5 ) 

w h e r e c * i s t h e c o m p l e x - c o n j u g a t e o f a c o m p l e x n u m b e r c . We 

a r e f o l l o w i n g t h e p h y s i c i s t ' s c o n v e n t i o n ( a d o p t e d a l s o b y 

B o u r b a k i ! ) t h a t < x | y > i s l i n e a r i n y , a n d c o n j u g a t e l i n e a r 

i n x . 

We d e n o t e b y A t h e a d j o i n t o f a n y o p e r a t o r A i n tf , s o 

< A x | y > = < x | A * y > . ( 4 . 1 6 ) 

Now a s s u m e t h a t t h e o p e r a t o r A s a t i s f i e s t h e i n e q u a l i t y 

R e < z | A z > > 0 u n l e s s ζ = 0 , ( 4 . 1 7 ) 

t h a t i s A = Β + i C w i t h B * = B , C * = C a n d Β i s p o s i t i v e - d e f i -

n i t e < z | B z > > 0 f o r ζ f 0 . 

T o d e f i n e a n i n t e g r a t i o n e l e m e n t i n tf , l e t us r e m a r k 

t h a t t h e d o t p r o d u c t χ . y = R e < x | y > e n a b l e s o n e t o c o n s i d e r t h e 

c o m p l e x h i l b e r t i a n s p a c e tf o f ( c o m p l e x ) d i m e n s i o n η a s a r e a l 

e u c l i d e a n s p a c e Ε o f ( r e a l ) d i m e n s i o n 2 n . T h e d o t p r o d u c t d e -

f i n e s a n i n t e g r a t i o n e l e m e n t i n E , ( s e e s e c t i o n 4 . 2 ) , w h i c h w e 

d e n o t e b y d ^ z . 

L e t S b e a n i n v e r t i b l e s e l f a d j o i n t o p e r a t o r i n tf . I t 

c a n b e d i a g o n a l i z e d , h e n c e t h e r e e x i s t s a n o r t h o n o r m a l b a s i s 

e ^ , . . . , e n i n tf a n d n o n z e r o r e a l n u m b e r s S j , . . . , s n s u c h t h a t 
S e

j
 = s

j
e

j f o r 1 ^ j ^ n . P u t e j +n = 1e. , a n d s j +n = s . 
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f o r 1 ^ j ^ η . H e n c e
 θ

ι » · · · »
θ

2 η
 is an o r t n o n o r m al

 b a s i s o f t h e 

r e a l e u c l i d e a n s p a c e E , a n d S e ^ s . e . f o r 1 ^ j ^ 2 n . S i n c e t h e 

d e t e r m i n a n t o f S i s e q u a l t o s 1 . . . s n , we g e t t h e f o l l o w i n g 

c h a n g e o f v a r i a b l e f o r m u l a 

d H ( S z ) = ( d e t S )
2

d H z . ( 4 . 1 8 ) 

4 . 5 . A f t e r t h e s e p r e p a r a t i o n s , we s t a t e t h e complex version of 

formula ( 4 . 1 0 ) , n a m e l y 

/ „ e " *
< z | A z>

 d H z = ( d e t A ) "
1
 . ( 4 . 1 9 ) 

T o p r o v e i t , we f i r s t r e m a r k t h a t A = Β + i C w h e r e Β i s s e l f a d -

j o i n t a n d p o s i t i v e - d e f i n i t e . H e n c e Β c a n b e d i a g o n a l i z e d w i t h 

s t r i c t l y p o s i t i v e e i g e n v a l u e s , a n d t h e r e e x i s t s a s e l f a d j o i n t 

o p e r a t o r S i n H s u c h t h a t B S
2
 = 1. S e t D = SCS ; i t i s a s e l f a d -

j o i n t o p e r a t o r . U s i n g ( 4 . 1 8 ) we s e e t h a t t h e i n t e g r a l 

I = j e"
ï ï < z | A z>

 d H z i s e q u a l t o 

I = / e"
ï ï < S z | A b Z>

 d H ( S z ) 

H 

Λ -ÏÏ<SZ I A S z > 

- ( d e t S )
2
 / e- * < z K 1 + i D

)
z >

 d „ z . 
H

 H 

2 -1 

N o t i c e t h a t ( d e t S ) = ( d e t B ) . M o r e o v e r , s i n c e D i s s e l f a d -

j o i n t , i t i s a g a i n d i a g o n a l i z a b l e w i t h r e a l e i g e n v a l u e s 

d 1 . . . d n , We o b t a i η 

I = ( d e t B f
1
 S / e- *

z
* (

1 + i d
j >

z
 d z . ( 4 . 2 0 ) 

j = l C 

H e r e d z i s p u t f o r d x d y i f ζ = χ + i y . Now u s i n g p o l a r c o o r d i -

n a t e s i n ( t , o n e d e r i v e s i m m e d i a t e l y 

/ e- T r a | z | d z = a "
1
 ( 4 . 2 1 ) 

C 

f o r a n y c o m p l e x n u m b e r a s u c h t h a t R e a > 0 . H e n c e 

-1
 n

 -1 
I = ( d e t Β ) · π ( 1 + i d . ) 

j = l
 J 

= ( d e t B ) "
1
 d e t (1 + i D ) "

1 
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B u t 

d e t ( l + i D ) = det(l + i S C S ) = det(l + i S
2

C ) 

= det(l + i B ^ C ) = (det B )
_ 1
d e t ( B + i C ) . 

T h i s finishes the proof o f ( 4 . 1 9 ) . 

4 . 6 . T o conclude this section, we shall rewrite ( 4 . 1 9 ) as 

fol 1ows 

n n * * * 
j exp -{ Σ Σ z.a..z.} άζ,Λαζ ΊΛ . . . A d z n A d z n 

c n j=l k=l 3 J K K 1 1 n n 

= (2îri)
n
(det A ) "

1
 ( 4 . 2 2 ) 

for every complex matrix A = (a..) whose selfadjoint part 
1 * J 

Β = ^ ( A + A ) is positive-definite. We remind the reader that 

for ζ = χ + i y , with complex conjugate ζ* = χ - i y , one has 

dz*Adz = 2 i d x A dy . ( 4 . 2 3 ) 
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P A R T T W O : 

F R E D H O L M D E T E R M I N A N T S 

5 . F r e d h o l m T h e o r y o f I n t e g r a l E q u a t i o n s 

5 . 1 . F o r o r i e n t a t i o n p u r p o s e s , we r e c o r d h e r e a few formulas 

in the finite-dimensional case. We c o n s i d e r a v e c t o r s p a c e V 

w i t h a f i n i t e b a s i s e 1 , . . . , e n a n d a l i n e a r o p e r a t o r A a c t i n q 

o n V , w h o s e m a t r i x w i t h r e s p e c t t o t h e p r e v i o u s b a s i s we d e -

n o t e b y ( A ( i , j ) ) . L e t us d e n o t e b y x ( i ) ( f o r (1 ^ i ^ n ) t h e 

c o o r d i n a t e s o f a v e c t o r x . T h e n t h e c o o r d i n a t e s o f t h e t r a n -

s f o r m e d v e c t o r A x a r e g i v e n b y 

( A x ) ( i ) = Σ A ( i , j ) x ( j ) ( l U i S n ) . ( 5 . 1 ) 

0 = 1 

M o r e o v e r , a c c o r d i n g t o f o r m u l a ( 3 . 1 0 ) , t h e d e t e r m i n a n t o f 1+A 

c a n b e e x p a n d e d a s f o l l o w s 

-! ^ ··· % 
d e t ( l + A ) = Σ ( ρ ! ) Σ Δ( ) . ( 5 . 2 ) 

ρ ^ Ο i r . . i p i l . . . Τ ρ 

T h e s e r i e s b r e a k s up a f t e r t h e t e r m f o r ρ = η a n d t h e minors 

o f t h e m a t r i x A a r e d e f i n e d a s f o l l o w s 

h · · · i p 

û ( ) = d e t ( A ( i k , j , ) ) . ( 5 . 3 ) 

1 p
 l s l s p 

A f t e r s o m e r o u t i n e c a l c u l a t i o n s w i t h d e t e r m i n a n t s , Cramer's 

formula f o r i n v e r t i n g a m a t r i x t a k e s t h e f o l l o w i n g f o r m : t h e 

o p e r a t o r i n v e r s e t o 1 + A e x i s t s i f f t h e d e t e r m i n a n t Δ o f 1+A 

d o e s n o t v a n i s h , a n d i t i s t h e n o f t h e f o r m 1 - Δ
_ 1

Β w h e r e t h e 

m a t r i x Β i s g i v e n b y t h e f o l l o w i n g p o w e r s e r i e s e x p a n s i o n : 

B ( i , j ) = Σ ( Ρ ! ) "
1 Σ Δ ( ' L L ' , " L P

) (s A) 
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A g a i n , t h e s e r i e s b r e a k s up a f t e r t h e t e r m f o r ρ = n-1 s i n c e 

t h e m i n o r s o f o r d e r p+1 > η a r e a l l z e r o . 

5 . 2 . We n o w r e p l a c e f i n i t e sums b y i n t e g r a l s u s i n g t h e w e l l -

k n o w n a n a l o g y . L e t us d e n o t e b y Ω a c o m p a c t s u b s e t o f some e u -

c l i d e a n s p a c e [ R
m
 a n d b y d x t h e i n t e g r a t i o n e l e m e n t i n l R

m
. A n 

integral operator with kernel Κ i s d e f i n e d b y t h e f o r m u l a 

K f ( x ) = / K ( x , y ) f ( y ) d y . ( 5 . 5 ) 
Ω 

L e t us d n o t e b y C(çi) t h e B a n a c h s p a c e o f c o m p ! e x - v a l u e d c o n t i -

n u o u s f u n c t i o n s o n Ω , w i t h t h e n o r m | | f | | = s u p | f ( x ) | . O n e 
χ £ Ω 

d e f i n e s C ( n χ Ω ) s i m i l a r l y . T h e n , i f Κ b e l o n g s t o C(Q χ Ω ) , 

t h e f u n c t i o n K f d e f i n e d b y ( 5 . 5 ) b e l o n g s t o C(çi) i f f d o e s , 

a n d t h e l i n e a r o p e r a t o r f i->Kf i n 0 ( Ω ) i s b o u n d e d w i t h n o r m 

C £ . | | κ | | · ν ο 1 ( Ω ) ; h e r e we d e n o t e b y ν ο Ι ( Ω ) t h e v o l u m e 

/ d x o f Ω. 
Ω
 E v e r y t h i n g i n t h e r e s t o f t h i s f i f t h s e c t i o n e x t e n d s 

verbatim i f o n e r e p l a c e s Ω b y a g e n e r a l H a u s d o r f f c o m p a c t 

s p a c e , i n t e g r a t i o n b e i n g t a k e n w i t h r e s p e c t t o a r e g u l a r B o r e l 

m e a s u r e o n Ω . T h i s e x t e n s i o n may b e u s e f u l i n s o m e p r o b l e m s o f 

c l a s s i c a l s t a t i s t i c a l m e c h a n i c s . 

5 . 3 . L e t us d e n o t e b y 1 t h e i d e n t i t y o p e r a t o r i n 0 ( Ω ) ; i t i s 

n o t a n i n t e g r a l o p e r a t o r o f t h e s o r t p r e v i o u s l y d e f i n e d , s i n c e 

we c o n s i d e r o n l y continuous kernels K ( x , y ) a n d n o t s i n g u l a r 

k e r n e l s l i k e t h e D i r a c < $ ( x - y ) . 

F r e d h o l m p r o p o s e d ( a r o u n d 1 9 0 0 ) t o d e f i n e t h e determi-

nant of the operator 1+K ( t a k i n g f i n t o f + K f ) b y t h e f o l -

l o w i n g f o r m u l a , a n a l o g o u s t o ( 5 . 2 ) : 

χ · . · χ 

d e t ( l + K ) = M P ! ) "
1
 / _ · · · / _

 Δ
(
 r

"
 P

) d X l. . . d x . ( 5 . 6 ) 
p è O α Ω ...Xp 

X X 

Δ(
 r

"
 p

) = d e t K ( x . , y k ) ; ( 5 . 7 ) 
y

l - "
y

P }-Âî? 

A g a i n t h e m i n o r s a r e d e f i n e d b y a n a l o g y 

x 1 . . . x „ 
M = dpt. K i i , . , 

J 

t h e y a r e j o i n t l y c o n t i n u o u s f u n c t i o n s o f t h e i r a r g u m e n t s . 

T o p r o v e t h e c o n v e r g e n c e o f t h e s e r i e s ( 5 . 6 ) , o n e u s e s a de-

terminant inequality d i s c o v e r e d b y H a d a m a r d (and i η a w e a k e r 
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f o r m b y F r e d h o l m ) : 

I d e t A | * \\tl\\2 . . . . M a p l l 2 · (
5

·
8

) 

H e r e A i s a n y ρ χ ρ m a t r i x w i t h c o m p l e x e n t r i e s , c o l u m n s 

a l s. . . , a p i n C
p

, a n d 1 | "S | I 2
 is t , ie n l

' l
b e

r t i a n
 n o rm

 ° f
 a

 v e c t o r 

a i n ( D
p
: 

i | a | | = ( | ά ι |
2 + .. . + | a p | 2 ) 1 / 2 . ( 5 . 9 ) 

T o p r o v e ( 5 . 8 ) , w e may a s s u m e t h a t d e t A / 0 , t h a t i s t h e c o -

l u m n s 5 ΐ 9. . . , ϊ ρ a r e l i n e a r l y i n d e p e n d e n t . B y a w e l l - k n o w n g e o -

m e t r i c c o n s t r u c t i o n , we m a y f i n d n e w v e c t o r s b ^ , . . . , B p m u t u a l l y 

o r t h o g o n a l i n £
p
, s u c h t h a t b . - a . b e a l i n e a r c o m b i n a t i o n 

o f t h e v e c t o r s , . . . , a ^ . F r o m t h e p r o p e r t i e s o f v o l u m e 

f o r m s e x p l a i n e d a t l e n g t h i n s e c t i o n 1 , i t f o l l o w s t h a t t h e m a -

t r i c e s A w i t h c o l u m n s a ^ , . . . , a ̂  a n d Β w i t h c o l u m n s b ^ , . . . , b p 

h a v e e q u a l d e t e r m i n a n t s . M o r e o v e r 3 j - b j i s a l s o a l i n e a r c o m -

b i n a t i o n o f b2 » . . . 9B j _ ^ , h e n c e i t i s o r t h o g o n a l t o b j ; t h i s 

i m p l i e s t h e i n e q u a l i t y | | Β j | | ύ l|a"j|| b y P y t h a g o r a s ' t h e o r e m . 

F i n a l l y , t h e p r o p e r t y t h a t B 1 9. . . , B a r e m u t u a l l y o r t h o g o n a l 
1 

c a n b e e x p r e s s e d b y t h e f a c t t h a t B * B i s a d i a g o n a l m a t r i x 
2 2 

w i t h d i a g o n a l e n t r i e s | | b ^ | | , . . . , | | b | | . H e n c e 

I d e t A |
2
 = I d e t B |

2
 = d e t ( B * B ) = 

ι in ι ι 2 ι ir ι ι 2 1 1 * 1 . 2 1 1 * 1 . 2 = I | b j | I . . . I I b p | I * I Ia 2|I . . . | | a p | | 

a n d H a d a m a r d ' s i n e q u a l i t y ( 5 . 8 ) f o l l o w s . 

U s i n g H a d a m a r d ' s i n e q u a l i t y , we g e t t h e e s t i m a t e 

x r . . x 2 ρ ρ 2 

M
 1 Ρ

) Γ * Π Σ | K ( x . , y . ) |
2 

y i. . . y p j = l k -1
 J k 

h e n c e 

| Δ (
Χ ΐ

' " '
Χ ρ

) | i p
p /2

 | | K | | P . ( 5 . 1 0 ) 

yi---yp 

1
H e r e B * i s t h e m a t r i x h e r m i t i a n c o n j u g a t e t o Β . 
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B y d e f i n i t i o n , t h e d e t e r m i n a n t o f 1+K i s Σ c n ( K ) w i t h c _ ( K ) = l 

A P ^ O
 P 0 

a n d
 K 

χ χ 
c D ( K ) = ( ρ ! ) "

1
 I . . . / Δ (

 1
' "

 p
) d x r . . d x ( 5 . 1 1 ) 

P
 Ω Ω Χ Ί. . . Χ η

 P 

1 p
 f o r ρ ^ 1. 

U s i n g ( 5 . 1 0 ) , we o b t a i n t h e i n e q u a l i t y 

l c p ( K ) | £ p
p /2

 | | K | |
P
 ν ο 1 ( Ω )

ρ
/ ρ ! ( f o r ρ 2 1 ) . ( 5 . 1 2 ) 

B y S t i r l i n g ' s f o r m u l a , t h e r e e x i s t s a c o n s t a n t C Q s u c h t h a t 

0 < C Q < 1 a n d ρ ! ^ C Q p
p

e ~
p
 / 2 π ρ ; t h e r e f o r e we g e t t h e e s t i m a t e 

l c p ( K ) | s C ' ^ l l K l l v o l ( n ) p '
1 / 2

e }
p
 ( 5 . 1 3 ) 

f o r ρ ^ 1, h e n c e l i m | c ( K ) |
1 / ,p

 = 0 . T h e c o n v e r g e n c e o f t h e 

s e r i e s Σ c n ( l < ) f o l l o w s . 
p ^ O

 p 

5 . 4 . We c a n v i e w t h e F r e d h o l m d e t e r m i n a n t a s a functional 

Κ d e t ( l + K ) on the Banach space C ( ß χ Ω ) . F r o m t h e b a s i c 

e s t i m a t e ( 5 . 1 3 ) , o n e i n f e r s t h a t t h e s e r i e s Σ c n ( K ) c o n v e r a e s 
p ^ O

 p 

u n i f o r m l y o n t h e s e t | | K | | ^ R , f o r e v e r y c o n s t a n t R > 0 . H e n c e 

d e t ( 1 + K ) i s ^continuous functional o f K. 

I t f o l l o w s a l s o f r o m ( 5 . 1 3 ) t h a t d e t ( 1 + z K ) = Σ c n ( K ) z
p 

p ^ O
 μ 

is an entire function of the complex variable z . M o r e 

c a n b e s a i d a b o u t a n a l y t i c i t y . F o r K l f, . . . , K p i n 0 ( Ω Χ Ω ) l e t us 

d e f i ne 
c D ( K l 9. . . , K ) - ( p ! ) "

1
 { . . . / f d e t K . i x ^ x ^ l d x ^ - . d x 

( 5 . 1 4 ) 

O b v i o u s l y , c p ( K 1 , . . . , K p ) i s a m u l t i l i n e a r f u n c t i o n a l o f 

K j , . . . , K . M o r e o v e r , b y c o n s t r u c t i o n , 

d e t ( l + Κ ) = Σ c n ( K , . . . , K ) ( 5 . 1 5 ) 
p ^ O

 p 

( w i t h ρ a r g u m e n t s e q u a l t o K ) . I f w e se t C ^ = C "
 Χ

ν ο 1 ( Ω )
 p

p "
p / 2

e
p

, 

o n e g e t s 

l i m ( C ' )
1 /p

 = 0 . ( 5 . 1 6 ) 
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M o r e o v e r , f r o m H a d a m a r d ' s i n e q u a l i t y ( 5 . 8 ) , o n e g e t s t h e e s t i -

m a t e 

lc p(K! κρ)I * IlKjII ... IlKpll ( 5 . 1 7 ) 

b y a p r o o f c o m p l e t e l y a n a l o g o u s t o t h e p r o o f o f ( 5 . 1 3 ) . T h e 

l a s t t h r e e f o r m u l a s e x p r e s s t h a t Κ d e t ( l + K ) is an entire 

function on the Banach space C ( f t ) i n t h e v e r y s t r o n g s e n s e 

u s e d b y B o u r b a k i [ 3 . p . 2 8 ] . 

A s a c o r o l l a r y , s u p p o s e t h a t K x ( x , y ) i s a n analytic fami-

ly of kernels i n t h e f o l l o w i n g s e n s e : D b e i n g a d o m a i n i n t h e 

c o m p l e x s p a c e I
r

, t h e f u n c t i o n ( x , x , y ) -> K x ( x , y ) i s c o n t i n u o u s 

o n D χ Ω χ Ω, a n d m o r e o v e r K x ( x , y ) i s a n h o l o m o r p h i c f u n c t i o n 

o f λ f o r x , y b e i n g f i x e d . T h e n the determinant d e t (1 + Κ χ ) is 

an homomorphic function of λ in D . 

5 . 5 . We c o m e n o w t o t h e multiplicative property o f F r e d h o l m 

d e t e r m i n a n t s . U s i n g t h e a n a l o g y b e t w e e n f i n i t e sums a n d i n t e -

g r a l s , t h e u s u a l m a t r i x p r o d u c t s u g g e s t s t h e f o l l o w i n g p r o d u c t 

f o r c o n t i n u o u s k e r n e l s 

( K L ) ( x , z ) = / K ( x , y ) L ( y , z ) d y . ( 5 . 1 8 ) 
Ω 

I t i s o b v i o u s l y l i n e a r i n Κ a n d i n L a n d p o s s e s s e s t h e e x p e c t e d 

a s s o c i a t i v i t y p r o p e r t i e s : 

( K L ) f = K ( L f ) ( 5 . 1 9 ) 

( K L ) M = K ( L M ) ( 5 . 2 0 ) 

w h e r e f i s a c o n t i n u o u s f u n c t i o n o n Ω a n d M a n o t h e r c o n t i n u o u s 

k e r n e l . 

L e t Κ a n d L b e k e r n e l s , a n d c o n s i d e r t h e o p e r a t o r s U = l + K 

a n d V = l + L a c t i n g o n C(çi). T h e p r o d u c t UV i s o f t h e f o r m 1+M w i t h 

a k e r n e l M = Κ + L + K L . We c l a i m : 

d e t (1 + K ) d e t (1 + L ) = d e t ( 1 + Κ + L + KL ) . ( 5 . 2 1 ) 

T h i s c o u l d b e p r o v e d b y a b r u t e f o r c e c a l c u l a t i o n . We p r e f e r t o 

r e s o r t t o a n approximation procedure. 

A decomposable kernel i s a f u n c t i o n Κ i n C(ü χ Ω) o f t h e 

f o r m K ( x , y ) = Σ f a ( x ) g a ( y ) f o r f l f. . . e f r a n d g ^ - . - . g i n 
α = 1 
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S u c h f u n c t i o n s a r e d e n s e i n t h e B a n a c h s p a c e Ο(ΩχΩ) ( a 

w e l l - k n o w n l e m m a o f D i e u d o n n é [ 5 , p . 1 4 1 1 , o r a n o b v i o u s c o r o l l a -

r y o f W e i e r s t r a s s ' a p p r o x i m a t i o n t h e o r e m ) . S i n c e t h e d e t e r m i -

n a n t i s a c o n t i n u o u s f u n c t i o n a l o n 0(Ω χ Ω ) , i t i s e n o u g h t o 

p r o v e ( 5 . 2 1 ) f o r t h e c a s e o f d e c o m p o s a b l e k e r n e l s Κ a n d L . 

S u p p o s e n o w t h a t Κ a n d L a r e d e c o m p o s a b l e k e r n e l s . U s i n g 

Schmidt*s ortho-normalization process, we f i n d a f a m i l y o f c o n -

t i n o u s f u n c t i o n s f l s. . . , f r o n Ω , o r t h o n o r m a l i n t h e f o l l o w i n g 

s e n s e : 

J f 7 n O f ß ( x ) d x = δ α 3 ( f o r l ^ r , l*s* r ) , ( 5 . 2 2 ) 

a n d c o m p l e x m a t r i c e s A = ( a a ^ ) a n d Β = ( b ^ ) o f s i z e r χ r 

s u c h t h a t 

r r 

K ( x . y ) = Σ Σ 

α = 1 3 = 1 
r r 

L ( x , y ) = Σ Σ 

α = 1 3 = 1 

T h e k e r n e l M = Κ + L + 

r r 

M ( x , y ) = Σ Σ 
α - 1 3 = 1 

w i t h t h e m a t r i χ C = ( c , 

Μ > 0 * > α £ ΐ f g ( y ) · ( 5 - 2 4 ) 

t i p l i c a t i o n r u l e f o r f i n i t e d e t e r m i n a n t s , we o b t a i n t h e r e f o r e 

d e t ( 1 + A ) d e t 1 + B ) = d e t (1 + C ) . ( 5 . 2 6 ) 

T o e s t a b l i s h t h e m u l t i p l i c a t i v e p r o p e r t y ( 5 . 2 1 ) f o r k e r n e l s , 

i t s u f f i c e s t o p r o v e t h e e q u a l i t y 

d e t ( 1 + K ) = d e t ( 1 + A ) ( 5 . 2 7 ) 

f o r a k e r n e l Κ a s i n f o r m u l a ( 5 . 2 3 ) . 

T h e p r o o f o f ( 5 . 2 7 ) r e s t s o n a generalization of the 

multiplicative property of determinants known as Binet-Cauchy 

formula. N a m e l y , l e t U = ( u ^ - ) b e a m a t r i x o f s i z e m χ η a n d 

V = ( V j k ) a m a t r i x o f s i z e η χ ρ , s o t h a t t h e m a t r i x W = UV i s 

o f s i z e m χ p . D e f i n e t h e m i n o r s o f r - t h o r d e r o f U b y 

485 



Ί
1 · ' ·

ί
γ 

U (
 1 r

) = d e t u , , ( 5 . 2 8 ) 

a n d s i m i l a r l y f o r t h e m i n o r s o f V a n d W. T h e n 1
1 · · ·

1

 r

 1
1 · ' ·

 1
 r J 1 " * '

j
 r 

W(
 1 r

) = Σ U (
 1

 ) V (
 1 r

) . ( 5 . 2 9 ) 

k r . . k r J x< . · - < J r j χ · . . j r k x . . . k r 

In invariant form, t h i s c a n b e e x p r e s s e d a s f o l l o w s . S e t Ε = C
m

, 

F = C
n

, G = î
p

. T h e n t h e m a t r i c e s U , V a n d W c o r r e s p o n d t o o p e -

r a t o r s u : F -> Ε , ν : G F , w : G E s u c h t h a t w = u v . M o r e o v e r , 

t h e r e e x i s t s an o p e r a t o r A
r
u : A

r
F •> Λ

Γ
Ε c h a r a c t e r i z e d b y 

( A
r
u ) ( x 1 A ... Λχ^) = U ( X J ) A ... A u ( x r ) f ο r v e c t o r s x 1, . . . , x r 

i n F . O n e d e f i n e s s i m i l a r l y Λ
Γ
ν a n d A

r
w . F r o m w = u v o n e d e -

r i v e s i m m e d i a t e l y A
P
W = Λ

Γ
υ . Λ

Γ
ν . I n n a t u r a l b a s i s f o r Α

Γ
Ε 

a n d h
r
F, t h e e n t r i e s o f t h e m a t r i x o f Λ

Γ
υ c o n s i s t o f t h e m i n o r s 

1
1 ' · '

1
 r 

U ( ) . H e n c e f o r m u l a ( 5 . 2 9 ) i s t h e m a t r i x v e r s i o n o f 

j ι . . . j r 

A
r
w = A

r
u · A

r
v . 

I n t r o d u c e now c o n t i n u o u s f u n c t i o n s o n Ω
Ρ
 = Ωχ . ., 

( ρ f a c t o r s ) a s f o l l o w s 

ΧΩ 

ν · . « ρ

( χ 1 V = d et f
- <

X
j> '

 { 5
·

3 0 ) 

t h a t i s 

ν . . α ( * 1 · · · · ·
χ

ρ > = * ς ( s g n a ) . f a ( X ! ) . . . f a ( x p ) . 

1 ρ a e S n σ ( 1 ) σ ( ρ ) 

( 5 . 3 1 ) 

Ρ 

F r o m t h e o r t h o g o n a l i t y p r o p e r t y ( 5 . 2 2 ) , o n e d e r i v e s . 

/ „ · · · / „ „ ρ ι * ι · · · ν S . . . . , ' " ' ν - ι · · · " * , • 

(5·32' 
f o r α^< ... <αρ, β^< ...<βρ. M o r e o v e r , f r o m C a u c h y ' s f o r m u l a 

( 5 . 2 9 ) , o n e d e r i v e s 
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Χ-, ... Χ α.. ... α 
Δ

(
 Ρ

) = « . < . ? < « Α (
 1 Ρ

) f ( Χ ! χ ρ ) · 

y r . . y p ι Ρ ß r . . ß p 1 Ρ 
β ι < · · < β

ρ 

\ · · · Β ρ

 ( y
i V

 ( 5
·

3 3
) 

U s i n g ( 5 . 3 2 ) , o n e g e t s i m m e d i a t e l y 

j .../ Δ(
 1 P

) d X l. . . d x = ρ ! Σ A (
 1

 Ρ ) , 

Ω Ω Xj.-.Xp « l ^ ' ^ p
 α

Γ · ·
α

ρ 

( 5 . 3 4 ) 

a n d b y s u m m i n g o v e r ρ , o n e o b t a i n s f i n a l l y 

d e t ( 1 + Κ ) = Σ Σ A i * *
1

' ' ' " P ) . ( 5 . 3 5 ) 
ρ ^ Ο . < α ρ α 1 # . , α 

O u r c o n t e n t i o n ( 5 . 2 7 ) f o l l o w s b y u s i n g f o r m u l a ( 3 . 1 0 ) f o r 

ma t r i c e s . 

5 . 6 . A c r u c i a l p r o p e r t y o f d e t e r m i n a n t s i n t h e f i n i t e - d i m e n -

s i o n a l c a s e i s t h e f o l l o w i n g c r i t e r i o n an o p e r a t o r A a c t i n g 

l i n e a r l y o n f i n i t e - d i m e n s i o n a l v e c t o r s p a c e V i s i n v e r t i b l e i f f 

i t s d e t e r m i n a n t i s n o t z e r o . A n a n a l o g o u s p r o p e r t y h o l d s f o r 

i n t e g r a l o p e r a t o r s : if Κ is a continuous kernel, the operator 

1+K on 0 ( Ω ) possesses an inverse ( n e c e s s a r i l y b o u n d e d b y g e -

n e r a l r e s u l t s o f f u n c t i o n a l a n a l y s i s ) iff the Fredholm deter-

minant d e t ( 1 + K ) is not zero. 

T h e p r o o f c o n s i s t s o f three steps: 

( a ) Suppose that Τ is an inverse for 1 + K , h e n c e T ( l + K ) = l , 

o r Τ = 1 - T K . We c l a i m t h a t T K i s a n i n t e g r a l o p e r a t o r . I n d e e d , 

w r i t e K y ( x ) f o r K ( x , y ) . T h e n y κ K y i s a c o n t i n u o u s map f r o m Ω 

i n t o t h e m e t r i c s p a c e C(ü) ( b y u n i f o r m c o n t i n u i t y o f K ) . F o r y 

i n Ω , s e t L y = T ( K y ) a n d l e t L ( x , y ) = L y ( x ) . T h e n y>-> L y i s a 

c o n t i n u o u s map f r o m Ω i n t o C(n) o r , e q u i v a l e n t l y , t h e f u n c t i o n 

L b e l o n g s t o C(ü χ Ω ) . We c l a i m t h a t the integral operator with 

kernel L is equal to T K . T h i s i s e a s i l y v e r i f i e d i f Κ i s a d e -
r 

c o m p o s a b l e k e r n e l o f t h e f o r m K ( x , y ) = Σ f a ( x ) 9 ( y ) ( w i t h 
a = 1 

f 1 , . . . , f r » g j , . . . , g i n C ( n ) ) . T h e g e n e r a l c a s e i s o b t a i n e d b y 
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u s i n g a s e q u e n c e (
K

n ) n ^ Q
 of

 d e c o m p o s a b l e k e r n e l s s u c h t h a t 

1 im I I Κ - K n | I = 0 . 
n->-«> 

( b ) Suppose that 1 + K is invertible. B y s t e p ( a ) , t h e r e 

e x i s t s a k e r n e l L s u c h t h a t ( 1 + K ) ( 1 - L ) = 1. B y t h e m u l t i p l i c a -

t i o n p r o p e r t y ( 5 . 2 1 ) , o n e g e t s 

d e t ( 1 + K ) d e t ( 1 - L ) = 1, 

h e n c e d e t ( 1 + K ) Φ 0 . 

( c ) I t r e m a i n s t o p r o v e t h a t when the Fredholm determi-

nant of 1+K is not zero, the operator 1+K is invertible. T h i s 

w i l l b e d o n e b y p r o v i d i n g a n e x p l i c i t f o r m u l a f o r t h e i n v e r s e . 

F o r e v e r y i n t e g e r ρ ^ 0 , o n e d e f i n e s a c o n t i n u o u s k e r n e l L p b y 

L p ( x , y ) 
Ω Ω y χ ^ 

x x r . . x p d x 1 " d x . ( 5 . 3 6 ) 

F r o m t h e b a s i c e s t i m a t e ( 5 . 1 0 ) , o n e d e r i v e s 

| L p ( x , y ) | * ( p + l )
( p + 1 ) /2 | |κ|| ρ + 1

 ν ο ΐ ( Ω )
ρ ( 5 . 3 7 ) 

U s i n g S t i r l i n g ' s f o r m u l a as i n s e c t i o n 5 . 3 , i t f o l l o w s t h a t t h e 

s e r i e s Σ ( ρ ! ) " * ι ( x , y ) c o n v e r g e s u n i f o r m l y o n Ω χ Ω, h e n c e 
p à O

 p 

i t s sum L ( x , y ) d e f i n e s a c o n t i n u o u s k e r n e l . 

F r o m i t s d e f i n i t i o n , t h e F r e d h o l m d e t e r m i n a n t Δ = d e t ( l + K ) 

i s a i v e n b y t h e s e r i e s Σ Ύ η / ρ ! w h e r e γ i s d e f i n e d a s f o l l o w s : 
p ^ O

 p p 

χ . . . χ 
Ύρ = / . . · / M

 r
"

 P
) d X l . . . d x . ( 5 . 3 8 ) 

v
 Ω Ω χ j · · · Χρ

 ν 

χ x r . . χ 
N o t i c e t h a t Δ(

 κ
) i s t h e d e t e r m i n a n t o f t h e m a t r i x 

y x r . . x p 

^ K ( x . y ) Κ ( χ , χ χ ) K ( x , x p ) 

K ( x i » y ) κ ( χ 1 , χ 1 ) K ( x l fx ) 

\ 

U ( x p ?y ) κ ( χ . x j ; κ ( χ ρ , χ ρ ) , 
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D e v e l o p i n g t h i s d e t e r m i n a n t a c c o r d i n g t o i t s f i r s t r o w , o n e 

o b t a i n s 

X Χ
1 ' · ·

Χ
Ρ * 1 · · · * η 

Δ( ) = Κ(Χ,Υ)Δ(
 1 Ρ

) -

y Χ ι , , , χ η χ η. . . χ Λ 
1
 Ρ

 1 Ρ
 ( 5 . 3 9 ) 

ρ χ. Χι...χ,...χ Σ Κ(Χ,Χ.)Δ( Α

 Ρ
) 

j = l y X l. . . x . . . . x 

We u s e t h e s t a n d a r d c o n v e n t i o n t h a t a t e r m w i t h a c a r r e t 

h a s t o b e o m i t t e d . I n t e g r a t i n g w i t h r e s p e c t t o Xj . . . x p g i v e s 

t h e n 

L p ( x , y ) = Y p K ( x , y ) - ρ / K t x . z j L p . ^ z . y J d z ; ( 5 . 4 0 ) 

n o t i c e t h a t t h e l a b e l l i n g o f t h e i n t e g r a t i o n v a r i a b l e s b e i n g 

i r r e l e v a n t t h e ρ t e r m s i n t h e s u m m a t i o n o f ( 5 . 3 9 ) g i v e t h e 

s a m e i n t e g r a l . N o t i c e a l s o t h e l i m i t i n g c a s e L Q ( x , y ) = Y Q K ( x , y ) 

f o r ρ = 0 ( a n d yQ = 1 ! ) . S i n c e L ( x , y ) i s g i v e n b y t h e u n i f o r m -

l y c o n v e r g e n t s e r i e s Σ L f x , y ) / p ! , i n t e g r a t i o n t e r m b y t e r m 
p ^ O Ρ 

i s l e g i t i m a t e , a n d f r o m ( 5 . 4 0 ) o n e g e t s 

L ( x , y ) = A K ( x , y ) - / !<( χ , z ) L ( ζ , y ) d z ( 5 . 4 1 ) 

Ω 

I n t e r m s o f k e r n e l s , t h i s f o r m u l a c a n b e s t a t e d as f o l l o w s 

( w h e r e Δ i s a c o n s t a n t ) : 

L = ΔΚ - KL . ( 5 . 4 2 ) 

χ *i...x 

B y a s i m i l a r p r o o f , e x p a n d i n g t h e d e t e r m i n a n t Δ(
 p

) 

y * i · · · X p 
a c c o r d i n g t o i t s f i r s t c o l u m n , w e g e t 

L = ΔΚ - LK . ( 5 . 4 3 ) 

I t i s t i m e t o a s s u m e Δ f 0 . T h e p r e v i o u s f o r m u l a s ( 5 . 4 2 ) 

a n d ( 5 . 4 3 ) j u s t m e a n t h a t the operator 1 - Δ^Ι is an inverse 

for 1 + K . T h e r e a d e r w i l l u n d o u b t e d l y n o t i c e t h e a n a l o g y o f 

t h i s s t a t e m e n t w i t h f o r m u l a ( 5 . 4 ) . 

L e t us j u s t a d d o n e remark. A n i n v e r s e o f 1+K i s g i v e n 

b y t h e g e o m e t r i s s e r i e s ( 1 + K ) '
1
 = 1 - K + K

2
. . . = 1 - Σ ( - 1 )

P
K

P + 1
. 

p ^ O 
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B y d e f i n i t i o n , K
p +1

 i s g i v e n b y a p - f o l d i n t e g r a l 

K
p + 1

( x , y ) = / . . . / K ( x , x 1 ) K ( x 1 , x ? ) . . . K ( x n , y ) d x , . . d x n , 

Ω Ω L L C p i p 
( 5 . 4 4 ) 

h e n c e t h e e s t i m a t e | K
P + 1

( x , y ) | £ ΙΙκ|| Ρ + 1
 ν ο 1(Ω )

ρ
. τ/ζο conver-

gence of the series Μ = Σ ( - 1 
) P KP + 1 is 

t h e r e f o r e g u a r a n t e e d 

i f | | Κ | | < ν ο Ι ( Ω ) , but may fail in general. M u l t i p l y M b y 

t h e c o n v e r a e n t s e r i e s Δ = Σ γ η / ρ ! , a n d r e a r r a n g e t h e t e r m s 
p ^ O

 p 

a c c o r d i n g t o C a u c h y ' s r u l e f o r m u l t i p l y i n g s e r i e s . We g e t 
Δ Μ = Σ L ' / p ! w i t h 

p ^ O
 p 

l
o

 = γ
ο

Κ
 »

 Lî = Ύ
1

Κ
 '

 Ύ
ο

κ 2
' 4 =

 Y 2
K

-
2 y

1
k 2 + 2 y

o
k 3

' - - -

F o r m u l a ( 5 . 4 0 ) p r o v i d e s a r e c u r s i v e d e f i n i t i o n o f t h e k e r n e l 

L , a n d t h e e q u a l i t y L ' = L f o l l o w s e a s i l y . U s i n g H a d a m a r d ' s 

r r r 

i n e q u a l i t y ( 5 . 1 0 ) a s a b o v e t h e n s h o w s t h a t t h e s e r i e s Σ L ' / p ! 
p ^ O

 p 

c o n v e r g e s u n i f o r m l y o n Ω χ Ω. H e n c e , after rearranging3 the 

product ΔΜ is given by a convergent series, even if M does not. 

5 . 7 . U s i n g o n c e m o r e t h e a n a l o g y b e t w e e n sums a n d i n t e g r a l s , 

we a r e l e d t o d e f i n e the trace of a kernel Κ as t h e s c a l a r 

T r ( Κ ) = / K ( x , x ) d x . ( 5 . 4 5 ) 
Ω 

T h e t r a c e o f a p r o d u c t o f ρ k e r n e l s i s g i v e n b y t h e m u l t i p l e 

i n t e g r a l 

T r ( . . . K p ) = / . . . / K 1 ( x 1 , x 2 ) K 2 ( x 2 Jx 3 ) . . . 
Ω Ω

 ( 5 . 4 6 ) 
K

p - l
( x

p - l ' V
K

p
(
 V

x
l

) d x
l · ' ·

ά χ
ρ · 

I t i s t h e n o b v i o u s t h a t the trace T ^ l ^ . . . K p ) is invariant 

under cyclic permutations of Κ · ρ . . . , Κ ρ . 

We p r o c e e d n o w t o t h e p r o o f o f a n a n a l o g o u s t o W a r i n g ' s 

f o r m u l a , n a m e l y 

d e t (1 - z K ) = e x p { - Σ T r ( K
n

) z
n

/ n } . ( 5 . 4 7 ) 
n ^ l 
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N o t i c e t h e e s t i m a t e | T r ( K
n

) | <; | | Κ | |
 n

v o 1 ( Ω )
n
 , w h i c h f o l l o w s 

f r o m (5.46); t h e s e r i e s Σ T r ( K
n

) z
n

/ n i s t h e n g u a r a n t e e d t o 

l
n
*

1
 -1 

c o n v e r g e w h e n | ζ | < | | Κ | Γ ν ο Ι ( Ω ) a n d t h e i d e n t i t y (5.47) 

h o l d s u n d e r t h i s a s s u m p t i o n . 

D e n o t e b y Ι(σ) ( f o r σ i n t h e s y m m e t r i c g r o u p S p ) t h e 

f o l l o w i n g i n t e g r a l 

Ι(σ) = / . . . / Κ ( χ 1 , χ σ ( 1 )) . . . K ( x p ex a ( p )) d x 1 . . . d x p 

Ω Ω
 (5.48) 

χ
1···

χ
η 

B y e x p a n d i n g c o m p l e t e l y t h e d e t e r m i n a n t Δ(
 K

) , o n e g e t s 

X l. . . x p 

Ύ η =
 Σ

 ( s g n a ) . Ι(σ) . (5.49) 
p
 oeS 

Ρ 

M o r e o v e r , o n e d o e s n o t c h a n g e t h e i n t e g r a l (5.48) b y r e l a b e l -

l i n g t h e i n t e g r a t i o n v a r i a b l e s Xj as y T ^ y f o r τ i n S p . I t 

t h e n f o l l o w s e a s i l y t h a t 

Ι(σ) = Ιίτστ"
1
) , (5.50) 

t h a t i s , Ι(σ) i s a class function o f σ i n S p . F i n a l l y , i f σ 

i s d e c o m p o s e d i n t o c y c l e s ( 1 . . . a ) ( a + 1 . . . a + b ) ( a + b + 1 . . . a + b + c ) . . . 

t h e i n t e g r a n d i n (5.48) c a n b e w r i t t e n a s a p r o d u c t o f t h e 

f a c t o r s 

K ( x l fx 2 ) . . . K ( x a - 1, x a ) K ( x a , x x ) = J a 

K ( x
a + l '

x
a + 2

)
 " '

 K ( x
a + b - l *

x
a + b

) K ( x
a + b

9 x
a + l )

 = J
b 

T h e i n t e g r a l (5.48) s p l i t s a c c o r d i n g l y , a n d b y (5.46), we g e t 

Ι(σ) = T r ( K
a

) T r ( K
b

) T r ( K
C

) . . . . (5.51) 

T h e r e s t o f t h e p r o o f o f f o r m u l a (5.47) i s now c o m p l e t e l y s i -

m i l a r t o t h e p r o o f i n t h e f i n i t e - d i m e n s i o n a l c a s e ( s e e s u b s e c -

t i o n 3.8). 

T h e c o n s e q u e n c e s o f f o r m u l a (5.47) a r e d e r i v e d a s i n s u b -

s e c t i o n 3.7. T a k i n g t h e l o g a r i t h m , we n e t 

l o g d e t ( l - z K ) = - Σ T r ( K
n

) z
n

/ n (5.52) 
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f o r t h e p r i n c i p a l b r a n c h , i n t h e d o m a i n | z | 

B y d e r i v a t i o n , t h i s i m p l i e s 

I Κ1 I "
1
 v o l ( Ω ) "

1
. 

l o g d e t ( 1 - z K ) = - Σ T r ( K
n

) z
n ?1 •1 , 

n^l 
- T r ( K ( l - K z ) ) 

( 5 . 5 3 ) 

i n t h e s a m e d o m a i n . R e c a l l t h e s e r i e s e x p a n s i o n 

d e t ( l + z K ) = Σ c ( Κ ) z
p 

p ^ O
 p 

( 5 . 5 4 ) 

w h e r e c p ( K ) i s d e f i n e d b y f o r m u l a ( 5 . 1 1 ) . We g e t an i n d u c t i v e 

d e f i n i t i o n o f t h e s e c o e f f i c i e n t s 

j = l 

T j = T r ( K
j
) ) : 

p ! c p ( K ) = d e t 

( - l )
j + 1

T r ( K
j 

. j ( K ) ( f o r pi 1 ) . ( 5 

b e g i v e n i n determinantal form ( w i t h 

Γ ΐ
 T

2 
τ
3 · · · V 2

 τ
ρ-1 Λ 

p-1 τ χ τ
2 

Τ Τ 

· · · ρ-3 ρ-2 

\ 
τ

Ρ - ι | 

0 ρ - 2 τ
ι ρ - 4 ρ - 3 

Τ
ρ - 2 

0 0 0 2 τ 

1 
τ 

2 1 
\ 0 0 0 0 1 

( 5 . 5 6 ) 

5 . 8 . Fredholm
1
s alternative{or a t l e a s t t h e m a i n s t a t e m e n t i n 

i n ) r e a d s a s f o l l o w s : 

• e i t h e r t h e o p e r a t o r 1+K i s i n v e r t i b l e , 

• o r t h e r e e x i s t s a n o n z e r o f u n c t i o n f i n C ( f t ) s u c h t h a t 

( 1 + K ) f = 0 . 

A c c o r d i n g t o t h e t h e o r e m p r o v e d i n s u b s e c t i o n 5 . 6 , t h e f i r s t 

c a s e o c c u r s i f d e t ( l + K ) ^ 0 a n d t h e s e c o n d i f d e t ( l + K ) = 0 . 

O t h e r w i s e s t a t e d , i f t h e F r e d h o l m d e t e r m i n a n t o f 1+K i s 0 , t h e n 

t h e r e e x i s t s a n o n z e r o f u n c t i o n f i n
 c
{a) s u c h t h a t ( 1 + K ) f = 0 . 
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C o n s i d e r t h e e n t i r e f u n c t i o n D ( z ) = d e t ( l - z K ) , w i t h 

D ( 0 ) = 1. F r o m t h e p r e v i o u s s t a t e m e n t , o n e c o n c l u d e s t h a t a 

n o n z e r o c o m p l e x n u m b e r λ i s a z e r o o f t h i s e n t i r e f u n c t i o n , 

n a m e l y D ( X ) = 0 , i f f t h e r e e x i s t s a n o n z e r o f u n c t i o n f i n C(a) 

s u c h t h a t ( l - X K ) f = 0 , o r e q u i v a l e n t l y K f = x ^ f . H e n c e the 

zeroes of the entire function D ( z ) are the inverses of the 

nonzero eigenvalues of the operator K . I n t y p i c a l a p p l i c a t i o n s 

o f F r e d h o l m t h e o r y , t h e i n t e g r a l o p e r a t o r w i t h c o n t i n u o u s k e r -

n e l Κ s h a l l b e t h e i n v e r s e o f s o m e d i f f e r e n t i a l o p e r a t o r P , 

a n d t h e e q u a t i o n s K f = x " * f a n d P f = x f a r e e q u i v a l e n t . I n 

t h i s c a s e , the zeroes of the entire function D ( z ) are the 

eigenvalues of the operator P . 

T h e F r e d h o l m a l t e r n a t i v e w a s e s t a b l i s h e d b y F r e d h o l m 

u s i n g c o m p u t a t i o n a l m e t h o d s . T h e m e t h o d u s e d i n m o d e r n t e x t -

b o o k s i s d u e t o F . R i e s z a n d r e l i e s o n a compactness property 

o f t h e i n t e g r a l o p e r a t o r s , n a m e l y ; the closure of the set of 

functions Kf . , for f in 0 (Ω) of norm is compact in the me-

tric space C ( Q ) . T h i s i s p r o v e d u s i n g a s e q u e n c e o f d e c o m p o -

s a b l e k e r n e l K n , c o n v e r g i n g u n i f o r m l y t o Κ o n Ω χ Ω ; t h e n 

t h e i n t e g r a l o p e r a t o r w i t h k e r n e l s K n i s o f f i n i t e r a n k a n d c o n -

v e r g e s i n o p e r a t o r n o r m t o t h e i n t e g r a l o p e r a t o r w i t h k e r n e l K . 

5 . 9 . I n t e g r a l o p e r a t o r s w i t h c o n t i n u o u s k e r n e l s a r e s p e c i a l 

c a s e s o f H i l b e r t - S c h m i d t o p e r a t o r s ( s e e s u b s e c t i o n 7 . 1 6 ) . T h e 

e i g e n v a l u e s o f t h e s e o p e r a t o r s s a t i s f y t h e r e f o r e t h e f o l l o w i n g 

p r o p e r t i e s : 

(a) the nonzero eigenvalues of the operator Κ can be arranged 

into a sequence I X ]J = | λ 2 Ι - · · ·
 an

d 

l i m λ . = 0 , each eigenvalue being repeated according to 

j + o o
 J 

a well-specified multiplicity. 

2 

(b) The sum Σ |λ·| if finite, but in general Σ |λ.| is 

not finite. 

(c) For the traces of powers of K, one gets 

T r ( K
n

) = Σ X
n
 for every integer n ^2 . ( 5 . 5 7 ) 

j * l
 J 

I t may o c c u r t h a t t h e r e i s o n l y a f i n i t e n u m b e r o f n o n z e r o 

e i g e n v a l u e s f o r K , p o s s i b l y n o n e o f t h e m . I n t h i s c a s e , f o r -
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m u l a (5.57) r e m a i n s v a l i d w i t h a n o b v i o u s i n t e r p r e t a t i o n , n a -

m e l y T r ( K
n

) = 0 ( f o r e v e r y i n t e g e r η £ 2) i f t h e r e i s no n o n -

z e r o e i g e n v a l u e o f K. 

We c a n now d e r i v e a product formula f o r t h e F r e d h o l m d e -

t e r m i n a n t , n a m e l y 

d e t ( l - z l< ) = E'
Z T R ( K)

 Π (1 - A . z ) e

X jZ
 (5.58) 

f o r e v e r y c o m p l e x n u m b e r z . I f t h e r e i s no n o n z e r o e i g e n v a l u e 

o f K , t h e p r o d u c t i n (5.58) h a s t o b e i n t e r p r e t e d a s 1, t h a t 

i s d e t ( l - z K ) = e"
z T r

^
K

^ i n t h i s c a s e . We m e n t i o n a l s o t h a t 

t h e i n f i n i t e p r o d u c t i n (5.58) c o n v e r g e s u n i f o r m l y o n e v e r y 

b o u n d e d d o m a i n o f £ , s i n c e Σ |λ.| i s f i n i t e . 

j * l
 3 

T o p r o v e f o r m u l a (5.58) d e f i n e t w o e n t i r e f u n c t i o n s b y 

t h e f o r m u l a s 

D x ( z ) = e
Z T r ( K )

d e t ( l - z K ) , D 2(
z
) = ( l - X j Z ) e

X jZ
 . 

3
*

1
 (5.59) 

We w a n t t o p r o v e t h e e q u a l i t y D ^ ( z ) = D 2 ( z ) . B y a n a l y t i c c o n -

t i n u a t i o n , i t s u f f i c e s t o p r o v e t h a t t h e s e f u n c t i o n s , w i t h v a -

l u e s D ^ O ) = D 2(0) = 1 a t t h e o r i g i n , h a v e e q u a l l o g a r i t h m s 

a r o u n d t h e o r i g i n . B y f o r m u l a (5.52) o n e g e t s 

- l o g D W z ) = Σ T r ( K
n

) z
n

/ n (5.60) 
n^2 

w h e n e v e r | z | <, | | K| Γ
1
 v o 1 ( Ω ) "

1
. M o r e o v e r , u s i n g t h e u s u a l 

T a y l o r s e r i e s f o r t h e l o g a r i t h m , o n e g e t s 

-lociDo(z) Ξ Σ Σ ( λ , ζ )
η

/ η (5.61) 
"
 L

 j s i n̂ 2
 3 

2-1/2 

w h e n e v e r | z | < ( Σ | λ . · | ) . T h i s d o u b l e s e r i e s i s t h e n a b s o -

0*1
 3 

l u t e l y c o n v e r g e n t , h e n c e c a n b e r e a r r a n g e d a s 

-logDn ( z ) = Σ ( Σ λ ^ ζ
η

/ η (5.62) 
ά
 η^2 j s l

 3 

U s i n q now t h e e q u a l i t y o f T r ( K
n

) a n d Σ λ*] ( f o r m u l a (5.57)), 

j * l
 3 

o n e d e d u c e s - l o g D - ^ z ) = - l o g D 2 ( z ) , h e n c e D 1 ( z ) = D 2 ( z ) f o r | z | 

s m a l 1 . 
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F r o m t h e f o r m u l a ( 5 . 5 8 ) , o n e d e d u c e s t h a t the multipli-

city of λ as a zero of the entire function D ( z ) = d e t ( l - z K ) 

is equal to the multiplicity of λ ^ as an eigenvalue of K . 

5 . 1 0 . One central difficulty i n F r e d h o l m ' s t h e o r y i s t h a t the 

identity ( 5 . 5 7 ) is valid for n^2 3 but not in general for 

η = 1. W h e n t h e s e r i e s Σ λ. c o n v e r g e s t o t h e sum T r ( K ) , f o r -

m u l a ( 5 . 5 8 ) c a n b e s i m p l i f i e d , n a m e l y 

d e t ( l - z K ) = Π ( 1 - χ . ζ ) . ( 5 . 6 3 ) 

T h a t t h i s c a n n o t b e t r u e i n g e n e r a l c a n b e s e e n u s i n g 

F o u r i e r s e r i e s . N a m e l y , a s s u m e t h a t o u r s p a c e Ω i s t h e c l o s e d 

i n t e r v a l [ 0 , 1 ] w i t h t h e e n d p o i n t s 0 a n d 1 i d e n t i f i e d a n d c o n -

s i d e r a k e r n e l o f t h e f o r m K ( x , y ) = k ( x - y ) , w h e r e k i s a c o n -

t i n u o u s f u n c t i o n o n t h e r e a l l i n e w i t h p e r i o d o n e : k ( x + l ) = k ( x ) . 

I n t r o d u c e t h e e x p o n e n t i a l f u n c t i o n s e n b y e n ( x ) = θ

2 π
^

η χ
. 

A n y c o n t i n u o u s f u n c t i o n f o n Ω w i t h f ( 0 ) = f ( l ) c a n be u n i f o r m -

l y a p p r o x i m a t e d b y f i n i t e l i n e a r c o m b i n a t i o n s o f t h e e n ' s . 

M o r e o v e r , o n e g e t s K e n = c n e n w h e r e c n i s t h e u s u a l F o u r i e r 

c o e f f i c i e n t k ( x ) e n ( - x ) d x o f k . T h e e i g e n v a l u e s o f t h e i n t e -

g r a l o p e r a t o r w i t h k e r n e l Κ a r e t h e r e f o r e t h e F o u r i e r c o e f f i -

c i e n t s c n . O n e g e t s 

? 1 
T r ( Κ ) = k ( 0 ) , T r ( Κ ) = J k ( x ) k ( - x ) d x . ( 5 . 6 4 ) 

ο 

2
 +

°° 2 
The identity T r ( K ) =

 Σ
 c is just another form of 

, p| = _ OO 

Parseval s identity. But there are well-known examples ( s e e 
T i t c h m a r s h [ 1 4 , p , 4 1 6 ] | of continuous periodic functions k ( x ) 

whose Fourier series Σ
 c

n

e
n ^

x
^ f

a
^

Q t0
 converge and repre-

n = -°° 
sent k ( x ) , for χ = 0 say. 
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6 . A R e v i e w o f O p e r a t o r T h e o r y i n H i l b e r t S p a c e s 

6 . 1 . We c o n s i d e r a H i l b e r t s p a c e tf , a n d we a s s u m e t h a t tf i s 

b o t h i n f i n i t e - d i m e n s i o n a l a n d s e p a r a b l e . T h e n t h e r e e x i s t s a n 

o r t h o n o r m a l b a s i s (Ψη)η^>ο
 ln E v e r

y v e c t o r ψ i n Η i s d e t e r -

m i n e d b y i t s c o m p o n e n t s c n = < Ψ ηΙ Ψ > , r e s t r i c t e d o n l y b y t h e 

c o n v e r g e n c e o f t h e s e r i e s Σ | c |
2
 w h i c h r e p r e s e n t s < ψ | ψ > , 

n ^ O
 n 

t h a t i s t h e s q u a r e o f t h e n o r m Ι Ι Ψ Ι Ι . F o r s c a l a r p r o d u c t s , we 

f o l l o w t h e c o n v e n t i o n s i n t r o d u c e d i n s u b s e c t i o n 4 . 4 . 

L e t A b e a b o u n d e d o p e r a t o r i n tf . We s h a l l w r i t e 

<ΨΙΑΙΨ '> f o r t h e s c a l a r p r o d u c t o f ψ w i t h Α ψ ' . We s a y t h a t A 

i s selfadjoint i n c a s e < Ψ I A | ψ> i s r e a l f o r e v e r y t p , a n d t h a t i t 

i s positive i n c a s e < ψ | Α | ψ > ^ 0 f o r e v e r y ψ i n Η . 

A s s u m e now A t o b e p o s i t i v e . We c l a i m t h a t the sum 

Σ <
^ N L

A
L ^ N

>
 (

a
 p o s i t i v e n u m b e r o r +°°) is independent of the 

n ^ O
 n 

orthonormal basis ( ψ J . I n d e e d , A p o s s e s s e s a s q u a r e r o o t Β 
ι η 

( a l s o d e n o t e d b y A ' ) w h i c h i s t h e u n i q u e p o s i t i v e o p e r a t o r Β 
2 

s u c h t h a t Β = A . C h o o s e a n o t h e r o r t h o n o r m a l b a s i s (
E

M ) Q * 

O u r c o n t e n t i o n f o l l o w s f r o m t h e f o l l o w i n g c a l c u l a t i o n : 

Σ < ψ
η I

A
I

ψ
η

> = Σ
 <Ψ η|Β*Β |ψ η>= Σ <Βψ | Β ψ > = 

η η η 

= Σ | < θ ΐ Β ψ > |
2
 = Σ | < θ „ | Β | ψ > |

2
 . 

« m m
1 r

 η
 1

 Μ m π τ ' ^ η ' 
η ,m η , m 

I n d e e d , s i n c e Β i s s e l f a d j o i n t < Θ m | Β | ψ n > i s t h e c o m p l e x - c o n j u -

g a t e o f
 < Ψ η Ι

Β Ι θ

π 1

>
 a n d a s y m m e t r i c a l c a l c u l a t i o n g i v e s t h e r e -

s u l t 

2 

m . π m
1
 ' m

 ψ
η '

 1
 m

 1 

m^ü m , η 

We d e f i n e t h e trace of the positive operator A as t h e 

n u m b e r T r ( A ) = Σ < Ψ η| Α | ψ η> i n [ 0 , + « » ] . 
n ^ O

 π n 

6 . 2 . A f u n d a m e n t a l t h e o r e m a s s e r t s t h a t a positive operator 

with a finite trace can be diagonalized. M o r e p r e c i s e l y , we 

c a n f i n d a n o r t h o n o r m a l s e t ( ψ 0 , ψ ^ , . . . * ψ π , . . , ) i n Η a n d a n o n -

i n c r e a s i n g s e q u e n c e ( λ 0 , λ ^ , λ 2 > · · · > λ η , , , , . ) o f s t r i c t l y p o s i t i v e 
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n u m b e r s s u c h t h a t Α ψ η = λ ρ Ψ η f o r e v e r y n , a n d Αψ = 0 f o r e v e r y 

v e c t o r Ψ i n Η o r t h o g o n a l t o a l l Ψ η ' s . B o t h s e q u e n c e s c a n c o n -

s i s t o f f i n i t e l y m a n y t e r m s ( Ψ 0 , . . . , Ψ Ν _ χ ) a n d (
λ

0 > · · · >
λ

Ν . χ ) 

i f A i s of f i n i t e r a n k N , o r b e i n f i n i t e . I n t h e l a s t c a s e , 

c o m p l e t i n g t h e s e q u e n c e ( Ψ η ) η ^ ο
 to an o r

t h °
n o r m a

l b a s i s o f Η , 

o n e c o n c l u d e s t o t h e e q u a l i t y 

00 

T r ( A ) = Σ λ ( 6 . 1 ) 
n = 0

 n 

A s i m i l a r s t a t e m e n t h o l d s i n t h e f i n i t e r a n k c a s e . 

T h e v e c t o r s Ψ η a r e n o t u n i q u e l y d e f i n e d b y t h e p r e v i o u s 

c o n d i t i o n s . T h e s c a l a r s λ ρ a r e u n i q u e b e c a u s e o f t h e f o l l o w i n g 

p e o p e r t y : f o r a n y n u m b e r λ > 0 , t h e n u m b e r o f t i m e s λ o c c u r s 

i n t h e s e q u e n c e (
λ

0 >
λ

χ > · · · ) i s e q u a l t o t h e d i m e n s i o n o f t h e 

e i g e n s p a c e c o r r e s p o n d i n g t o λ , t h a t i s t h e v e c t o r s ψ i n Η s u c h 

t h a t Αψ = λ ψ . 

6 . 3 . F o r t h e m a t h e m a t i c a l l y i n c l i n e d r e a d e r , we s k e t c h a 

p r o o f o f t h e d i a g o n a l i z a t i o n t h e o r e m b a s e d o n a compactness 

argument ( d u e e s s e n t i a l l y t o H i l b e r t ) . L e t A , Β a n d Qm a s i n 

s u b s e c t i o n 6 . 1 . D e n o t e b y ^ t h e s e t o f v e c t o r s ψ i n Η s u c h 

t h a t ΜΨ Ι Ι ύ 1. A s s o c i a t i n g t o a v e c t o r ψ i t s c o m p o n e n t s 

c m =
 < θ

η, 1ψ
>
 >

 we m a
P b i j e c t i v e l y Η η o n t o t h e s u b s e t Σ o f t h e 

ΓΜ 

s e q u e n c e s p a c e Œ c o n s i s t i n g o f t h e s e q u e n c e s c = ( c

m ) m ^ o 
s u c h t h a t Σ | c m |

2
 £ 1. E n d o w i ^ w i t h t h e p r o d u c t t o p o l o g v , 

m=0
 m 

w h i c h may b e d e f i n e d v i a t h e d i s t a n c e Σ 2 i n f ( | c - c ' | , 1 ) 
m^O

 nl m 

b e t w e e n t w o s e q u e n c e s c = ( c m ) a n d c ' = ( c m ) . I f c = ( c m ) 

b e l o n g s t o Σ , t h e n | c | ^ 1 f o r e v e r y m ; m o r e o v e r Σ = Π Σ 
m

 2 2m ^ 0 
w h e r e lm i s d e f i n e d b y t h e i n e q u a l i t y | c . | + . . . + | c m | ύ 1. 

m ο πι 

I t f o l l o w s t h a t Σ i s b o u n d e d a n d c l o s e d i n (C , h e n c e c o m -

p a c t b y T y c h o n o v ' s t h e o r e m . T r a n s p o r t i n g t h e t o p o l o g y t o tf-pwe 

c o n c l u d e t h a t Ηχ is a compact Hausdorff space for what -is the 

weak topology. 

L e t θ b e a f i x e d v e c t o r i n tf, w i t h c o m p o n e n t s d m . S i n c e 

a u n i f o r m l i m i t o f c o n t i n u o u s f u n c t i o n s i n c o n t i n u o u s , t h e 

i n e q u a l i t y 

|<θ|ψ> - ( ï ï 0 c 0 + . . . + V J I s | d p |
2 
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2 
f o r ψ i n H j , t o g e t h e r w i t h l i m Σ | d | = 0 , s h o w s t h a t t h e 

m-><*> p=m + l Ρ 
f u n c t i o n ψ •->· < θ | ψ > i s c o n t i n u o u s o n Η χ . 

F o r ψ i n Η-, , p u t Ρ ( ψ ) = < ψ | Α | ψ > . A c a l c u l a t i o n s i m i l a r 
ι
 00

 2 
t o t h e o n e i n s u b s e c t i o n 6 .1 g i v e s F ( i | > ) = Σ | < Β θ | ψ > | 

2 2
 m = 0 

S i n c e I< Β θ m|ψ > | i s m a j o r i z e d b y ΙΐΒθΜ a n d t h e s e r i e s 

Σ Ι Ι Β Θ Μ
2
 c o n v e r g e s t o t h e f i n i t e l i m i t Σ < θ | A | θ > = T r ( A ) , 

m=0
 m

 m=0
 m m 

i t f o l 1 o w s , a g a i η b y u n i f o r m c o n v e r g e n c e , t h a t the functional 

F is continuous on Η χ . S i n c e t h e s p a c e i s c o m p a c t , F 

a c h i e v e s i t s m a x i m u m a t s o m e p o i n t Ψ 0 o f Η χ . I f Ψ 0 = 0 , t h e n 

F i s i d e n t i c a l l y 0 o n H^9 h e n c e A = 0 . O t h e r w i s e , | IΨ 01 I ~
1
 Ψ 0 

b e l o n g s t o Η χ , h e n c e F ( i p Q) m a j o r i z e s F ( | | ψ 0 | | " ^ Q ) = 

Ρ ( Ψ 0 ) / I |ψ01 1
2
, h e n c e Ι Ι Ψ ΟΙ Ι = 1. L e t ψ i n Η b e o r t h o g o n a l t o 

Ψ 0 ; c o m p a r i n g t h e v a l u e s o f F a t ψ 0 a n d a t t h e p o i n t ψ ( ΐ ) = 

( Ψ 0 + ίψ) / / ϊ+Τ^ f o r r e a l t , o n e g e t s ί ^ < ψ | Α | ψ 0 > = 0 . R e p l a -

c i n g Ψ b y ι ψ we p r o v e t h a t Ι π ι < ψ | Α | ψ 0 > i s a l s o 0 . Conclusion: 

Α ψ 0 i s o r t h o g o n a l t o a n y v e c t o r o r t h o g o n a l t o ψ 0 > t h a t i s 

Α Ψ 0 = λ ο Ψ 0 f o r some s c a l a r X Q. N o t i c e t h a t F ( Ψ 0 ) = < Ψ 0 | Α ψ 0 > = 

X Q, h e n c e A Q > 0 . 

We r e p e a t t h e same r e a s o n i n g i n t h e s p a c e f / ( l ) o f v e c -

t o r s o r t h o g o n a l t o ψ . We g e t a v e c t o r ψχ i n f / ( l ) , o f n o r m 1, 

s u c h t h a t ψ^ a t t a i n s o n Ηχ η H ( l ) i t s m a x i m u m a t ψ ^ ; 

m o r e o v e r ^ 0 a n d Α ψ ^ = λ ^ ψ ^ . C o n t i n u i n g i n t h i s w a y , we 

g e t an o r t h o n o r m a l s e q u e n c e ( Ψ η ) π > ο
 of

 v e c t o r s a n d s c a l a r s 

λ η > 0 s u c h t h a t Α ψ η = λ η ψ η , λ ο l λχ a λ 2 * . . . * λ η a λ η + 1̂ . . . 

T h e p r o c e s s may b r e a k a f t e r a f i n i t e n u m b e r o f s t e p s , o r g i v e 

a n i n f i n i t e s e q u e n c e . A n y h o w , i f a v e c t o r i n i s o r t h o g o n a l 

t o Ψ 0 > Ψ χ , . . . , o n e g e t s F(ty) = 0 , t h a t i s Βψ = 0 , t h a t i s 

Αψ = 0 (Hint: u s e t h e d e f i n i t i o n o f t h e λ η a s s u c c e s s i v e m a x i -

ma ! ) . 

6 . 4 . F o r a n y b o u n d e d o p e r a t o r A o n H, t h e o p e r a t o r A * A i s 
* 1 /2 

( s e l f a d j o i n t ) p o s i t i v e , h e n c e i t s s q u a r e r o o t | A | = ( A A ) 

i s d e f i n e d . We s e t 

MAllj = T r(|A|) ( 6 . 2 ) 

a n d d e n o t e i t t h e trace-norm. T h e b a s i c p r o p e r t y 

11 A + B11 χ - l l A l l i + l l B l l i ( 6 . 3 ) 
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i s n o t a t a l l o b v i o u s . T h e m a i n d i f f i c u l t y i s t o p r o v e t h a t 

i f I I A M J a n d I I Β I I χ a r e f i n i t e , t h e n | A + B | c a n be d i a g o n a -

l i z e d ; o n e c a n a g a i n r e l y o n c o m p a c t n e s s a r g u m e n t s . 

O n e d e n o t e s b y L ^ ( H ) t h e s e t o f b o u n d e d o p e r a t o r s A i n tf 

f o r w h i c h | | Α | | χ i s f i n i t e . A c c o r d i n g t o ( 6 . 3 ) , t h i s i s a s u b -

s p a c e o f t h e v e c t o r s p a c e L ( H ) o f a l l b o u n d e d o p e r a t o r s . M o r e -

o v e r , a n y e l e m e n t A i n L * ( H ) i s a f i n i t e l i n e a r c o m b i n a t i o n o f 

p o s i t i v e o p e r a t o r s Α · , w i t h T r ( A . ) f i n i t e . I t f o l l o w s t h a t t h e 
J j 

t r a c e o f A c a n be d e f i n e d b y 

T r ( A ) = Σ <ψ |Α|ψ > ; ( 6 . 4 ) 
n ^ O

 n n 

t h e s e r i e s c o n v e r g e s a b s o l u t e l y f o r e v e r y o r t h o n o r m a l b a s i s 

( Ψ η ) η ^ 0 o f tf, a n d i t s sum d o e s n o t d e p e n d o n t h e p a r t i c u l a r 

b a s i s c h o s e n . M o r e o v e r , o n e p r o v e s t h e i n e q u a l i t y 

| T r ( A ) | * I | A | | χ . ( 6 . 5 ) 

B y f o r m u l a ( 6 . 3 ) , A ^ Ι | Α | | χ i s a n o r m o n t h e s p a c e L^(H)9which 

is a Banaoh space, t h a t i s s a t i s f i e s C a u c h y ' s c o n v e r g e n c e c r i -

t e r i o n . 

L e t A i n L * ( H ) . A s we s a w i n s u b s e c t i o n 6 . 2 a n d 6 . 3 , t h e 

o p e r a t o r | A | c a n be d i a g o n a l i z e d . F r o m t h e d e f i n i t i o n o f | A | 

b y I A I = A * A , i t f o l l o w s t h a t Αψ a n d I A | ψ h a v e t h e same n o r m 

f o r e v e r y v e c t o r ψ i n tf. S u p p o s e t h a t | A | i s n o t o f f i n i t e r a n k , 

a n d d i a g o n a l i z e i t w i t h e i g e n v e c t o r s Ψ η a n d e i g e n v a l u e s λ η as 

i n s u b s e c t i o n 6 . 2 . T h e n 

Μ Α ψ η | | = I I | Α | ψ η | | = | | χ η ψ η 1 | = x n 

a n d , f o r m f η 

< Α ψ η | Α ψ η ι> = < Ψ η | Α * Α ψ η ι> = < ψ η | | A | % m > = 

ι 2 η = < ψ Μ λ„,ψ> = 0 Ύ
η

 1
 m

r
m 

I t f o l l o w s t h a t t h e r e e x i s t s an o r t h o n o r m a l s e q u e n c e ( θ

η ) η ^ο 
s u c h t h a t Α ψ η = λ η θ η f o r e 

t a t i o n f o r t h e o p e r a t o r A 

s u c h t h a t Α ψ η = λ η θ η f o r e v e r y n , h e n c e t h e f o l l o w i n g r e p r e s e n t 
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Αψ = Σ λ π

θ

η < Ψ η ! ψ > ( f o r ψ i n Η ) . ( 6 . 6 ) 

N o t i c e t h a t t h e s e r i e s c o n v e r g e s i n n o r m s i n c e Σλ η i s f i n i t e . 

I n D i r a c ' s n o t a t i o n , t h i s c a n b e e x p r e s s e d a s
 n 

00 
A = Σ λ | θ ><ψ Ι . ( 6 . 7 ) 

η=0
 η η η 

W h e n A i s o f f i n i t e r a n k Ν , j u s t r e p l a c e t h e s u m m a t i o n s y m b o l 
N-1 

b y Σ . 
n = 0 

C o n v e r s e l y , i f ψ ρ a n d θ ρ a r e v e c t o r s o f n o r m 1 i n Η , a n d 

t h e s c a l a r s λ η f o r m a n a b s o l u t e l y c o n v e r g e n t s e r i e s , t h e n f o r -

m u l a ( 6 . 7 ) d e f i n e s a n o p e r a t o r A i n L * ( H ) ; we do n o t a s s u m e 

a n y o r t h o g o n a l i t y p r o p e r t y o f t h e v e c t o r s Ψ η a n d θ η · I n a s e -

r i e s o f o p e r a t o r s l i k e ( 6 . 7 ) , t h e f o l l o w i n g e s t i m a t e h o l d s 

"
A
 " Λ

 λ
η

| θ
η

> < Φ
η '

 M
l * ' „

| λ
η ' n=0 n=N 

a n d s i n c e Σ |λη| t e n d s t o 0 w i t h 1 / N , i t f o l l o w s t h a t the ope-

n = N 2 
rators of finite rank are dense in the Banaoh space I ( H ) . 

D e f i n e M n ( A ) a s t h e e i g e n v a l u e o f r a n k η o f | A | . H e n c e 

y 0 ( A ) * μ ^ Α ) * μ η ( Α ) * % + 1( A ) * . . . ^0 , 

a n d p u t y n ( A ) = 0 f o r n k Ν i f A i s o f f i n i t e r a n k N . M o r e o v e r 

b y d e f i n i t i o n 

I | A | I χ = Σ μ ( A ) . ( 6 . 8 ) 
1
 n = 0

 n 

T h e i n e q u a l i t y ( 6 . 3 ) c a n b e s t r e n g t h e n e d t o t h e s e q u e n c e o f 

i η e q u a l i t i e s 

> W
A

+ B ) s p n ( A ) + μ ^ Β ) ( 6 . 9 ) 

f o r η > 0 , m ^ 0 a n d A , Β i n L
1

( H ) . F o r η = 0 , u 0 ( A ) i s e q u a l 

t o t h e operator norm of A , t h a t i s t h e s m a l l e s t c o n s t a n t | | A | | 

s u c h t h a t | | Α ψ | | ύ | | A | | | | ψ | | f o r a l l v e c t o r s ψ i n tf. 
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I n g e n e r a l , u n ( A ) c a n be c a l c u l a t e d u s i n g t h e minimax prin-

ciple. L e t V b e a v e c t o r s u b s p a c e o f Η , o f f i n i t e d i m e n s i o n n ; 

l e t u s d e n o t e b y | | A | | V t h e s m a l l e s t c o n s t a n t s u c h t h a t 

I ΙΑΨΙ I = I | A | | y | |ψ| I f o r e a c h v e c t o r ψ i n tf o r t h o g o n a l t o V . 

T h e n t h e f o l l o w i n g i n e q u a l i t y h o l d s 

I I A I | v * μ η ( Α ) , ( 6 . 1 0 ) 

w i t h e q u a l i t y w h e n V i s s p a n n e d b y t h e v e c t o r s ψ 0 » · · · $ ψ π _ ι » 

w h e r e I A | ψ k = ^ ( A J i l ^ f o r a n y k ^ 0 . 

6 . 5 . T h e trace class o f o p e r a t o r s L * ( t f ) i s v e r y i m p o r t a n t i n 

t h e o r y , b u t t h e r e e x i s t s no e a s y c r i t e r i o n t o d e c i d e w h e t h e r 

a c o n c r e t e o p e r a t o r i s i n L ^ t f ) . A c c o r d i n g t o t h e c o n n e c t i o n 

b e t w e e n F o u r i e r s e r i e s a n d i n t e g r a l o p e r a t o r s d e s c r i b e d i n s u b -

s e c t i o n 5 . 1 0 , s u c h a c r i t e r i o n w o u l d s e t t l e t h e q u e s t i o n o f 

c h a r a c t e r i z i n g t h e c o n t i n u o u s f u n c t i o n s w i t h a b s o l u t e l y c o n v e r -

g e n t F o u r i e r s e r i e s , a n o t a b l y d i f f i c u l t q u e s t i o n . 

C o n t r a s t i n g w i t h t h i s s i t u a t i o n , Hilbert-Schmidt opera-

2 

tors a r e p l e n t i f u l a n d e a s y t o c h a r a c t e r i z e . D e f i n e L ( t f ) a s 

t h e c l a s s o f o p e r a t o r s A f o r w h i c h T r ( A A ) = T r ( I A I ) i s 

f i n i t e . T h i s m e a n s t h a t t h e p o s i t i v e o p e r a t o r | A | c a n b e d i a -

g o n a l i z e d w i t h e i g e n v e c t o r s Ψ 0 , Ψ χ , . . . ,ψ , . . . a n d e i g e n v a l u e s 

λ Λ , λ η , . . . , λ η , . . . s u c h t h a t Σ |λ I
2
 b e f i n i t e . A s b e f o r e , 

0 1 n
 n=0

 n 

s e t Μ η ( Α ) = λ η a n d d e f i n e t h e H i l b e r t - S c h m i d t n o r m b y 

| | A | | 2 = T r ( A * A )
1 /2

 = ( Σ y p ( A )
2

)
1 /2

 . ( 6 . 1 1 ) 
L
 n=0 

T h e m i n i m a x p r i n c i p l e h o l d s a g a i n , a s w e l l a s t h e r e p r e s e n t a -

t i o n ( 6 . 7 ) w i t h t w o o r t h o n o r m a l s e q u e n c e s ( ψ η) a n d ( θ η ) . 

L e t ( e n ) n ^ 0 b e a n a r b i t r a r y o r t h o n o r m a l b a s i s o f tf . 

O n e g e t s , f o r a n y b o u n d e d o p e r a t o r A i n L ( H ) 

T r ( A * A ) = Σ < e n | A * A e n > = Σ | | A e | |
2
 = 

η η 

= l l < e j A | e n > |
2 

m , η 

I f we a s s o c i a t e t o a n y o p e r a t o r A i t s m a t r i x w i t h e n t r i e s 
2 

a
m n

 = < e
r J ^ '

e
n

>
 '

 we g et an 1 s o m o r
P

n l sm
 ° f

 L
 (

w
)

 w i tn t ne s et 
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o f m a t r i c e s ( a ) s u c h t h a t m2 n | a m n|
£
 be f i n i t e . O t h e r w i s e 

s t a t e d L
2
( H ) i s a H i l b e r t s p a c e , a n d t h e o p e r a t o r s | e m > < e n | 

f o r m a n o r t h o n o r m a l b a s i s i n L
2

( H ) . 
2 

L e t A , Β b e o p e r a t o r s i n L ( H ) . F r o m t h e polarization 

formula y 

4 A * B = ( A + B ) * ( A + B ) - ( A - B ) * ( A - B ) - i ( A + i Β ) * ( A + i Β ) 

+ i ( A - i B ) * ( A - i B ) 

a n d t h e d e f i n i t i o n o f L
2

( H ) , i t f o l l o w s t h a t A * B i s i n L
1
( Η ) , 

a n d t h e t r a c e o f A * B i s d e f i n e d . B y r e p e a t i n g t h e c a l c u l a t i o n 

o f T r ( A * A ) , o n e g e t s 

T r ( A * B ) = Σ < e m | A | e > < e j B | e > . ( 6 . 1 2 ) v /
_ ^ m

, ,
n m

, l
n

 v 

m , η 

2 

O t h e r w i s e s t a t e d , t h e s c a l a r p r o d u c t i n t h e H i l b e r t s p a c e L ( Η ) 

i s g i v e n b y 

< A | B > = T r ( A * B ) . ( 6 . 1 3 ) 

C a u c h y - S c h w a r z i n e q u a l i t y t h e n h o l d s : 

| T r ( A * B ) | s I I A I | 2 | | B | | 2 . ( 6 . 1 4 ) 

I t c a n b e s t r e n g t h e n e d t o 

I I AB I I χ * I I A I | 2 | I Β I | 2 ( 6 . 1 5 ) 

2 

( c o m p a r e w i t h f o r m u l a ( 6 . 5 ) a n d n o t i c e t h a t t ( H ) i s s t a b l e 

u n d e r A m - A * ) . I t c a n be s h o w n t h a t c o n v e r s e l y , a n y o p e r a t o r 

i n L * ( H ) c a n b e f a c t o r e d a s t h e p r o d u c t o f t w o o p e r a t o r s i n 

6 . 6 . We c o n c l u d e b y t w o r e m a r k s : 

( a ) S u p p o s e t h a t Ω i s a n y ( m e a s u r a b l e ) s u b s e t o f some e u c l i -

d e a n s p a c e C R
m
. C o n s i d e r t h e H i l b e r t s p a c e ί

2
( Ω ) o f 

s q u a r e - i η t e g r a b l e f u n c t i o n s o n Ω w i t h s c a l a r p r o d u c t 

< f | g > = / ? T x T g ( x ) dx . ( 6 . i 6 ) 
Ω 
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T h e H i l b e r t - S c h m i d t o p e r a t o r s i n L ( Ω ) a r e t h e n t h e o p e r a t o r s 
2 

g i v e n b y a k e r n e l Κ i n L ( Ω χ Ω ) . M o r e p r e c i s e l y , f o r f i n 
2 2 

L ( Ω ) , a n d Κ i n L ( Ω χ Ω ) , t h e i n t e g r a l 

K f ( x ) = / K ( x , y ) f ( y ) d y ( 6 . 1 7 ) 
Ω 

2 

c o n v e r g e s f o r a l m o s t a l l χ i n Ω , t h e f u n c t i o n K f i s i n L ( Ω ) , 

t h e o p e r a t o r f * - > K f i s i n ί _
2
( Ι -

2
( Ω ) ) a n d 

T r ( K * K ) = / / l K ( x , y ) |
2
 d x d y . ( 6 . 1 8 ) 

Ω Ω 

T h e p r o o f s a r e e a s y c o n s e q u e n c e s o f F u b i n i ' s t h e o r e m a b o u t 

d o u b l e i n t e g r a l s . 

( b ) F o r a n y b o u n d e d o p e r a t o r A a c t i n g o n tf, we h a v e 

I J A | I ^ I I A I | 2 s I I A I \ χ , ( 6 . 1 9 ) 

h e n c e h e n c e i n t h e o p p o s i t e d i r e c t i o n 

L ( t f ) Ο L
2
( t f ) Z> L

l
(H) . ( 6 . 2 0 ) 

O n e c a n i n t e r p o l a t e w i t h t h e s p a c e s L
P

( t f ) , i n t r o d u c e d b y 

S c h a t t e n a r o u n d 1 9 4 0 , t h a t i s t h e s e t o f o p e r a t o r s A f o r w h i c h 

I A I c a n b e d i a g o n a l i z e d w i t h e i g e n v a l u e s \ Q ,λ^ ,. .. ,λ ,. .. 

s u c h t h a t Σ | λ ηΙ
ρ
 b e f i n i t e . O n e c a n m i m i c t h e b a s i c p r o p e r t i e s 

o f c l a s s i c a l L e b e s g u e s p a c e s ί
Ρ
( Ω ) , f o r i n s t a n c e M i n k o w s k i 

a n d H o l d e r i n e q u a l i t i e s . 
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7 . F r e d h o l m D e t e r m i n a n t s i n H i l b e r t S p a c e 

7 . 1 . S u p p o s e o n e w a n t s t o d e f i n e t h e d e t e r m i n a n t o f a n o p e r a -

t o r Β a c t i n g o n s o m e H i l b e r t s p a c e H . C h o o s e a n o r t h o n o r m a l 

b a s i s ( Ψ η ) π ^ ο ° f ^
 a n c

* r e p r e s e n t t h e o p e r a t o r b y i t s m a t r i x 

b = ( t > m n) w h e r e b m n =
 < ^ m l 5 U n

> » To
 d e f i n e t h e d e t e r m i n a n t Δ 

o f t h i s i n f i n i t e m a t r i x , a n a t u r a l p r o c e d u r e i s t o t r u n c a t e i t 

t o a f i n i t e d e t e r m i n a n t 

\ 

d e t 

o o 

Ίο 

J
o N 

I N 

\
b
N o · · · 

a n d t o l o o k f o r t h e l i m i t Δ 

( 7 . 1 ) 

b
N N / 

l i m Δ 
Ν * 

I f t h e m a t r i x b i s d i a -

g o n a l , we g e t Δ^ = bQQ . . . a n d Δ i s t h e i n f i n i t e p r o d u c t 

π b . I t i s k n o w n t h a t s u c h a n i n f i n i t e p r o d u c t c o n v e r g e s 
n ^ O

 nn 

a b s o l u t e l y i f f b , n n c a n b e p u t i n t h e f o r m b n n 1 + a n w h e r e 

n ^ O η
 1 i f f i n i t e . T h i s r e m a r k l e d P o i n c a r é a n d v o n K o c h t o 

a s s u m e t h a t t h e o p e r a t o r Β i s o f t h e f o r m 1 + A , w h e r e A i s 

" s m a l l " i n a s u i t a b l e s e n s e . D e n o t i n g a s b e f o r e b y 

A (
i 

ρ 
. ) t h e m i n o r s o f t h e m a t r i x a ( a m n) a s s o c i a t e d t o 

t h e o p e r a t o r A , we g e t 

Ν 
p ^ O 0 ^ i 1 < . . . < i 

Δ( ( 7 . 2 ) 

ρ — Ι ρ 

b y f o r m u l a ( 5 . 2 ) ( f i r s t n o t i c e d b y v o n K o c h ) . H e n c e , a t l e a s t 

f o r m a l l y , we g e t 

Δ = Σ 
p ^ O 

ν · · ·
< Ί
ρ "* 1 · · ·

 1
 D 

( 7 . 3 ) 

f o r t h e d e t e r m i n a n t o f 1 + A . I t c a n be s h o w n t h a t t h e p r e v i o u s 

s e r i e s c o n v e r g e s a b s o l u t e l y p r o v i d e d t h e d o u b l e sum Σ 

f i n i t e ( P o i n c a r é ' s c r i t e r i o n ) 
1 m , n 

a
m n "

l s 

F o r a l i v e l y a c c o u n t o f t h e p r e h i s t o r y o f i n f i n i t e - d e t e r -
m i n a n t s , t h e r e a d e r m a y c o n s u l t D i e u d o n n e * s b o o k [ 4 ] , 
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We s h a l l f o l l o w t h i s m e t h o d , h u t t o o h t a i n a t h e o r y i n -

d e p e n d e n t o f t h e o r t h o n o r m a l b a s i s c h o s e n , we s h a l l s u p p o s e 

t h a t A t s o f t r a c e c l a s s , a m o r e g e n e r a l a s s u m p t i o n t h a n t h e 

m e r e c o n v e r g e n c e o f Σ | a m nl « T h e r e a r e a n u m b e r o f p r o b l e m s 
m , η 

c o n n e c t e d w i t h s u c h a d e f i n i t i o n : 

• c o n v e r g e n c e o f t h e e x p a n s i o n (7.3) 

• t h e m u l t i p l i c a t i v e p r o p e r t y o f d e t e r m i n a n t s 

• r e l a t i o n s b e t w e e n t h e e i g e n v a l u e s o f A a n d t h e z e r o e s 

o f t h e c h a r a c t e r i s t i c f u n c t i o n d e t ( l ~ z A ) , w h e r e ζ i s 

a c o m p l e x v a r i a b l e . 

7.2, O u r m e t h o d w i l l b e b a s e d o n t h e c o n s t r u c t i o n o f t h e 

fermionic Fock space. L e t u s e x t e n d t o t h e H i l b e r t s p a c e s e t 

up t h e c o n s t r u c t i o n s o f t e n s o r s p a c e s g i v e n i n s u b s e c t i o n 2. 

L e t tfand tf2 b e t w o H i l b e r t s p a c e s . We p r o p o s e t o a s s o c i a t e 

t o a n d tf2 a n e w h i l b e r t s p a c e tf, t o b e d e n o t e d b y 

S 2 H 2 , t o g e t h e r w i t h a map a s s o c i a t i n g t o a v e c t o r x ^ i n 

a n d a v e c t o r x 2 i n H 2 a v e c t o r Χ χ 8 * 2 i n tf a n d a s s u m e t h e 

f o l l o w i n g p r o p e r t i e s t o h o l d : 

( a ) T h e v e c t o r x ^ 8 x 2 d e p e n d s l i n e a r l y o n f o r a f i x e d 

x 2 , a n d s y m m e t r i c a l l y i n x 2 f o r a f i x e d x ^ . 

( b ) F o r t h e s c a l a r p r o d u c t s , o n e g e t s 

< χ ι 8 χ 21 y ! 8 y 2> = <χχΙ Υι><χ 2Ι
 y
2

>
 · (

7
·

4
) 

( c ) A n y v e c t o r i n tf i s a l i m i t o f f i n i t e l i n e a r c o m b i n a t i o n s 
Ν 
Σ ^ χ η · 8 y ^ . E q u i v a l e n t l y , i f ζ i s a n y n o n z e r o v e c t o r i n 

tf , t h e r e e x i s t a n d x 2 s u c h t h a t 8 x 2 | z > φ 0 . 

A s f o r t h e existence of H 3 c h o o s e a n o r t h o n o r m a l b a s i s 

( ψ η

1
' ^ ) η > 0 i n Η . ( f o r i = 1 o r 2), t a k e a n y H i l b e r t s p a c e tf 

w i t h a n o r t h o n o r m a l b a s i s i n d e x e d a s a d o u b l e s e q u e n c e 

(
e
m n ) m a 0 , n £ 0

 a nd d e f i ne t he m a
P (

x
i ?

x
2 )

 x
l
 S x

2
 b

^
 t he 

f o r m u l a 

x j 8 x 2 = l < Ψ < 1

1
> ί χ 1 > < Ψ <

2
ί l x 2 > e . (7.5) 

m , η 

T h e p r o p e r t i e s ( a ) , ( b ) , ( c ) a r e e a s i l y c h e c k e d . M o r e o v e r , 

a c c o r d i n g t o t h i s d e f i n i t i o n , o n e g e t s i n p a r t i c u l a r 

e =ur ' 8 ψ12^. e
m n

 ψ
η ι

 ψ
η 
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T o p r o v e t h e uniqueness o f t h i s c o n s t r u c t i o n , o n e f i r s t 

p r o v e s u s i n g ( a ) , ( b ) a n d ( c ) t h a t t h e t e n s o r p r o d u c t 

(ψ^
1
) ß Ψ η

2
^

 of t he o r t n o n
° r m a l b a s i s i n a n d H 2 i s a n 

o r t h o n o r m a l b a s i s i n Hi Q 9 H 9. M o r e o v e r b y s p e c i a l i z i n g f o r m u -

(I) (2) 

l a ( 7 . 4 ) , o n e g e t s t h e v a l u e s <ψ^
 ;

| χ ^ χ ψ *
 y

 | x 2 > f o r t h e c o m -

p o n e n t s o f Q x 2 i n t h e p r e v i o u s b a s i s o f S 2 H 2, h e n c e 

f o r m u l a ( 7 . 5 ) i s f o r c e d u p o n u s . 

B y a n o b v i o u s g e n e r a l i z a t i o n , o n e d e f i n e s t h e t e n s o r p r o -

d u c t Ηχ S 2 . . . ß 2 H k o f a n y f i n i t e f a m i l y o f H i l b e r t s p a c e s 

F o r t h e r e c o r d , n o t i c e t h e f o r m u l a f o r t h e s c a l a r 

p r o d u c t 

k 

< x 1 S . . . S x j j y ^ . . . S y k > = .n < x n. | γ Ί · > ; ( 7 . 6 ) 

m o r e o v e r , i f (Ψ π

Ί ^ ) η >ο i s a n y o r t h o n o r m a l b a s i s i n Η Ί· ( f o r 

i = l , . . . , k ) t h e n t h e m u l t i p l e s e q u e n c e o f t e n s o r p r o d u c t s 

ψ^
1
) 8 ... 8 i s a n o r t h o n o r m a l b a s i s i n H 1ö 2 ... 8 2 H k . 

I n ^ t h e s e q u e l , we r e s t r i c t o u r a t t e n t i o n t o t h e t e n s o r p r o d u c t 
Q k 

H o f k i d e n t i c a l s p a c e s = . . . = tfk = tf. W h e n e v e r c o n v e n i e n t , 

we a s s u m e t h a t a n o r t h o n o r m a l b a s i s (ψη)η^ο
 n as D e en

 c h o s e n f o r 
tf , h e n c e t h e t e n s o r s ψ „ 8 . . . Ä i j . f o r m a n o r t h o n o r m a l b a s i s i n 
Sk

 n
l % 

tf 
a u 

7 . 3 . T h e s y m m e t r y o p e r a t o r s i n tf a r e d e f i n e d a s f o l l o w s . 
G i v e n a n y p e r m u t a t i o n σ i n S , . , t h e r e e x i s t s a u n i t a r y o p e r a t o r 

8 k 
U i n tf p e r m u t i n g t h e b a s i c t e n s o r s a s f o l l o w s 

υσ<ν···β%> =
 Ν

8
· · ·

9
%

 ( 7
·

7 ) 

w h e r e η.. = n ^ .. ^ f o r l ^ i ^ k . B y l i n e a r i t y a n d c o n t i n u i t y , o n e 

d e d u c e s t h e r e l a t i o n 

U ( X l i . . . e x k ) = χ e l g . . . χ ( 7 . 8 ) 
σ (1) σ

 A
( k ) 

f o r χ ^ , . , . , χ ^ i n H. H e n c e Ug i s i n v a r i a n t l y d e f i n e d , a n d t h e 

p r o d u c t r u l e U U = U h o l d s . O t h e r w i s e s t a t e d , o n e o b t a i n s r
 σ τ σ τ ' 

a u n i t a r y r e p r e s e n t a t i o n o f t h e q r o u p S . i n t h e H i l b e r t s p a c e 

H
S k

. 

A s i n t h e f i n i t e d i m e n s i o n a l c a s e , o n e i n t r o d u c e s t h e 
k Q k 

s u b s p a c e A tf o f t h e a n t i s y m m e t r i c t e n s o r s , e l e m e n t s t i n tf 
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s u c h t h a t U a t = ( s g n a ) . t f o r a l l σ i n S k . I t i s c u s t o m a r y t o 

m o d i f y t h e d e f i n i t i o n o f t h e w e d g e p r o d u c t a s f o l l o w s 

Χ 1Λ . . . Λ Χ | ( = ( k ! ) "
1 /2

 Σ ( s g n a ) U ( J( x 1 i . . . B x k ) ( 7 . 9 ) 
a G S k 

W i t h t h i s c o n v e n t i o n , t h e s c a l a r p r o d u c t i s g i v e n by 

< X i A . . . Λ χ . I y-Λ...Ay.> = d e t < x . | y . > ( 7 . 1 0 ) 

w i t h o u t n o r m a l i z a t i o n c o n s t a n t . I t f o l l o w s t h a t the wedge pro-

ducts ψ Λ.,.Λψ where 0 ^ η Ί<...<ηι, form an orthonormal ba-
n

l ,
 n

k
 1 K 

sis of Λ tf. 
B y t h e a n t i s y m m e t r y p r o p e r t i e s o f t h e w e d g e p r o d u c t , i t 

f o l l o w s t h a t x 1A . , . A x k i s e q u a l t o x^A..,Ax k w h e r e x j , t . f , x k 

a r e d e d u c e d f r o m x l 9. . . , x k b y t h e o r t h o n o r m a l i s a t i o n p r o c e s s : 

xj - Xj i s a l i n e a r c o m b i n a t i o n o f Χχ,.,,,χ^.^ a n d x j , f. , x k 

a r e m u t u a l l y o r t h o g o n a l . B y P y t h a g o r a s ' t h e o r e m , o n e g e t s 

| | x ] | | s | | χ Ί . | | , a n d f r o m ( 7 . 1 0 ) o n e g e t s 

l|xiA...AX k||
2
 = I |Χ{Λ..-ΛΧ^ Ι 1

2
 - I | x { | |

2
, . . | | x j j |

2 

h e n c e 

I I X XA — A x k | I s I |x 2| |,..| I χ k I I . ( 7 . Π ) 

U s i n g C a u c h y - S c h w a r z i n e q u a l i t y , o n e d e r i v e s t h e c o r o l l a r y 

k 

| < x 1A . . . A x k | y 1A . . . A y k >|* π ̂  | | χ 1 | | | | y Ί· I I . ( 7 . 1 2 ) 

T h e s e f o r m u l a s a r e j u s t r e i n c a r n a t i o n s o f H a d a m a r d ' s i n e q u a l i -

t y f o r d e t e r m i n a n t s . 
2 

I n m a n y a p p l i c a t i o n s , tf i s a H i l b e r t s p a c e L ( Ω ) o f 
s q u a r e - i n t e g r a b l e f u n c t i o n s . O n e i d e n t i f i e s t f ® t o t h e s p a c e 

2 

L ( Ω Χ . . . Χ Ω ) ( k f a c t o r s ) o f s q u a r e - i n t e g r a b l e f u n c t i o n s 

f ( t l 5. . . , t k ) w h e r e t h e v a r i a b l e s t ^ r u n o y e r Ω , T h e t e n s o r 

p r o d u c t f 1 Û . . . ß f k o f o n e v a r i a b l e f u n c t i o n s i n 1 -
2
( Ω ) i s t h e n 

g i v e n b y 
k 

( f j « . . . S f k ) ( t l 9. , . , t k ) = ^ f ^ t . ) ( 7 , 1 . 3 ) 
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a n d t h e w e d g e p r o d u c t i s a d e t e r m i n a n t 

( f 1 A . . . A f k ) ( t 1 , . . . , t k ) = ( k ! ) "
1 /2

 d e t f ^ t j ) . 

l £ j * k ( 7 . 1 4 ) 

7 . 4 . L e t us i n s e r t a f e w r e m a r k s . 

( a ) We r e m i n d t h e r e a d e r o f t h e s o - c a l l e d "reconstruc-

tion theorem" f o r H i l b e r t s p a c e s . L e t I be a n y i n d e x s e t a n d 

l e t a - , b e c o m p l e x n u m b e r s , f o r i a n d j i n I . I n o r d e r t h a t 1
 J 

t h e r e e x i s t a H i l b e r t s p a c e tf a n d v e c t o r s Ψ Ί· i n tf ( f o r i i n I ) 

s u c h t h a t < Ψ Ί · | ψ ^ > = a..., i t i s n e c e s s a r y a n d s u f f i c i e n t t h a t 

t h e f o l l o w i n g i n e q u a l i t i e s h o l d 

Ν M 
Σ Σ ζ a. ,. ζ * 0 ( 7 . 1 5 ) 

r = l s = l
 r V s s 

f o r a n y s e t i i ^ , . . . , i ^ } o f i n d i c e s a n d a n y s e t { ζ ^ , . , . , ζ ^ } o f 

c o m p l e x n u m b e r s . We c a n a l w a y s a s s u m e t h a t t h e s e t o f v e c t o r s 

Ψ Ί· g e n e r a t e s tf , t h a t i s no v e c t o r ψ / 0 i n Η i s o r t h o g o n a l 

t o a l l ψ-'s. I f t h i s i s t h e c a s e , t h e H i l b e r t s p a c e tf i s u n i q u e ; 

n a m e l y i f tf' i s a n y H i l b e r t s p a c e , g e n e r a t e d b y v e c t o r s Ψ1 

s u c h t h a t < Ψ ^ | ψ ^ > = a ^ j » t h e r e e x i s t s a u n i q u e u n i t a r y o p e r a -

t o r U : tf -> tf ' s u c h t h a t ϋ ( Ψ , ) = Ψ f o r a l l i n d i c e s i . 

S k k 

T h e H i l b e r t s p a c e s tf a n d Λ tf a r e r e s p e c t i v e l y g e n e -

r a t e d b y v e c t o r s o f t h e f o r m χ ^ β . , . β χ ^ a n d χ ^ . , . Λ χ ^ . T h e s c a -

l a r p r o d u c t s a r e g i v e n b y t h e f o r m u l a s ( 7 . 6 ) a n d ( 7 . 1 0 ) r e s p e c -

t i v e l y . O n e c o u l d t h e r e f o r e a p p e a l t o t h e r e c o n s t r u c t i o n t h e o -

8k k 

r e m t o e s t a b l i s h t h e e x i s t e n c e o f t h e s p a c e s tf a n d Λ tf. F o r 

t h i s i t w o u l d b e n e c e s s a r y t o e s t a b l i s h t h e i n e q u a l i t i e s ( 7 . 1 5 ) 

d i r e c t l y . 

( b ) T h e c o n c e p t o f t e n s o r p r o d u c t o f H i l b e r t s p a c e s i s 

c l o s e l y c o n n e c t e d t o t h e n o t i o n o f H i l b e r t - S c h m i d t o p e r a t o r s . 

N a m e l y , l e t tf b e a n y H i l b e r t s p a c e . We a s s o c i a t e t o i t a new 

H i l b e r t s p a c e tf a n d a map ψ κ ψ * f r o m tf o n t o tf* a s f o l l o w s : 

tf c o n s i s t s o f t h e b o u n d e d l i n e a r f o r m s o n tf ( i . e . l i n e a r m a p -

p i n g s h : tf ^ C f o r w h i c h t h e r e e x i s t s a b o u n d C ^ 0 w i t h 

I h ( ψ ) I ^ C I I Ψ I I ) . F o r ψ i n tf, we d e n o t e b y ψ * t h e 1 i n e a r f o r m 

ψ ' < Ψ I Ψ
 1
 > - I t i s a w e l l - k n o w n r e s u l t b y F . R i e s z t h a t ψ ψ * 

i s a b i s e c t i o n o f tf o n t o tf*. T h e H i l b e r t s p a c e s t r u c t u r e o f tf* 
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i s d e f i n e d i n s u c h a w a y t h a t ( ο Ψ ) * = "ΟΨ* a n d < ψ * | ψ » * > = 

< ψ · | ψ > f o r Ψ , Ψ ' i n Η a n d a c o m p l e x s c a l a r c . I n D i r a c ' s n o -

t a t i o n , d e n o t i n g t a v e c t o r Ψ i n H a s a k e t |ψ> , t h e e l e m e n t 

Ψ o f Η i s t h e c o r r e s p o n d i n g b r a <Ψ I . 

T h e r e i s a n a t u r a l i s o m o r p h i s m o f t h e H i l b e r t s p a c e 
* 2 

Η 8 2H o n t o t h e s p a c e l (H) o f H i l b e r t - S c h m i d t o p e r a t o r s . I t 

a s s o c i a t e s t o a g e n e r a t o r Ψχ S Ψ 2 t h e o p e r a t o r |ψ^
> < :

Ψ2Ι 

( t a k i n g Ψ i n t o ^ι<^2̂

>
 f°

r
 Ψ i n H ) . T h i s i s o m o r p h i s m i s i m p l i -

c i t e l y u s e d i n t h e D i r a c n o t a t i o n o f b r a s a n d k e t s . 

7 . 5 . We s h o w h o w t o e x t e n d a b o u n d e d o p e r a t o r A a c t i n g o n Η 

t o t h e s p a c e s H
ß k

 a n d A
k
t f . F i r s t o f a l l c o n s i d e r t w o H i l b e r t 

s p a c e s H^ a n d H 2, w i t h o r t h o n o r m a l b a s i s ( Ψ η
1
^ ) a n d ( Ψ η

2
^ ) 

r e s p e c t i v e l y a n d b o u n d e d o p e r a t o r s A 1 i n ί{Η\) a n d A 2 i n L ( H 2 ) 

A n y v e c t o r i n Hi 8? Ho c a n b e u n i q u e l y e x p a n d e d a s t 

t = Σ t 8 Ψ ^
2
^ w h e r e l l t l l

2
 = Σ | | Ϊ | |

2
 i s f i n i t e ; f o r i n s -

n n 

2 

t a n c e , i f t = x 1 8 x 2 t h e n t n = < ψ | )

2
^ | χ 2

>
 « Χ ^ E x t e n d A 1 t o 

8 2 H 2 b y t h e r u l e 

A ^ t = Σ A t 8 ψ ^
2 )

 f o r t = Σ ί η 8 ψ | )

2 )
 . ( 7 . 1 6 ) 

n n 

T h i s d e f i n e s a b o u n d e d o p e r a t o r A ^
1

^ i n L(H^ 8 2 H 2) a c c o r d i n g 

t o t h e e s t i m a t e 

l l A ^ t l l
2
 = Σ I I A t I I

 2
 i I I A | I

 2
 Σ I I t n I f

 2
 = | | A | |

2
| | t | | 

n n 

h e n c e = I IA 2 I | . M o r e o v e r , i f t = x ^ 8 x 2 we g e t 

A ^ t = A 1 x 1 8 x 2 , t h e r e b y t h e d e f i n i t i o n o f A ^
1

^ i s i n -

d e p e n d e n t o f t h e b a s i s (ψΐ2^). S i m i l a r l y , t h e r e e x i s t s a b o u n -

(2) 

d e d o p e r a t o r A£ ' a c t i n g o n H 1 8 2 H 2 i n s u c h a w a y t h a t 

A ^
2

) ( x 2 8 x 2 ) = x 1 8 A 2 x 2 w i t h a b o u n d | | A ^
2

) | | = | | A 2 | | . 

D e f i n e t h e o p e r a t o r 8 A 2 a s t h e p r o d u c t A ^ A ^
2

) , h e n c e 

t h e r u l e s 

( A 1 8 A 2 ) ( x l a x 2 ) = A 1 x 1 8 A 2 x 2 

( 7 . 1 7 ) 

I I Α χ 8 A 2 | | = l l A j l l - M A g l l 

T h e e x t e n s i o n t o t h e c a s e o f k s p a c e s Η^,-,-,Η^ i s o b v i o u s . 
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C o r n i n g b a c k t o H a n d A , t h e r e e x i s t s t h e r e f o r e a b o u n d e d 
â k â k 

o p e r a t o r A a c t i n g o n Η i n s u c h a w a y t h a t 

A
S k

 ( x j Q . . . S x k ) = A x x Q . . . ß A x k ( 7 . 1 8 ) 

a n d | | A
S k

| | = | | A | |
k

. F r o m f o r m u l a ( 7 . 8 ) , i t f o l l o w s t h a t A
S k 

a n d υ σ c o m m u t e f o r σ i n S . , h e n c e A i n d u c e s a b o u n d e d o p e r a -
k k Q k 

t o r Λ A i n t h e c l o s e d s u b s p a c e A H o f Η . I t i s c h a r a c t e r i z e d 

b y i t s a c t i o n o n t h e w e d g e p r o d u c t s 

Λ
k
A ( χ 1 Λ . . . Λ χ ( <) = A x 1 A . . . A A x k . ( 7 . 1 9 ) 

7 . 6 . T H E O R E M . Suppose A is a trace-class operator on H. Then 

k k 

Λ A is a trace-class operator on Α Η; its bound is given by 

I I Λ
k
A I I = μ 0 ( Α ) . . . y k „ 1 ( A ) and moreover \ | Λ

k
A | | χύ | | A | |

k
/ k ! . 

k k * 

Proof: I t f o l l o w s f r o m t h e c o n s t r u c t i o n o f Λ A t h a t A ^ ( A ) i s 

e q u a l t o ( A
k

A ) * a n d Λ
k

( A B ) t o Λ
k

A · Λ
 k
B f o r a n o t h e r o p e r a t o r Β 

i n L(H). S i n c e t h e p o s i t i v e o p e r a t o r s a r e t h e o p e r a t o r s o f t h e 

f o r m C * C a n d |c | i s t h e u n i q u e p o s i t i v e o p e r a t o r s u c h t h a t 

| C |
2
 = C * C , we g e t | Λ

k
A | = Λ

k
| A | . S i n c e A i s t r a c e - c l a s s , t h e 

o p e r a t o r | A | c a n b e d i a g o n a l i z e d w i t h e i g e n v e c t o r s Ψ η a n d e i -

g e n v a l u e s v n ^ 0 . T h e n t h e w e d g e p r o d u c t s Ψ η Λ . . . Λ ψ η f o r 
n ^ < n 2 < . . . < n k f o r m a n o r t h o n o r m a l b a s i s o f A

k
H , a n d A

k
| A | 

m u l t i p l i e s i t b y ν ...ν . B y d e f i n i t i o n , t h e s e q u e n c e 
n

l
 n

k 

u 0 ( A ) ^ μ χ ( Α ) ^ . . . ^ k _ ! ( A ) ^ u k ( A ) ^ . . . 

i s o b t a i n e d b y r e a r r a n g i n g i n d e s c e n d i n g o r d e r t h e n o n z e r o e i -

g e n v a l u e s v n. T h e r e f o r e y Q ( A ) . . . v i k - 1( A ) i s t h e l a r g e s t a m o n g 

t h e p r o d u c t s v n . . · ν η , h e n c e i s e q u a l t o | | A
k

A | | . F i n a l l y 

ι ι k ι ι ^
 k

 k 

| | A A I I ^ i s t h e t r a c e o f | A A | , t h a t i s 

I U
K
A M L - Σ v n . . . v n <

7
-

2
° ) 

1

 n i< . . . < n k

 n
l
 n

k 

I n t h e same v e i n 

11 A| 11 
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h e n c e t h e i n e q u a l i t y I U
k
A | l 1 ^ | | A l l ^ / k ! 

Q . E . D . 

L e t us a d d a f e w c o m m e n t s : 

( a ) S u p p o s e t h e o p e r a t o r A i s o f f i n i t e r a n k N . T h e n t h e 

f o r m u l a l | A
k
A | I = P Q ( A ) ... y K _ 1 ( A ) h o l d s f o r 0 ζ k £ N , m o r e -

o v e r A
k
A = 0 f o r k > Ν . T h i s j u s t i f i e s t h e c o n v e n t i o n y k ( A ) = 0 

f o r k * N . 

( b ) F o r a w h i l e , we d o n o t a s s u m e t h a t A i s t r a c e - c l a s s . 

I t c a n b e s h o w n t h a t t h e n o r m 11A
k
A[| c a n b e d e f i n e d a s 

I I A k
A I I = s u p l I Α χ 1 Λ . . . A A x k l I ( 7 . 2 2 ) 

o r 

I IA
 k

A I I = s u p l d e t < x , | A | y . > | ( 7 . 2 3 ) 

l ^ j s k 

w h e r e χ ^ , . , . , χ ^ r u n o v e r t h e v e c t o r s o f n o r m 1 i n H ( f o r ( 7 . 2 2 ) ) 

a n d s i m i l a r l y f o r y ^ . . - ^ ^ i n ( 7 . 2 3 ) . D e f i n e t h e n u m b e r s 

f K ( A ) = I I A
K + 1

A I I . I I A
K

A I I -
1
 . ( 7 . 2 4 ) 

B y r e d u c t i o n t o t h e f i n i t e - d i m e n s i o n a l c a s e ( h i n t : u s e ( 7 . 2 2 ) ) , 

i t c a n b e s h o w n t h a t t h e s e q u e n c e i s n o n - i n c r e a s i n g 

y 0 ( A ) 2 y x ( A ) 2 ... 

w i t h v 0 ( A ) = | | A | | . I t may v e r y w e l l b e t h a t v ^ A ) = | | A | | 

f o r a l l k ' s . 

( c ) B y a p r o o f s i m i l a r t o t h a t o f t h e o r e m 7 . 6 , o n e g e t s 
Ok 

t h a t A i s t r a c e - c l a s s i f A i s . M o r e o v e r 

l | A
a k

| | = | | A | |
k
 , I [ A

a k
 I [ α £ M A l l J . ( 7 . 2 5 ) 

a n d t h e i n e q u a l i t y i s o p t i m a l . T h e a n t i s y m m e t r i c p a r t A Η o f 
â k 

tf i s t h e fermionic Fock space. O n e c a n d e f i n e i n a s i m i l a r 

k S k 

w a y t h e s y m m e t r i c p a r t S H o f H , c o n s i s t i n g o f t h e e l e m e n t 

t s u c h t h a t U t = t f o r σ i n S k . I t i s t h e bosonic Fock space. 
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T h e o p e r a t o r A
W N

 i n d u c e s a n o p e r a t o r S * A i n S * H , a n d we g e t 

t h e e s t i m a t e s 

I I S
 k

A I I £ I IA 11
k
 , I IS

 k
A i | χ ί 11 A I I j ( 7 . 2 6 ) 

w h i c h a r e a g a i n o p t i m a l . T h e c o n s t a n t 1 / k ! i n t h e e s t i m a t e 

I I A
k
 A i I -, ^ ( 1 / k ! ) I I A I I f h a s t h e r e f o r e no c o u n t e r p a r t i n t h e 

Û k k 
s p a c e s H a n d S H . I t i s o n e o f t h e d e e p e s t m a n i f e s t a t i o n s 

o f Pauli
1
s exclusion principle, 

7 . 7 . We a r e r e a d y t o d e f i n e t h e d e t e r m i n a n t d e t ( l + A ) i n c a s e 

A i s t r a c e - c l a s s . I n d e e d , d e f i n e c k ( A ) a s t h e t r a c e o f A A . 

B y t h e o r e m 7 . 6 o n e g e t s t h e e s t i m a t e 

I c k ( A ) I = l T r A
k

A l ί I I A
 k
A I Iχ s I I A I I J / k ! 

T h e s e r i e s Σ c . ( A ) i s t h e r e f o r e a b s o l u t e l y c o n v e r g e n t a n d 
k *0

 K 

we p u t 

d e t ( l + A ) = Σ c , , ( A ) . ( 7 . 2 7 ) 
k^O

 K 

R e p l a c i n g A b y z A , w h e r e ζ i s a c o m p l e x v a r i a b l e , o n e d e -

f i n e s t h e characteristic determinant 

d e t ( l - z A ) = Σ ( ~ l )
k
 c , ( A ) z

k
 , ( 7 . 2 8 ) 

k^O
 K 

w h i c h i s a n e n t i r e f u n c t i o n o f ζ b y t h e b a s i c e s t i m a t e 

I c k ( A ) I * I | A l i f / k ! . ( 7 . 2 9 ) 

P u t i n a n o t h e r f o r m , i n t r o d u c e t h e total Fock space ΛΗ 9 o r t h o -

g o n a l sum o f t h e H i l b e r t s p a c e s Λ ° Η , Λ ^ Η , . . . I t i s g e n e r a t e d 

b y t h e w e d g e p r o d u c t s Χ ^ Λ . , . Λ Χ ^ o f v a r y i n g o r d e r k , w i t h s c a -

l a r p r o d u c t g i v e n b y 

< x 1A f . .A j c k | y 1A . . ,Ay k> = d e t < x . . | y . > ( 7 . 3 0 ) 

< χ ΧΛ , . . A x k| y iA f. , Λ γ Ί> = 0 1 f k é 1 , ( 7 . 3 1 ) 

T h e v a r i o u s o p e r a t o r s A A e x t e n d t o a n o p e r a t o r A A a c t i n g o n 

A H a n d m a p p i n g XjA-.-Ax^ i n t o A x 1 A . . . A A x k . F r o m t h e o r e m 7 . 6 , 
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i t f o l l o w s t h a t Λ Α i s a t r a c e - c l a s s o p e r a t o r s u c h t h a t 

I I Λ Α I I Ί = Σ I I Λ
k
A I I λ h e n c e 

1
 lao

 1 

I I A A I \ χ * e x p | I A I | j . ( 7 . 3 2 ) 

F r o m ( 7 . 2 7 ) w e g e t t h e compact definition 

d e t ( l + A ) = T r ( Λ Α ) . ( 7 . 3 3 ) 

I n t r o d u c e a n o r t h o n o r m a l b a s i s (Ψ η) f o r Η a n d t h e m a t r i x a c o r -

r e s p o n d i n g t o A w i t h e l e m e n t s a m n = < Ψ Π Ί| Α | ψ η> . T h e n t h e w e d g e 

p r o d u c t s ψ. Λ.,.Λψ f o r i - , < . . . < i . (k v a r i a b l e ) f o r m a n o r t h o -

n o r m a l b a s i s o f Λ Η . M o r e o v e r t h e m i n o r s Δ( . . ) a r e s i m p l y 

j ι · · · J k 

s c a l a r p r o d u c t s , n a m e l y 

i 1 . . . i . 

Δ( ) = <Ψ,· Λ.,.Λψ. I Λ Α I ψ. Λ . , . Λ ψ . > . ( 7 . 3 4 ) 

J x — J k 1 'k
 J

l
 Jk 

T h e t r a c e o f a n o p e r a t o r c a n be c a l c u l a t e d u s i n g a n y o r t h o n o r -

m a l b a s i s , h e n c e t h e absolutely convergent expansions 

c k ( A ) = T r ( A
k
A ) = Σ A ( '

r
' * '

k
) ( 7 . 3 5 ) 

V . . . < i k M - ' - k 

a n d 

d e t ( l - z A ) = Σ ( - l )
k

z
k
 Σ A (

l r
"

l k
) . ( 7 . 3 6 ) 

k^o v-^'k Ί Ί · · · Ί ^ 
V o n K o c h ' d e f i n i t i o n ( 7 . 3 ) i s f u l l y j u s t i f i e d ! 

7 . 8 . T h e p r e v i o u s d e f i n i t i o n s c a n be i l l u s t r a t e d w i t h t h e 

h e l p o f s o m e c o n s i d e r a t i o n s o f quantum statistical mechanics* 

So s u p p o s e Η c o r r e s p o n d s t o a q u a n t u m - m e c h a n i c a l p a r t i c l e , 

w i t h h a m i l t o n i a n o p e r a t o r H ^
1

^ . T h e n t h e s p a c e Λ Η c o r r e s p o n d s 

t o a n a s s e m b l y o f p a r t i c l e s o b e y i n g F e r m i - D i r a c s t a t i s t i c s . T h e 

t o t a l h a m i l t o n i a n Hp a c t s o n A H i n s u c h a w a y t h a t 

k 
Η ρ ( χ 1 Λ . . . A x k ) = ζ Χ ^ , . , Λ Η Χ.|Λ,.,ΛΧ (< ( 7 . 3 7 ) 

( n o n - i n t e r a c t i n g s y s t e m , t h e t o t a l e n e r g y i s t h e sum o f t h e 

e n e r g i e s o f t h e k c o n s t i t u e n t s ) . We do n o t d i s c u s s t h e q u e s -

t i o n o f d o m a i n s , t h e s e l f - a d j o i n t o p e r a t o r H ^
1
^ b e i n g i n g e n e -

r a l u n b o u n d e d . A t l e a s t f o r m a l l y , o n e g e t s 
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e
 h

 ( Χ χ Λ . , . Λ χ ^ = E

 ΰΗ
 Χ ^ . , . Λ Θ

 ßH
 x k ( 7 . 3 8 ) 

f o r Β > 0 . S o t h e l a s t d e f i n i t i o n o f t h e t o t a l h a m i l t o n i a n Hp 

i s a s t h e i n f i n i t e s i m a l a e n e r a t o r o f t h e s e m i - g r o u p o f o p e r a -

-
3 H

F - ß H ^
1

) 
t o r s e = A ( e ) . I n t h e c a s e s o f p h y s i c a l i n t e r e s t , t h e 

s p e c t r u m o f Η ̂  ^ h a s a l o w e r b o u n d , h e n c e t h e o p e r a t o r 

e i s b o u n d e d . 

T h e p a r t i c l e n u m b e r o p e r a t o r Ν i s g i v e n b y N t = k t f o r 
k 

t i n Λ H . i n s t a t i s t i c a l m e c h a n i c s , o n e i n t r o d u c e s t h e i n v e r s e 

t e m p e r a t u r e 3 = 1 / k T w h e r e k i s B o l t z m a n n ' s c o n s t a n t , a n d t h e 

c h e m i c a l p o t e n t i a l μ , A c c o r d i n g t o G i b b s a n d B o l t z m a n n , t h e 

t h e r m o d y n a m i c a l q u a n t i t i e s c a n b e c a l c u l a t e d u s i n g t h e s o - c a l -

- 3 ( H p + y N ) 

l e d ( f e r m i o n i c ) partition function Z p ( $ , y ) = T r ( e ) . 

F r o m o u r d e f i n i t i o n s , o n e g e t s 

Ζ ρ ( β , μ ) = d e t ( l + e"
3 ( h ( 1 )+ μ )

) . ( 7 . 3 9 ) 

- ß H ^ 

T h e s e d e f i n i t i o n s m a k e s e n s e p r o v i d e d t h e o p e r a t o r e b e 

o f t r a c e - c l a s s f o r 3 > 0 . I n t h i s c a s e , t h e o p e r a t o r H ^
1
^ 

c a n b e d i a g o n a l i z e d w i t h e i g e n v a l u e s E Q - ^ \ - Ε 2 = · . · a n d e i -

g e n v e c t o r s ψ 0» Ψ ι » Ψ 2 » · · · · F o r k f i x e d , t h e s t a t e w i t h l o -

w e s t e n e r g y i s ψ j \ . . · Λ ψ k _ ^ c o r r e s p o n d i n g t o t h e e i g e n v a l u e 

E n + . . . + E . -ι o f H F . P u t A = e~
ß (H + μ )

, h e n c e ΛΑ = 
9
3 ( Η ρ + μ Ν )

 k _1 h 

e . T h e n Ψ 0Λ . . . Λ ψ | ^ c o r r e s p o n d s t o t h e l a r g e s t 
e i g e n v a l u e e x p - ß ( E Q + . . .

 +
Ê | < _ 1 + k μ ) o f A

k
A , h e n c e we g e t 

a " p h y s i c a l " i n t e r p r e t a t i o n o f t h e f o r m u l a 

I | A
k

A | I = μ 0 ( Α ) . . . μ ^ 2 ( Α ) 

w h e r e μ ^ Α ) = e x p - β ( Ε . | + μ ) . S i n c e t h e o p e r a t o r Λ Α i s n o w i n 

d i a g o n a l f o r m , i t i s e a s y t o c a l c u l a t e i t s t r a c e , t h a t i s 

d e t ( l + A ) , a n d we g e t t h e w e l l - k n o w n f o r m u l a 

- β ( Ε - + μ ) 
Z F ( ß , y ) - π (1 + e

 1
 ) ( 7 . 4 0 ) 

r
 i * 0 
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7 . 9 . We c a n r e p e a t a l m o s t verbatim t h e c o n s i d e r a t i o n s i n 

s e c t i o n 3 . F o r i n s t a n c e , t h e o p e r a t o r 

P
k
 = ( k l f

1
 Σ ( s q n a ) - U ( 7 . 4 1 ) 

oeSk 

Q k 
i s t h e o r t h o g o n a l p r o j e c t i o n o f tf o n t o t h e c l o s e d s u b s p a c e 

k 
Λ tf. F o r σ i n S ^ , p u t 

Ι ( σ ) = T r ( V A
â k

) . ( 7 . 4 2 ) 

T h e t r a c e o f A
k

A i s e q u a l t o T r ( P
k

- A
S k

) s i n c e A
f ik

 r e s t r i c t s 
k k 

t o A A o n A tf ; h e n c e we g e t 

k ! c . ( A ) = Σ ( s g n a ) Ι ( σ ) . ( 7 . 4 3 ) 

We h a v e n o w t o c h e c k t h e f o l l o w i n g p r o p e r t i e s : 

( a ) f o r σ,τ in Sk, we get Ι ( τ σ τ * ) = Ι ( σ ) ; 

( b ) if ο is decomposed into cycles ( 1 . . . a ) ( a + 1 . . . a + b ) 

( a + b + 1 . . . a + b + c ) . . . , then Ι ( σ ) is equal to 

T r ( A
a

) . T r ( A
b

) . T r ( A
c

) . . . 

T h e p r o o f o f ( a ) r e s t s o n t h e f a c t t h a t U c o m m u t e s t o 
fik .

 τ 

A a n d o n t h e unitary invariance of the trace 

T r ( U B U
_ 1

) = T r ( Β ) , ( 7 . 4 4 ) 

w h e r e U i s a n y u n i t a r y o p e r a t o r ( n o t i c e t h a t t h e t r a c e c a n b e 

c a l c u l a t e d u s i n g any o r t h o n o r m a l b a s i s ) . F o r t h e p r o o f o f ( b ) , 
i n t r o d u c e a n o r t h o n o r m a l b a s i s ( Ψ η ) i n tf; s i n c e t h e t e n s o r s 

Qk 
ψ β . , . β ψ f o r m a n o r t h o n o r m a l b a s i s o f tf , we g e t t h e 

n
l
 n

k 
absolutely convergent expansion. 

k 
Ι ( σ ) = Σ Π < ψ η | Α | ψ η > . ( 7 . 4 5 ) . 

n r . . n k 1 = 1
 n

i
 η

σ ( ι ) 

I f σ i s d e c o m p o s e d i n t o c y c l e s a s i n ( b ) , t h i s s u m m a t i o n b r e a k s 

i n t o a p r o d u c t o f sums l i k e 

J
a = n

 Σ <
* n 1 Ι

Α
' * η 9

> <
* η 5 , Ι

Α
Ι * η ,

>
· · ·

<
* η > 1Ι

Α
Ι * η 1

>
· 

l * * a 
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F r o m P a r s e v a l t h e o r e m , o n e g e t s i n g e n e r a l t h e m a t r i x r u l e 

< Ψ Γ ΐ Β 0 | ψ ΐ> ( 7 . 4 6 ) 

T r ( A
a

) . H e n c e ( b ) f o l l o w s . A s i -

T r U A ^ . . . 8 A k ) y k ) = T r ( A 1 . . . A k ) ( 7 . 4 7 ) 

f o r t r a c e - c l a s s o p e r a t o r s A 1 , . . . , A k i n tf a n d t h e c y c l i c p e r m u -

t a t i o n γ , , . 
k 

I n a s i m i l a r v e i n , i n t r o d u c e t h e t r a c e h u ( A ) o f S A a c -
k 

t i n g o n t h e b o s o n i c F o c k s p a c e S tf. S i n c e t h e o r t h o g o n a l p r o -
fi k k 

j e c t i o n o f tf o n t o S tf i s g i v e n b y 

P j = ( k ! ) "
1
 Σ υ σ , ( 7 . 4 8 ) 

a e s k 

o n e g e t s 

k ! h . ( A ) = Σ Ι(σ) . ( 7 . 4 9 ) 
a e s k 

P u t t i n g τ k ( A ) = T r ( A
k

) , t h e f o r m u l a s ( 3 . 3 3 ) t o ( 3 . 3 8 ) a s w e l l 

a s P l e m e l j ' s d e t e r m i n a n t a l f o r m u l a s ( 5 . 5 6 ) c a n b e t a k e n 

verbatim i n o u r new c o n t e x t . L e t u s a l s o m e n t i o n t h e a n a l o g u e 

o f f o r m u l a ( 3 . 2 7 ) 

Σ h . ( A ) z
k
 = d e t ( l - z A ) "

1
 ( 7 . 5 0 ) 

k^O
 K 

a s w e l l a s t h e l o g a r i t h m i c d e r i v a t i v e 

l o g d e t ( l + z A ) = T r ( A ( l + z A ) "
1

) . ( 7 . 5 1 ) 

N o t i c e t h a t f o r m u l a ( 7 . 5 0 ) h o l d s f o r | z | s m a l l e n o u g h a n d t h a t 

b o t h s i d e s i n ( 7 . 5 1 ) a r e m e r o m o r p h i c f u n c t i o n s o f z . 

H e r e i s a " p h y s i c a l " i n t e r p r e t a t i o n o f f o r m u l a ( 7 . 5 0 ) . 

S u p p o s e a g a i n t h a t tf i s t h e o n e - p a r t i c l e s t a t e s p a c e w i t h h a -

m i l t o n i a n o p e r a t o r H ^
1

^ . I n t r o d u c e t h e t o t a l b o s o n i c F o c k 
ο 1 2 

s p a c e Stf a s t h e o r t h o g o n a l sum o f t h e s p a c e s S tf, S tf, S tf,... 

T h e t o t a l h a m i l t o n i a n H a c t s o n Stf i n s u c h a w a y t h a t 

Σ<Ψγ IB [ψ 5><ψ δ |cUt> = 
h e n c e J = Σ <ψ | A

a
 |ψ > = 

a n-^ n-ĵ  

m i l a r p r o o f w o u l d g i v e 
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H
B

( X
1 · ' ·

 x
k )

 =
 . \

 x
l · · · H

( 1 )
x r . . x k ( 7 . 5 2 ) 

( s y m m e t r i c p r o d u c t o f v e c t o r s ! ) . T h e b o s o n i c p a r t i t i o n f u n c t i o n 
- 3 ( Η β + μ Ν ) 

Z g ( 3 9y ) = T r ( e ) i s t h e n g i v e n i n i n v a r i a n t f o r m a s 

Ζ β ( 3 , μ ) = d e t ( l - θ- 3 ( Η
( 1 )

+ μ ) } - 1 (^ 5 3) 

p r o v i d e d μ i s l a r g e e n o u g h . T h i s c o r r e s p o n d s t o t h e c u s t o m a r y 

r e l a t i o n o f P l a n c k - E i n s t e i n 

Z
B < ^ > = *Q krq^j ( 7 - 5 4 ) 

1 - e 

( v a l i d w h e n e v e r Ε 0 + μ > 0 ) i n t e r m s o f t h e e n e r g y l e v e l s E Q ^ E ^ . . 

7 . 1 0 . R e c a l l t h a t t h e s p a c e o f a l l t r a c e - c l a s s o p e r a t o r s i s a 

B a n a c h s p a c e L^(H) w i t h n o r m | | A | L = T r ( | A | ) , a n d t h a t t h e 
1
 1 

o p e r a t o r s o f f i n i t e r a n k a r e d e n s e i n ι ( Η ) · 

B y d e f i n i t i o n , d e t ( l + A ) i s g i v e n b y t h e s e r i e s Σ c w ( A ) 
k

 k
- ° 

w i t h t h e e s t i m a t e | c k ( A ) | ^ | | A | | ^ / k ! . I t f o l l o w s t h a t t h i s 
s e r i e s c o n v e r g e s u n i f o r m l y o n a n y s e t o f o p e r a t o r s w i t h 

M A I L ^ R , w h e r e R i s a f i x e d b o u n d . H e n c e t h e f u n c t i o n a l 
1
 1 

A * - * d e t ( l + A ) i s continuous o n t h e B a n a c h s p a c e ι ( f / ) . I t i s 

e v e n holomorphic. I n d e e d a s i n s u b s e c t i o n 5 . 4 , i n t r o d u c e a m u l -

t i l i n e a r f o r m o n L
1
( Η ) b y 

c k ( A 1 , . . . , A k ) = T r ( P
k
 ( A 1 S . . . 8 A k ) ) ( 7 . 5 5 ) 

h e n c e 

d e t ( l + A ) = Σ c . ( A , A ) . ( 7 . 5 6 ) 
k^O

 K 

U s e now t h e polarization formula 

2
k k ! c

k (
A

l V
 = 1

 c k ( 6 lA 1 +. . . + e k A k ) e i. . . e k 

1 k
 ( 7 . 5 7 ) 

w h e r e ε^,,.,ε t a k e i n d e p e n d e n t l y t h e v a l u e s 1 a n d - 1 . B y t h e 

e s t i m a t e | c k ( A ) | ^ | | A | |
k

/ k ! , o n e o b t a i n s e a s i l y 
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I c k ( A 1 A k ) I ύ Y k l l A 1 M . . . | | A k l | ( 7 . 5 8 ) 

w i t h a c o n s t a n t 

T k = 2 "
k

k
k

/ ( k ! )
2
 . ( 7 . 5 9 ) 

1/ k 
F r o m S t i r l i n g ' s f o r m u l a , o n e g e t s l i m γ = 0 a n d o n e c o n c l u d e s 

k-*°° 

a s i n s u b s e c t i o n 5 . 4 . 

A s a c o r o l l a r y , s u p p o s e (
A

A ) X eD i s a f a m i l y o f o p e r a t o r s 

i n 0~(H)> b o u n d e d i n n o r m | I Α χ | | ^ £ R f o r a f i x e d c o n s t a n t R , 

a n d h o l o m o r p h i c i n λ ( D i s a d o m a i n i n a c o m p l e x s p a c e C
r
) i n 

t h e s e n s e t h a t t h e m a t r i x e l e m e n t s < ψ | Α | ψ ' > a r e h o l o m o r p h i c 

i n λ f o r f i x e d v e c t o r s ψ a n d ψ ' . T h e n t h e d e t e r m i n a n t d e t ( l + A ) 

i s a h o l o m o r p h i c f u n c t i o n o f λ i n D . 

7 . 1 1 . T h e multiplicative property i s now e a s y t o p r o v e . L e t A 

a n d Β b e t r a c e - c l a s s o p e r a t o r s a c t i n g o n H . T h e n ( 1 + A ) ( 1 + B ) i s 

e q u a l t o 1 + C w i t h C = A + Β + A B . T h e p r o d u c t o f a t r a c e - c l a s s 

o p e r a t o r a n d a b o u n d e d o p e r a t o r i s a g a i n t r a c e - c l a s s , h e n c e C 

i s t r a c e - c l a s s . We s t a t e 

d e t ( l + A ) d e t ( l + B ) = d e t ( l + A + Β + A B ) . ( 7 . 6 0 ) 

A n y t r a c e - c l a s s o p e r a t o r c a n b e a p p r o x i m a t e d b y f i n i t e 

r a n k o p e r a t o r s i n t h e B a n a c h s p a c e L^(H) a n d t h e d e t e r m i n a n t 

i s a c o n t i n u o u s f u n c t i o n a l o n L * ( t f ) . H e n c e i t s u f f i c e s t o c o n -

s i d e r t h e c a s e w h e r e A a n d Β a r e o f f i n i t e r a n k . We may t h e n 

c h o o s e a n o r t h o n o r m a l b a s i s (ψ ) o f s u c h t h a t A a n d Β map tf 

i n t o t h e s u b s p a c e Κ g e n e r a t e d b y ψ · ρ . . . , ψ Ν f o r a s u i t a b l e N . 

L e t t h e o p e r a t o r s A Q a n d B Q i n t h e f i n i t e - d i m e n s i o n a l s p a c e 

Κ b e o b t a i n e d b y r e s t r i c t i n g A a n d Β r e s p e c t i v e l y . S i n c e t h e 

m u l t i p l i c a t i v e r u l e h o l d s f o r d e t e r m i n a n t s o f o p e r a t o r s i n Κ , 

i t s u f f i c e s t o c h e c k t h a t 1+A a n d 1 + A Q h a v e t h e same d e t e r m i -

n a n t ( a n d s i m i l a r l y f o r 1+B a n d 1 + B Q ) . T h e m a t r i x e l e m e n t s 
a
m n

 = < l l J
m '

A
' ^ n

>
 ° f

 A
 a g r e e w i t h t h o s e o f A Q f o r 1 £ m £ Ν , 

1 ύ η ύ Ν a n d a r e z e r o o t h e r w i s e . T h e m i n o r s 

1
1 ' * ·

1
 k 

Δ ( ) o f A a g r e e t h e r e f o r e w i t h t h o s e o f A Q w h e n 

"»1 —
 1

k 
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i ^ . ^ j i k l i e b e t w e e n 1 a n d N , a n d a r e 0 o t h e r w i s e . B y u s i n g 

f o r m u l a (7.36) f o r b o t h A a n d A Q , we g e t d e t ( l + A ) = d e t ( l + A Q ) 

a s a s s e r t e d . 

7.12. We d e r i v e a f e w c o n s e q u e n c e s o f t h e m u l t i p l 1 c a t i ν i t y o f 

d e t e r m i n a n t s . L e t A b e a g a i n a t r a c e - c l a s s o p e r a t o r i n H. 

A c c o r d i n g t o f o r m u l a (6,6), t h e o p e r a t o r A c a n be a p p r o x i m a t e d 

i n o p e r a t o r n o r m b y f i n i t e r a n k o p e r a t o r s , h e n c e i s c o m p a c t . 

B y F . R i e s z
1
 t h e o r y , Fredholm*s alternative i s v a l i d : 

( a ) either the operator 1+A has a bounded inverse, 

( b ) or there exists a nonzero vector Ψ in Η such that (1+Α)Ψ=0. 

I n c a s e ( a ) , l e t Τ b e a b o u n d e d i n v e r s e t o 1+ A . T h e n T = 1 - A T a n d 

A T i s t r a c e - c l a s s a g a i n . B y t h e m u l t i p l i c a t i v i t y o f d e t e r m i -

n a n t s , we g e t 

d e t ( l + A ) d e t ( l - A T ) = d e t ( l ) = 1 

h e n c e d e t (1+A) φ 0. 

I n c a s e ( b ) c h o o s e a n o r t h o n o r m a l b a s i s Ψι>Ψ2» < · · o f Η 

w i t h ψ = ψ·^ a n d r e p r e s e n t A b y i t s m a t r i x (
a

m n) - T h e n t h e d e -

t e r m i n a n t o f 1+A i s t h e l i m i t o f t h e t r u n c a t e d t d e t e r m i n a n t s 

/ l + a n a 1 2 . . . a 1 N \ 

D N = d e t 

a
21 l + a 2 2 ···

 a
2N 

a
N l

 a
N 2 '··

 1 + a
N N 

t h e h y p o t h e s i s (1+Α)ψ} = 0 m e a n s t h a t t h e f i r s t c o l u m n s o f t h e 

p r e v i o u s d e t e r m i n a n t c o n s i s t s o f O ' s , h e n c e D N = 0 a n d i n t h e 

l i m i t d e t ( l + A ) = 0, 

H e n c e , t h e c a s e s ( a ) a n d ( b ) o f t h e a l t e r n a t i v e c o r r e s -

p o n d t o d e t ( l + A ) ^ 0 a n d d e t ( l + A ) = 0 r e s p e c t i v e l y . 

7.13. P u t i n a n o t h e r w a y , t h e inverse eigenvalues 1 / λ η c o r r e s -

p o n d i n g t o t h e n o n z e r o e i g e n v a l u e s x n o f A a r e t h e r o o t s o f t h e 

e q u a t i o n d e t ( l - z A ) = 0. We w a n t n o w t o e x p r e s s t h e d e t e r m i -

n a n t i t s e l f i n t e r m s o f t h e e i g e n v a l u e s ; t h e q u e s t i o n i s v e r y 

e a s y w h e n A i s s e l f a d j o i n t a n d l i e s m u c h d e e p e r i n t h e g e n e r a l 

c a s e . 
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A s s u m e f i r s t t h a t A i s t r a c e c l a s s a n d selfadjoint. 

T h e r e e x i s t s a n o r t h o n o r m a l b a s i s ( Ψ η ) d i a g o n a l i z i n g A , t h a t 

i s Α ψ η = λ η Ψ η · T h e m a t r i x e l e m e n t s o f A a r e g i v e n b y 

< Ψ Π )| Α | ψ η > = • 

0 o t h e r w i s e 

i f m = η 
( 7 . 6 1 ) 

T h e m i n o r s a r e t h o s e o f a d i a g o n a l m a t r i x , h e n c e 

ν··\ Δ(
 N

) = λ . . . . λ ( 7 . 6 2 ) 

1 , . . . . 1 k

 Λ
1 \ 

f o r
 Ί

Ί
<
· · ·

< Ί
' | < · S i n c e A i s t r a c e - c l a s s , t h e s e r i e s o f d i a g o n a l 

e l e m e n t s Σ <ψ | Α|ψ > = Σ λ c o n v e r q e s a b s o l u t e l y , h e n c e t h e 
η η 

i n f i n i t e p r o d u c t π (1-λ ζ ) c o n v e r g e s a b s o l u t e l y a n d c a n b e 
η

 11 

e x p a n d e d a s f o l l o w s 

Π ( 1 - λ ζ ) = Σ (- Z)
k
 Σ λ ... λ . ( 7 . 6 3 ) 

η I U 0 i χ< . . . < i k

 1
1

 Ί
Ι< 

C o m p a r i n g w i t h ( 7 . 3 6 ) , o n e c o n c l u d e s 

d e t ( l - z A ) = π (1 - λ ζ ) . ( 7 . 6 4 ) 
n * l

 n 

We c o m e t o t h e g e n e r a l c a s e a n d d e n o t e b y D ( z ) t h e e n t i r e 

f u n c t i o n d e t ( l - z A ) o f t h e c o m p l e x v a r i a b l e z . A s i t i s c u s t o m a -

r y , l e t u s i n t r o d u c e t h e growth indicator 

M ( R ) = s u p | D ( z ) | . ( 7 . 6 5 ) 
| z | = R 

T o e s t i m a t e M ( R ) , the strategy consists of comparing the eigen-

values of A and | A | . I n d e e d , o n e g e t s 

| c K ( A ) | = | T r ( A
k
A ) | ^ | U

k
A | | 1 = T r ( A

k
| A | ) = c k ( | A | ) . 

k k 
S i n c e D ( z ) = Σ ( - 1 ) c . ( Α ) ζ , u s i n g a t e r m - b y - t e r m e s t i m a t e , 

k ^ O 
o n e g e t s 

M ( R ) * Σ | c . ( A ) | R
k
 s Σ c . ( I A I ) R

k
 = d e t ( l + R | A | ) . 

k ^ O
 K

 k ^ O
 K 
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I n t r o d u c e n o w t h e e i g e n v a l u e s μ 0 » μ ι » · · · ° f l A U t n ev a re
 p o s i -

t i v e a n d Σ μ i s f i n i t e . H e n c e 
n ^ O

 n 

M ( R ) £ π ( l + μ R ) . ( 7 . 6 6 ) 

n;>0
 π 

T a k i n g t h e l o g a r i t h m , o n e g e t s 

i l o g M ( R ) Ζ Σ * i o g ( l + μ R ) . ( 7 . 6 7 ) 
n ^ O

 K n 

E a c h t e r m i n t h e l e f t - h a n d s i d e c o n v e r g e s t o 0 w i t h 1 / R , a n d 

i s m a j o r i z e d b y μ η · S i n c e Σ μ η i s f i n i t e , o n e g e t s b y d o m i n a t e d 

c o n v e r g e n c e 

l i m 1 l o g M ( R ) = 0 
R - c o 

( N o t i c e t h a t M ( R ) t e n d s t o +°° w i t h R , u n l e s s D ( z ) i s a c o n s t a n t ) . 

We c a n now a p p e a l t o Hadamard*s factorization theorem. 

( s e e T i t c h m a r s h [ 1 4 ] , t h . 8 . 2 4 ) . We k n o w a l r e a d y t h a t a n u m b e r 

zQ s a t i s f i e s D ( z Q ) = 0 i f f t h e r e e x i s t s a n e i g e n v a l u e 0 o f 

A w i t h z Q = l / λ . H e n c e t h e r e a r e t w o p o s s i b l e c a s e s : 

( a ) The characteristic determinant d e t ( l - z A ) is a po-

lynomial in z , , and can be expanded as (1 - λ ^ z ) . . . ( l - λ ^ ζ ) where 
λ

1 > · · · »
λ

Ν
 a ve

 the nonzero eigenvalues of A ( w i t h p o s s i b l e r e -

p e t i t i o n ) . T h e l i m i t i n g c a s e D ( z ) = 1, t h a t i s T r ( A
k

) = 0 f o r 

e a c h k ^ 1, o c c u r s i f f t h e r e i s no e i g e n v a l u e o f A , e x c e p t p o s -

s i b l y 0 . I n t h e s e l f - a d j o i n t c a s e , t h i s w o u l d m e a n A = 0 , b u t 

n o t n e c e s s a r i l y h e r e . 

( b ) There is an infinite sequence ( λ

η ) η ^ ι tending to 0 

such that Σ | λ | converges and 
η 

d e t ( l - z A ) = Π ( 1 - λ ζ ) . ( 7 . 6 9 ) 
nal

 n 

7 . 1 4 . We k n o w t h a t t h e A n ' s a r e t h e e i g e n v a l u e s o f A . T h e r e 

r e m a i n s t o s e t t l e t h e question of multiplicities. L e t À / 0 b e 

a n y e i g e n v a l u e o f A a n d l e t m b e t h e n u m b e r o f t i m e s λ o c c u r s 

a m o n g t h e * n ' s , t h a t i s t h e m u l t i p l i c i t y o f l / λ a s a z e r o o f 

t h e e n t i r e f u n c t i o n D ( z ) = d e t ( l - z A ) . We n e e d a refinement of 

Fredholm
1
s alternative. F o r e v e r y i n t e g e r ρ £ 0 , l e t be 
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t h e s e t o f v e c t o r s Ψ i n Η s u c h t h a t ( 1 - λ "
1
Α )

ρ
Ψ = 0 . T h e n L p 

i s finite-dimensionala a n d t h e r e e x i s t s a n i n t e g e r M s u c h t h a t 

L p = L N f o r p i Η ( n o t i c e t h a t LQ <= L f , . . c L p cz L p + 1C . ) . 

M o r e o v e r , l e t b e t h e s e t o f v e c t o r s o f t h e f o r m (1 - λ Α ) ψ . 

T h e n is a closed vector subspace of H y the space Η is the 

direct sum of ^ and and 1 - λ A induces an operator in 

M N with a bounded inverse. T h e r e i s a s l i g h t d i f f i c u l t y , n a m e l y 

i - N a n d M N a r e n o t n e c e s s a r i l y o r t h o g o n a l . So l e t us i n t r o d u c e 

t h e o r t h o g o n a l c o m p l e m e n t o f L ^ , s o t h a t t h e o p e r a t o r A c a n 

b e e x p r e s s e d i n b l o c k f o r m 

» • f F 

\ 0 G 
w h e r e Ε i s a n o p e r a t o r a c t i n g o n t h e f i n i t e - d i m e n s i o n a l s p a c e 

L N a n d G i s a t r a c e - c l a s s o p e r a t o r a c t i n g o n t h e H i l b e r t s p a c e 

-1 -1 

L^. S i n c e 1 - λ A h a s a b o u n d e d i n v e r s e , s o d o e s 1 - λ G . C a l -

c u l a t i n g t h e d e t e r m i n a n t o f 1 - z A a s a l i m i t o f f i n i t e d e t e r -

m i n a n t s , a n d u s i n g a n o r t h o n o r m a l b a s i s (Ψ η) η>ι o f ^ s u c h t h a t 

(Ψΐ»...»Ψζ|) f o r m s a b a s i s o f L^9 o n e g e t s 

d e t ( l - z A ) = d e t ( l - z E ) d e t ( l - z G ) 

F r o m o u r p r e v i o u s d e s c r i p t i o n , o n e n e t s ( 1 - λ ~ * Ε )
Ν
 = 0 , h e n c e 

λ i s t h e o n l y e i g e n v a l u e o f Ε a n d t h e r e f o r e d e t ( l - z E ) = ( l - x z )
d
, 

D e f i n e D n ( z ) a s d e t ( l - z G ) , s o t h a t D ( z ) = ( l - x z )
d
 D n ( z ) . T h e n 

-1 -1 

D Q ( Z ) i s a n e n t i r e f u n c t i o n o f z , a n d DQ(x ) = d e t ( l - x G ) 

i s n o t z e r o , s i n c e t h e o p e r a t o r 1 - \ " * G h a s a b o u n d e d i n v e r s e . 

H e n c e l / λ i s a z e r o o f D ( z ) o f m u l t i p l i c i t y d . 

S u m m i n g u p : an eigenvalue λ of A occurs in the list 

λ ρ λ 2 _ , . . . a number of times equal to the ( f i n i t e ) dimension 

of the subspace of tf consisting of the vectors ψ for which 

there exists an integer p>0 with ( Α - λ ) ^ ψ = 0 . 

T h e p r e v i o u s s u b t l e l t i e s a r e c o n n e c t e d w i t h t h e s o - c a l l e d 

Jordan normal form o f a m a t r i x , w h e n i t c a n n o t b e p u t i n d i a -

g o n a l f o r m . I n m o s t c a s e s t h e s p a c e Η d e f i n e d a b o v e c o n s i s t s 
λ 

o f t h e e i g e n v e c t o r s , t h a t i s t h e v e c t o r s ψ s u c h t h a t ( Α - λ ) ψ = 0 . 

We k n o w t h a t f o r s m a l l | z | , t h e l o g a r i t h m i c d e r i v a t i v e 

D ' ( z ) / D ( z ) c a n b e e x p a n d e d a s Σ ( - 1 )
k
T r ( A

k
) z

k
~

1
, S i n c e D ( z ) 
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i s e q u a l t o t h e p r o d u c t H (1 ~ λ ζ ) w h e r e Σ | λ | i s f i n i t e , 
n^l

 π
 η

 n 

D ' ( z ) / D ( z ) , c a n b e e x p a n d e d a s a n a b s o l u t e l y c o n v e r g e n t d o u b l e 
k k k-1 

s e r i e s Σ Σ ( - 1 ) χ ζ . C o m p a r i n q t h e t w o e x p a n s i o n s o f 

n^l k^l
 n 

D
 1
 ( ζ ) / D ( ζ ) , o n e g e t s 

T r ( A
k

) = Σ X
k
 ( 7 . 7 0 ) 

n^l
 n 

a n d i n p a r t i c u l a r 

T r ( A ) = Σ λ . ( 7 . 7 1 ) 
n^l

 n 

T h e s e r e l a t i o n s a r e o b v i o u s i n t h e s e l f a d j o i n t c a s e a n d w e r e 

e s t a b l i s h e d b y D i k i i i n 1957 f o r t h e g e n e r a l c a s e . 

7 . 1 5 . We c o n s i d e r now t h e c a s e o f a Hilbert-Schmidt operator 
2 2 3 

A i n L ( t f ) . I n g e n e r a l we c a n d e f i n e t h e t r a c e s o f A , A 

b u t n o t o f A i t s e l f , a n d s o we n e e d a m o d i f i c a t i o n o f t h e d e -

t e r m i n a n t ; t h i s w a y i n t r o d u c e d b y C a r l e m a n a r o u n d 1 9 3 0 , a n d 

t h e m e t h o d s i m p l i f i e d b y S e i l e r i n 1 9 7 2 . 

2 1 
We i n t r o d u c e a map Φ f r o m I (tf) i n t o L ( t f ) b y Φ ( Α ) = 

- A 

1 - ( 1 + A ) e . I n d e e d , e x p a n d i n g t h e e x p o n e n t i a l i n t o t h e f a m i -

l i a r p o w e r s e r i e s , we g e t 

Φ ( Α ) = Σ (-1 )
 k

( k - 1 ) A
k

/ k ! 
k^2 

2 1 
N o t i c e t h a t f o r A i n L ( t f ) , i t s s q u a r e i s i n L ( t f ) a n d 

ρ ρ 

| | A = | | Α | Ι 2 ·
 F or k

 -
 2

»
 o ne

 9
e t s

 t h e r e f o r e 

I 1A
R
1 j χ i M A ^ I i l l A ^

2
! ! s | | A | | 2 | | A | |

k
"

2
 l l A | |

k 

s i n c e | | A | | ^ I I A I I ρ · H e n c e t h e g e n e r a l t e r m i n t h e s e r i e s f o r 

1 ι ι ι ι k 

Φ ( Α ) i s b o u n d e d i n L - n o r m b y I I A | | 2 / ( k - 2 ) ! T h i s i s e n o u g h t o 
s h o w t h a t t h i s s e r i e s i s a b s o l u t e l y c o n v e r g e n t i n t h e B a n a c h 

1 2 
s p a c e L ( t f ) , a n d t h a t Φ i s a c o n t i n u o u s map f r o m L ( t f ) i n t o 

L
!
( t f ) . We s e t 

d e t 2( l + A ) = d e t ( l - Φ ( Α ) ) = d e t ( e "
A

( 1 + A ) ) ( 7 . 7 2 ) 

w h e r e t h e d e t e r m i n a n t o f 1 - Φ ( Α ) i s t h e o n e c o n s i d e r e d b e f o r e . 

We s t a t e t h e m a i n p r o p e r t i e s o f t h e m o d i f i e d d e t e r m i n a n t : 
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( a ) The functional Κ d e t 9 ( l + A ) is continuous on the Hilbert 
2 

space L ( t f ) , a s a c o m p o s i t i o n o f c o n t i n u o u s m a p s 

( b ) The operator 1+A is invertible iff d e 1 9 ( 1 + A ) ^ 0 ; i n d e e d 
- A A 

e h a s a b o u n d e d i n v e r s e e h e n c e 1+A i s i n v e r t i b l e i f f 

1 - Φ ( Α ) i s , t h a t i s i f f d e t ( l - Φ ( Α ) ) φ 0 . 

( c ) For a trace-class operator A , one gets 

d e t 2( l + A ) = e "
T r ( A)

 d e t ( l + A ) . ( 7 . 7 3 ) 

1 2 

I n d e e d I ( t f ) i s a s u b s p a c e o f L ( t f ) a n d t h e e m b e d d i n g i s c o n t i -

n u o u s s i n c e | | A | | 2 * I I A | I^- T h e r e f o r e i n f o r m u l a ( 7 . 7 3 ) b o t h 

s i d e s d e p e n d c o n t i n u o u s l y o n A i n L * ( t f ) a n d i t s u f f i c e s t o 

c h e c k i t f o r a f i n i t e r a n k o p e r a t o r A . B u t t h e n we c a n s p l i t 

tf a s F ® G w h e r e F i s f i n i t e - d i m e n s i o n a l , A i n d u c e s a n o p e r a -

t o r A Q i n F , a n d v a n i s h e s o n t h e o r t h o g o n a l ^ c o m p l e m e n t G o f F . 

We a r e l e f t w i t h t h e v e r i f i c a t i o n o f d e t ( e ° ( 1 + A ) = 
- T r ( A Q ) 

e d e t ( l + A Q ) , a n d u s i n g t h e m u l t i p l i c a t i v i t y o f d e t e r m i -

n a n t s , e v e r y t h i n g i s r e d u c e d t o t h e p r o o f o f d e t ( e ° ) = 

- T r ( A ) 

e . P u t t i n g A Q i n t r i a n g u l a r f o r m , we f i n d 
~ A _

 -
λ ι — λ ». 

d e t ( e ° ) = e
 1

 . . . e
 N 

a n d T r ( A Q ) = λ^+...+λ^ w h e r e λ^,.,.,λ^ a r e t h e e i g e n v a l u e s o f 

A Q . D o n e ! 

( d ) If A and Β are Hilbert-Schmidt operators, then 

d e t 2( ( l + A ) ( l + B ) ) = d e t 2( l + A ) d e t 2( l + B ) e'
T r ( A B)

 . ( 7 . 7 4 ) 

N o t i c e t h a t AB i s t r a c e - c l a s s , h e n c e T r ( A B ) i s d e f i n e d . A r g u i n g 

b y c o n t i n u i t y , we n e e d o n l y t o p r o v e ( 7 . 7 4 ) f o r f i n i t e r a n k 

o p e r a t o r s , a n d t h i s c a s e f o l l o w s f r o m ( 7 . 7 3 ) b y a n e a s y c a l c u -

l a t i o n . 

7 . 1 6 . A H i l b e r t - S c h m i d t o p e r a t o r i s c o m p a c t , h e n c e i t s e i g e n -

v a l u e s a r e d e s c r i b e d q u a l i t a t i v e l y b y F . R i e s z
1
 t h e o r y , So l e t 

Σ b e t h e s e t o f n o n z e r o e i g e n v a l u e s o f A , a n d f o r λ i n Σ i t s 

m u l t i p l i c i t y m(X) b e d e f i n e d a s t h e ( f i n i t e ) d i m e n s i o n o f t h e 

s p a c e tfx o f v e c t o r s a n n i h i l a t e d b y s o m e p o w e r o f t h e o p e r a t o r 

Α - λ . A l t e r n a t i v e l y , we c a n r e a r r a n g e t h e e i g e n v a l u e s i n a 
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s e q u e n c e λ · ρ λ 2, , , , s u c h t h a t \λ^\ ^ |λ2Ι a n d e a c h e i -

g e n v a l u e λ φ 0 o c c u r s m ( λ ) t i m e s i n t h e s e q u e n c e ( λ η) . I f A 

i s o f f i n i t e r a n k , t h e r e a r e o n l y a f i n i t e n u m b e r o f n o n z e r o 

e i g e n v a l u e s ; o t h e r w i s e , | λ η| t e n d s t o 0 w i t h 1 / n . 
k 

F i x a n i n t e g e r k s 2 , s o t h a t t h e o p e r a t o r A i s t r a c e -

c l a s s . L e t l(k) b e t h e s e t o f n o n z e r o e i g e n v a l u e s o f A , a n d 

mk(x) b e t h e m u l t i p l i c i t y o f λ. B y a n a l g e b r a i c r e a s o n i n g , i t 

c a n b e s h o w n t h a t a c o m p l e x n u m b e r λ φ 0 b e l o n g s t o z ( k ) i f f 

i t i s t h e k - t h p o w e r o f a n e l e m e n t o f Σ . M o r e o v e r , t h e s e t o f 

v e c t o r s a n n i h i l a t e d b y s o m e p o w e r o f A - λ i s t h e d i r e c t sum 

θ Η w h e r e μ r u n s o v e r t h e k - t h r o o t s o f λ b e l o n g i n g t o Σ. 
μ 
H e n c e m . , ( x ) = Σ π ι ( μ ) , a n d t h i s i m p l i e s 

* k 
μ =λ 

Σ λΠΙ. (λ) = Σ y

k
 Πΐ(μ) . ( 7 . 7 5 ) 

X G E ( k )
 Κ

 μ£Σ 

B y D i k i i ' s t h e o r e m ( 7 . 7 1 ) , t h e l e f t - h a n d s i d e r e p r e s e n t s t h e 

t r a c e o f A . H e n c e we g e t 

T r ( A
k

) = Σ M
k
 ιη(μ) = Σ X

k
 ( f o r k ^ 2 ) . ( 7 . 7 6 ) 

μ^Σ n ^ l
 n 

O f c o u r s e , w h e n A i t s e l f i s t r a c e - c l a s s , t h e same f o r m u l a r e -

m a i n s t r u e f o r k = 1. N o t i c e t h a t t h e s e r i e s i n ( 7 . 7 5 ) a r e a b -

s o l u t e l y c o n v e r g e n t a n d i n p a r t i c u l a r Σ |λ | is finite. 

n ^ l
 n 

L e t us i n t r o d u c e t h e c h a r a c t e r i s t i c d e t e r m i n a n t 

D 2 ( z ) = d e t 2 ( l - z A ) ( 7 . 7 7 ) 

w h e r e ζ i s a c o m p l e x v a r i a b l e . N o t i c e t h e s e r i e s e x p a n s i o n 

e
z A

( l - z A ) = 1 - Σ ( k - l M k . r 1
 A

k
z

k
 ( 7 . 7 8 ) 

k^2 

w h i c h c o n v e r g e s a b s o l u t e l y i n t h e B a n a c h s p a c e L * ( H ) . S i n c e 

t h e map B ^ d e t ( l + B ) f r o m L^(H) t o (t i s h o l o m o r p h i c , i t f o l -

l o w s b y c o m p o s i t i o n t h a t D 2 ( z ) i s a n e n t i r e f u n c t i o n o f z . B y 

p r o p e r t y ( b ) o f s u b s e c t i o n 7 . 1 5 , the roots of the equation 

D 2 ( z ) = 0 are the inverses of the eigenvalues λ φ 0 of A . 

M o r e p r e c i s e l y , we c l a i m 

D 2 ( z ) = π (1 - λ ζ ) e

X nZ
 , ( 7 . 7 9 ) 
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w h e r e t h e i n f i n i t e p r o d u c t c o n v e r g e s a b s o l u t e l y s i n c e l\\ |
2

i s 
η

 n 

f i n i t e . T o p r o v e t h i s f o r m u l a , l e t u s r e m a r k t h a t b o t h s i d e s 

a r e e n t i r e f u n c t i o n s o f z , h e n c e i t s u f f i c e s t o p r o v e i t f o r 

s m a l l | z | . M o r e o v e r , b o t h s i d e s t a k e t h e v a l u e 1 f o r ζ = 0 , 

h e n c e i t s u f f i c e s t o c o n s i d e r t h e l o g a r i t h m i c d e r i v a t i v e s , t h a t 

i s t o p r o v e 

D A ( z ) / D o ( z ) = - Σ D . ( 7 . 8 0 ) 
n s l 1 - λ ζ 

η 

T h e r i g h t - h a n d s i d e c a n b e e x p a n d e d i n t o a d o u b l e s e r i e s , a n d 

t a k i n g ( 7 . 7 6 ) i n t o a c c o u n t we g e t 
^2 

- Σ — D = - Σ Σ x
k
 z

k
"

1
 = - Σ z

k _ 1
T r ( A

k
) 

η*1 1 - λ η ζ r u l k^2
 η

 k^2 

= - ζ T r ( Σ z
k

~
2

A
k

'
2
 A

2
) = - z T r ( A

2
( l - z A ) '

1
) . 

k^2 

T h e f o r m a l m a n i p u l a t i o n s a r e e a s i l y j u s t i f i e d f o r | z | s m a l l . 

On t h e o t h e r h a n d , u s i n g t h e m o d i f i e d m u l t i p l i c a t i v e p r o p e r t y 

( 7 . 7 4 ) a n d p u t t i n g R ( z ) = A ( 1 - z A ) "
1

, o n e g e t s 

D £ ( z ) / D 2 ( z ) = l i m { d e t o ( l - ζ Α - ε A ) d e t 2 ( 1 - z A ) "
1
 - 1} 

ε+0 

= l i m { d e t ( e
£ R

(
z

> ( l - R ( z ) ) ) θ"
ε ζ

Τ Γ ( A · R( * ) ) _ ] _ } 

S i n c e t h e e x p a n s i o n o f e
e R

^
z

^ ( l - e R ( z ) ) i n t o p o w e r s o f ε h a s 

no t e r m o f d e g r e e 1, o n e g e t s d e t 2 ( e
e R

(
z

^ ( l - e R ( ζ ) ) = 1 + 0 ( ε
2
) 

h e n c e D 2 ( z ) / D 2 ( z ) = - z T r ( A - R ( z ) ) a n d we a r e d o n e . 

7 .17 . We n o t i c e d a l r e a d y t h a t t h e d e t e r m i n a n t d e t 2 ( l + z A ) i s a n 

e n t i r e f u n c t i o n c 

s e r i e s e x p a n s i o n 

ο 
e n t i r e f u n c t i o n o f ζ w h e n A i s i n L ( t f ) . I n t r o d u c e t h e p o w e r 

d e t 9 ( l + z A ) = Σ b . ( A ) z
k
 , ( 7 . 8 1 ) 

L
 k ^ O

 K 

T h e c o e f f i c i e n t s h k ( A ) c a n b e c a l c u l a t e d a s f o l l o w s 

b k ( A ) = ( 2 π ) '
2
 R "

k
 d e t 2 ( l + R e

1 θ
A ) e ~

1 ke
 de , ( 7 . 8 2 ) 
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I t i s n o w e a s y t o e s t i m a t e b k ( A ) . I n d e e d u s i n g t h e p r o d u c t e x -

p a n s i o n ( 7 , 7 9 ) a n d t h e e l e m e n t a r y i n e q u a l i t y | ( 1 + ζ ) e "
ζ
 | ^ 

ι r ι 

e '
 1

 ( f o r a c o m p l e x n u m b e r ξ ) , o n e g e t s 

d e t 2 ( l + z A ) ^ e x p i Σ | λ η |
2
 | z |

2
 , ( 7 . 8 3 ) 

η 

2 

U s i n g ( 7 . 8 2 ) a n d c h o o s i n g R a s t h e s q u a r e r o o t o f k / E | x n | , 

o n e g e t s
 n 

t b . ( A ) I ^ ( e / k )
k /2

 ( Σ | λ l 2 ) k / 2 . ( 7 . 8 4 ) 
κ
 η

 n 

A crucial estimate, due to H.Weyl, a s s e r t s 

Σ Ι λ

η Ι
2 - I IAI 11 . ( 7 . 8 5 ) 

η 

I t i s i n t u r n d e r i v e d f r o m a s i m i l a r s t a t e m e n t f o r t r a c e - c l a s s 

o p e r a t o r s , w h i c h c a n be p r o v e d u s i n g t h e c o m p a r i s o n o f e i g e n v a -
k k ι ι 

l u e s o f Λ β a n d Λ | β | a s i n s u b s e c t i o n 7 . 6 . H e n c e we c a n d e r i v e 

f r o m ( 7 . 8 4 ) t h e f i n a l e s t i m a t e 

I b k ( A ) I ^ ( e / k )
k /2

 \ . ( 7 . 8 6 ) 

We o f f e r n o w a m e t h o d t o c a l c u l a t e t h e c o e f f i c i e n t s 

b k ( A ) , F i r s t o f a l l , u s e p o l a r i z a t i o n a s i n s u b s e c t i o n 7 . 1 0 a n d 

d e f i n e b k ( Α χ , . . . , A k ) f o r A l 9. . . , A k i n L
2
( H ) b y 

2
k

k ! b k ( A l s. . . , A k ) = Σ b k ( e 1 A 1 +. f . + e k A k ) e 1 . . . e k 

1 K
 ( 7 . 8 7 ) 

(ε 2 , , . · , ε k t a k e i n d e p e n d e n t l y t h e v a l u e s 1 a n d - 1 ) . F r o m 

( 7 . 8 6 ) we g e t t h e e s t i m a t e 

| b k ( A 1 , . . . , A k ) | ^ I | A : | | 2 I I A k | I 2 > ( 7 . 8 8 ) 

w i t h a c o n s t a n t 

Y k = ( e k / 4 )
k / 2

/ k ! . ( 7 . 8 9 ) 

S i n c e t h e f u n c t i o n a l h*~* d e t 2 ( l + A ) i s c o n t i n u o u s o n t h e 

H i l b e r t s p a c e i -
2
( H ) , i t f o l l o w s f r o m ( 7 . 8 2 ) a n d ( 7 . 8 7 ) t h a t t h e 
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2 

f u n c t i o n a l A - ^ , . . , , A k ) i s j o i n t l y c o n t i n u o u s o n L ( t f ) χ . . . 

χ L
2
( t f ) . B y c o n t i n u i t y , i t s u f f i c e s t o c o n s i d e r t h e c a s e w h e r e 

Α ^ . , . , Α ^ a r e o f f i n i t e r a n k . W h e n A i s o f f i n i t e r a n k , we 

k n o w t h a t d e t 2 ( l + z A ) i s e q u a l t o e "
z T r

(
A

) d e t ( 1 + z A ) , h e n c e we 

g e t 

b . ( A ) = Σ ( - l ) J ï r ( A )
j
 c , . ( A , . . . , A ) / j ! ( 7 . 9 0 ) 

j = 0
 k 3 

u s i n g t h e m u l t i l i n e a r f o r m 

c r ( A l e. . . , A r ) = ( r ! ) "
1
 J ( s g n a ) T r ( ( Α χ β . . . S A p ) U a ) 

Γ
 ( 7 . 9 1 ) 

a s i n s u b s e c t i o n 7 . 1 0 . I t f o l l o w s i m m e d i a t e l y t h a t b k ( A j , . . . , A k ] 

i s a c o n t i n u o u s m u l t i l i n e a r f o r m o n L
2
( t f ) χ . . . χ L

2
( t f ) . M o r e -

o v e r , b y some g r o u p - t h e o r e t i c a l c a l c u l a t t o n s , o n e d e r i v e s 

k l b ^ l ^ i x e J Ι ψ , χ θ , Ι ) = d e t a _ . , , ( 7 . 9 2 ) 

κ ι ι κ κ l^i^k
 3 

w i t h 

a
i j 

|ψ,> i f i t j 
ι J ( 7 . 9 3 ) 

0 i f i = j 

Problem: d e r i v e t h e e s t i m a t e ( 7 . 8 8 ) f r o m t h e d e f i n i t i o n 

o f b k(A-L , . . . , A k ) b y t h e p r e v i o u s f o r m u l a s . 

T o c o n c l u d e t h i s s u b s e c t i o n , l e t us r e m a r k t h a t t h e f o r -

m u l a f o r t h e l o g a r i t h m i c d e r i v a t i v e o f Ü 2 ( z ) g i v e n a t t h e e n d 

o f s u b s e c t i o n 7 . 1 6 c a n b e r e w r i t t e n a s f o l l o w s 

d e t ? ( l + z A ) = e x p Σ ( - l ) ^
1
 z

k
T r ( A

k
) / k . ( 7 . 9 4 ) 

L
 k * 2 

N o t i c e t h e s i m i l a r i t y w i t h t h e f o r m u l a f o r t r a c e - c l a s s o p e r a t o r s 

d e t ( l + z A ) = e x p Σ ( - l )
k

'
1
 z

k
T r ( A

k
) / k . ( 7 . 9 5 ) 

Since T r makes in general no sense for k = 1, when A is 

Hilbert^§chmidts just omit it ! We l e a v e i t t o t h e r e a d e r t o 

m o d i f y a c c o r d i n g l y t a r i n g ' s f o r m u l a , 

7 . 1 8 . L e t us g o b a c k t o I n t e g r a l o p e r a t o r s . So l e t Ω a n d t h e 

c o n t i n u o u s k e r n e l K ( x , y ) b e a s i n s e c t i o n 5 . S i n c e a c o n t i -
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n u o u s k e r n e l K ( x , y ) i s a s q u a r e d n t e g r a b l e f u n c t i o n o n Ω χ Ω , 

t h e o p e r a t o r f * - > K f a c t i n g o n t h e s p a c e C(Q) o f c o n t i n u o u s 

f u n c t i o n s i s t h e r e s t r i c t i o n o f a H i l b e r t - S c h m i d t o p e r a t o r A k 

a c t i n g i n L ( Ω ) . T h e m a i n r e s u l t s i n s u b s e c t i o n 5 . 9 c a n b e 

e x p r e s s e d a s f o l l o w s : 

d e t ( l + z K ) = e
Z T

 d e t 2 ( l + z A K ) ( 7 . 9 6 ) 

w h e r e t h e l e f t - h a n d s i d e i f F r e d h o l m ' s d e t e r m i n a n t a n d 

τ = / K ( x , x ) d x . 
Ω 

T h e q u e s t i o n a b o u t t h e t r a c e c a n b e r e f o r m u l a t e d a s f o l -

l o w s : suppose the continuous kernel Κ on Ω χ Ω is such that 
2 

A ^ is a trace-class operator in L ( Ω ) . Is it true that 

Fredholm*s determinant d e t ( l + z K ) agrees with the determinant 

d e t ( l +
 Z

A | < ) °f Hilbert space operators ? O r , a c c o r d i n g t o 

f o r m u l a ( 7 . 9 6 ) , do we h a v e i n t h i s c a s e 

T r ( A . ) = / K ( x , x ) d x . ( 7 . 9 7 ) 

* Ω 

T h e a n s w e r i s y e s , b y M e r c e r ' s t h e o r e m , i f A k i s a p o s i t i v e 

o p e r a t o r . I do n o t k n o w t h e a n s w e r i n g e n e r a l . 

F r o m ( 7 . 9 6 ) , o n e c a n d e r i v e a p o w e r s e r i e s e x p a n s i o n f o r 

d e t 2 ( l +
 z A

k ^ * I n d e e d r e c a l l t h e d e f i n i t i o n o f F r e d h o l m ' s 

d e t e r m i n a n t 

x ι . . . x ι 
d e t ( l + z K ) = Σ ( z

K
/ k ! ) / . . . / Δ (

 1 K
) d x , . . . d x . 

k ^ O Ω Ω x l e. . x k 

k/§ ι \ r r A / 1 k > 

( 7 . 9 8 ) 
x r . . x k 

w h e r e Δ ( ) i s t h e d e t e r m i n a n t o f t h e m a t r i x w i t h e l e -
x r . . x k 

m e n t s Κ ( χ Ί · , χ . ) f o r 1 ^ i ^ k , 1 < j ^ k . D e f i n e s i m i l a r l y 

x r . . x k 

Δ ' ( ) a s t h e m o d i f i e d d e t e r m i n a n t w h e r e we r e p l a c e t h e 
x r . . x k 

d i a g o n a l e l e m e n t s Κ ( χ ^ , χ Ί · ) b y 0 . T h e n we g e t 

χ . . . χ 
d e t 9 ( l + z A k ) = Σ ( z

k
/ k i ) / . . / fi'(

 r
"

 k
) d x 1 . . . d x . 

ά K
 k ^O Ω Ω Χι.,.Χ,

 κ 

1 κ
 ( 7 . 9 9 ) 
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T h i s f o r m u l a r e m a i n s v a l i d i f we s u p p o s e o n l y t h a t Κ b e l o n g s 
2 

t o L ( i l χ Ω ) , h e n c e A ^ i s H i l b e r t - S c h m i d t . T h i s m o d i f i c a t i o n 

o f F r e d h o l m ' s d e f i n i t i o n w a s f i r s t p r o p o s e d b y H i l b e r t a n d 

H a r n a c k i n 1 9 0 6 . 

8 . F r e d h o l m D e t e r m i n a n t s : t h e C a s e o f B a n a c h S p a c e s 

8 . 1 . L e t Ε b e a B a n a c h s p a c e , w i t h n o r m l l x l l f o r v e c t o r s . I f 

A i s a b o u n d e d o p e r a t o r i n E , i t s n o r m I I A l l i s t h e s m a l l e s t 

c o n s t a n t C ^ 0 s u c h t h a t I I A x I I ^ C l l x l l f o r a l l χ i n E . 

We o w e t o G r o t h e n d i e c k t h e f o l l o w i n g d e f i n i t i o n o f a nuclear 

( o r t r a c e - c l a s s ) o p e r a t o r i n E : a n y o p e r a t o r w h i c h c a n b e r e -

p r e s e n t e d as a s e r i e s A =
 Σ
η „ w h e r e e a c h h i s o f r a n k 1, a n d 

v i l l i
 n n 

Σ
 ι I h n I l i s f i n i t e ( s u c h a s e r i e s c o n v e r t i e s i n o p e r a t o r n o r m ) . 
η 
The nuclear norm | | A | | ^ i s t h e i n f i m u m o f t h e s e t o f n u m b e r s 
z | | h n | | f o r a l l s u c h d e c o m p o s i t i o n s A = Σ η η . U s i n a t h e f a c t 

η η 

t h a t a n o r m e d s p a c e i s c o m p l e t e ( h e n c e a B a n a c h s p a c e ) i f f 

a n y a b s o l u t e l y c o n v e r g e n t s e r i e s h a s a s u m , i t f o l l o w s e a s i l y 

t h a t t h e s e t L * ( E ) o f n u c l e a r o p e r a t o r s i s a B a n a c h s p a c e f o r 

t h e n u c l e a r n o r m . 

I n t r o d u c e t h e dual space E ' o f Ε a n d d e n o t e b y < x ' | x > 

t h e n a t u r a l p a i r i n g b e t w e e n E ' a n d Ε ( f o r χ i n Ε a n d x ' i n E ' ) 

M o r e e x p l i c i t e l y , a n u c l e a r o p e r a t o r c a n b e r e p r e s e n t e d a s 

f o l 1ows 

A x = Σ λ η < x n l x > x n ( 8 . 1 ) 
η 

w h e r e x p a r e v e c t o r s i n Ε a n d x ^ i n Ε ' , λ η a r e c o m p l e x n u m b e r s 

a n d | | x n l l = Mx

nll = 1>
 Σ

Ι
λ
η ' f i n i t e -

 In
 D i r a c ' s n o t a t i o n , 

w h e r e t h e e l e m e n t s o f Ε ' a r e b r a s a n d t h o s e o f Ε a r e k e t s , 

t h i s i s e x p r e s s e d a s 

A = Σ λ η Ιχχχ' I . ( 8 . 2 ) 
n n 

A c c o r d i n g t o s u b s e c t i o n 6 . 4 , w h e n Ε is a Eilbert space, t h e 

n u c l e a r o p e r a t o r s a r e e x a c t l y t h e t r a c e - c l a s s o p e r a t o r s . M o r e ^ 

o v e r , i n t h i s c a s e , we c a n c o m p u t e t h e t r a c e o f A u s i n g a n y 

o r t h o n o r m a l b a s i s ( Ψ Π 1) » h e n c e 
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T r ( A ) = Σ < ψ Β | Α | Ψ ι η> = Σ V U V ^ J V 
m m , η 

a n d u s i n g P a r s e v a l ' s e q u a l i t y , we c o n c l u d e 

T r ( A ) = Σ λ < χ · | χ > . ( 8 . 3 ) 
η 

8 . 2 . T h e r e a r i s e s t h e q u e s t i o n w h e t h e r a s i m i l a r d e f i n i t i o n 

o f t r a c e w o r k s f o r n u c l e a r o p e r a t o r s i n a B a n a c h s p a c e . T h e 

s e r i e s ( 8 . 3 ) c o n v e r g e s a b s o l u t e l y s i n c e
 Σ

Ι
λ

π Ι i s f i n i t e a n d 
η 

'
< χ

η '
χ

η
>

' ~ Ι Ι χ ή ' ' I I x I I ^ 1. T h e q u e s t i o n i s w h e t h e r t h e v a -

l u e g i v e n b y ( 8 . 3 ) i s i n d e p e n d e n t o f t h e c h o s e n d e c o m p o s i t i o n 

( 8 . 2 ) f o r A . F i r s t o f a l l , t h e t r a c e i s w e l l - d e f i n e d f o r 

finite rank operators^. I n d e e d , l e t Β b e s u c h a n o p e r a t o r , r e -

p r e s e n t e d a s a sum Σ | χ >< χ ' | . L e t us c h o o s e a s e t o f l i n e a r -

n = l 

l y i n d e p e n d e n t v e c t o r s e ^ , . . . ^ ^ s u c h t h a t e v e r y x n i s a l i n e a r 

c o m b i n a t i o n o f t h e e m ' s . Now a n y v e c t o r o f t h e f o r m B x i s a 

u n i q u e l i n e a r c o m b i n a t i o n o f e ^ , . . . , e ^ , h e n c e t h e r e e x ^ i s t u n i -

q u e l y d e f i n e d e l e m e n t s e | , . . . , e j j j o f Ε ' s u c h t h a t B= z | e m > < e m | . 

M m= 1 
W r i t e x n = Σ u n me m w i t h c o m p l e x n u m b e r s u n m. T h e n 

m = 1 

Β = Σ I x > < x ' ί = Σ u „ m ί e m> < x ' I 
η η ' „ m nm

 1
 m η ' 

η n ,m 

a n d , b y t h e u n i q u e n e s s o f t h e e x p a n s i o n Β = Σ l e

m

> < e

m l > o n e 

g e t s e ' = Σ u M r r, x ' . T h e r e f o r e
 m 

y
 m nm η 

Σ < x ' | x > = Σ u „ m < x ' I e m > = Σ < e ' | e > . 
„ η

 1
 η n m n ' m ». n i

1
 m 

η n ,m m 

I f we s t a r t f r o m t w o d e c o m p o s i t i o n s 

Β = Σ | x n x x j = Σ | y > < y ; | . 
η r 

we c a n u s e t h e s a m e e m ' s f o r b o t h , h e n c e Σ
 <

x n l x n

>
 a n d 

Σ < y ' I y > a r e e q u a l . Conclusion: The finite rank operators 

1 
forma dense linear subspace L ^ . ( E ) of L ( E ) and a trace is 

defined on 1 

into < x
1
 Ιχ> , 

defined on L ^ ( E ) which is linear and takes j x x x ' 

531 



We c a n e x t e n d t h e t r a c e t o t h e w h o l e o f i - ^ ( E ) w h e n Ε 

s a t i s f i e s Banach approximation property : g i v e n a n y c o m p a c t 

s e t Κ i n E , t h e r e e x i s t s a s e q u e n c e o f f i n i t e r a n k o p e r a t o r s 

p k s u c h t h a t s u p l l p j j l b e f i n i t e a n d l i m | | p k ( x ) - x l l = 0 

k k+°° 
u n i f o r m l y f o r χ i n Κ . T h e s t a n d a r d B a n a c h s p a c e s ( c o n t i n u o u s 

f u n c t i o n s , H i l b e r t s p a c e s , L
p
 s p a c e s , S o b o l e v s p a c e s ) s a t i s f y 

t h e p r o p e r t y . A t t h e t i m e G r o t h e n d i e c k c o n s i d e r e d t h e s e p r o -

b l e m s ( a r o u n d 1 9 5 0 ) , i t w a s s t i l l c o n j e c t u r e d t h a t e v e r y 

B a n a c h s p a c e d o e s . C o u n t e r e x a m p l e s w e r e d i s c o v e r e d m u c h l a t e r 

t h e m o s t r e m a r k a b l e b e i n g t h e s p a c e L(H) o f a l l b o u n d e d o p e r a -

t o r s i n a H i l b e r t s p a c e H , w i t h t h e o p e r a t o r n o r m | | A | | . S u p -

p o s e t h a t Ε s a t i s f i e s t h e a p p r o x i m a t i o n p r o p e r t y a n d l e t 

A = Σ
 λ

η Ι
χ

η

> < χ

η Ι be a
 n u c l e a r o p e r a t o r . S i n c e

 Σ
\

λ

η \ i s f i n i t e , 

η η 
we c a n w r i t e λ η = νι η*ν η w i t h

 ΣΙ^ηΙ f i n i t e a n d l i m v n = 0 . 
η n->°° 

C h o o s e a c o m p a c t s e t Κ i n Ε c o n t a i n i n g t h e v e c t o r s
 v

n * n j a n d 

o p e r a t o r s p k a d a p t e d t o K . T h e n p ^ A a r e f i n i t e r a n k o p e r a t o r s . 

h e n c e t h e i r t r a c e s a r e d e f i n e d ; t h e f o r m u l a 

T r ( p k A ) = Σ u n < x " | p k ( v n x n ) > ( 8 . 4 ) 

i s e a s i l y c h e c k e d . B y d o m i n a t e d c o n v e r g e n c e f o r s e r i e s , o n e 

d e d u c e s 

III T r ( p k A ) = j y n < x ; | v n x n > = j x n < x j x n > . ( 8 . 5 ) 

A s i n t h e f i n i t e r a n k c a s e , t h e same s e t Κ a n d t h e same P k ' s 

c a n b e u s e d s i m u l t a n e o u s l y f o r t w o d e c o m p o s i t i o n s 

A = Σ λ η | χ η χ χ ^ | = Σ i r r| y xyj.1 , ( 8 . 6 ) 
η r 

h e n c e 

Σ λ η < χ ; | χ η > = Σ π <y;|y r> . ( 8 . 7 ) 

Conclusion : when Ε satis fies the approximation property Λ there 

exists a linear form T r on L^(E) such that [ Τ r ( A ) | ύ | | A | | ^ 

and taking | χ > < χ ' | into < x ' | x > . 
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8 . 3 . We c o m e now t o t h e g e n e r a l c a s e . I t t u r n s o u t t h a t n u -

c l e a r o p e r a t o r s i n B a n a c h s p a c e s a r e b e t t e r c o m p a r e d t o 

H i l b e r t - S c h m i d t o p e r a t o r s t h a n t o t r a c e - c l a s s o p e r a t o r s i n 

H i l b e r t s p a c e s . We p r o c e e d t o d e f i n e the trace of the square 

of a nuclear operator. 

L e t Β a n d C b e n u c l e a r o p e r a t o r s i n Ε , w i t h d e c o m p o s i t i o n s 

Β = ï x n l x n x x j . C = l u j y m > < y j . ( 8 . 8 ) 
n m 

T h e n o n e g e t s a b s o l u t e l y c o n v e r g e n t s e r i e s 

Σ λ μ < χ ' I y > < y ' | x > = Σλ < x ' | C x > = Σ μ m< y ' | B y > . 

n ,m n ni 

T h | QS e £ o n d e x p r e s s i o n d o e s n o t d e p e n d o n t h e d e c o m p o s i t i o n c h o -

s e n / a n d t h e t h i r d o n e d o e s t h e same f o r B . H e n c e t h e s e e x p r e s -

s i o n s d e p e n d s o l e l y o n Β a n d C . I t f o l l o w s t h a t there exists 

a bilinear form T r ( B ; C ) on L * ( E ) X L * ( E ) with the following 

properties : 

( a ) the inequality I T r ( Β ; C ) I * IIBII^ llcllj ; 
( b ) when Β = | x > < x ' | and C = l y x y ' l are decomposable, then 

T r ( B ; C ) = < χ ' | y > < y
1

| x > ; 

( c ) symmetry T r ( B ; C ) = T r ( C ; B ) 

We p r o v e n o w t h a t T r ( B ; C ) depends solely on the product 

A = B C . L e t us i n t r o d u c e an a u x i l i a r y H i l b e r t s p a c e Η w i t h a n 

o r t h o n o r m a l b a s i s ( ψ „ ) . We f a c t o r e v e r y λ η a s 3 N3 ' w i t h 

13 I = I e • I , h e n c e Σ |s | =
 Σ

 Ιβ'Ι i s e q u a l t o Σ | Χ | , h e n c e 

η η η 
f i n i t e . D e f i n e o p e r a t o r s 3: Η ^ Ε a n d 3': Ε -*· Η b y 

3 = Σ 3 η | χ η > < Ψ η Ι ( 8 . 9 ) 
η 

6'= Σ β ; | ψ η χ χ ; | ( 8 . 1 0 ) 
η 

( b y c o n v e n t i o n , o u r i n d i c e s r u n o v e r t h e i n t e g e r s 1 , 2 , 3 . . . ) . 

M o r e e x p l i c i t e l y , f o r ψ i n H , o n e h a s 

3 ( Ψ ) = Σ 3 < Ψ η | ψ > x n ( 8 . 1 1 ) 
η 

a n d t h e s e r i e s c o n v e r g e s a b s o l u t e l y i n Ε s i n c e | | x n l | = 1 a n d 
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2 2 
Σ |$ nl »

 Σ
Ι

<
Ψ η Ι ψ

>
Ι a r e f i n i t e (Hint: u s e C a u c h y - S c h w a r z 

η η 
i n e q u a l i t y ) . S i m i l a r l y 

β ' ( χ ) = Σ 3 n < x n | x > Ψ η (8 . 1 2 ) 

a n d Σ I ß ^ x ' I x> I
 2
 i s b o u n d e d b y l l x l l

2
 ^ U n l

2
 - A c c o r d i n g 

η 

t o t h e s e c a l c u l a t i o n s , we g e t t h e n o r m e s t i m a t e s 

11 ß 11
2
 * Σ I e n1

2
 , 11 s

1
11

2
 s Σ | S ; |

2
 . ( 8 . i 3 ) 

η η 

F r o m t h e c o n s t r u c t i o n o f 3 a n d 3 ' , we g e t Β = 3 3 ' s i n c e 

3 ( Ψ η ) = 3 n x n b y ( 8 . 1 1 ) . On t h e o t h e r h a n d , 3 ' 3 i s a b o u n d e d 

o p e r a t o r i n t h e H i l b e r t s p a c e H, w i t h m a t r i x e l e m e n t s 

< Ψ η ι| 3 ' 3 | ψ η > = 3 3 ' < x ' | x n > . (8 . 1 4 ) 
m η n m m η

 v
 ' 

p p 
S i n c e l

<
x m l

x

n

>
l "

l
' s b o u n d e d b y 1, a n d Σ | β | , Σ | β J a r e 

η « m 
f i n i t e , i t f o l l o w s t h a t Σ |<ψ | β ' Β | ψ > | i s f i n i t e . T a k i n g 

m , η 
i n t o a c c o u n t t h e d e f i n i t i o n o f t h e n u c l e a r n o r m , we c o n c l u d e : 

given the nuclear operator Β and any ε > 0 , there exists a 

decomposition Β = 3 3 ' with bounded operators 3 ; Η Ε and 

3 ' : Ε tf, while ß'ß is a Hilbert-Schmidt operator in tf 

with I I ß ' ß l l 2 ^ I I Β I Ι χ + ε . 

I n t r o d u c e a s i m i l a r d e c o m p o s i t i o n C = γ γ ' w h e r e γ ' γ 

i s a H i l b e r t - S c h m i d t o p e r a t o r i n tf w i t h I I Ύ
 1
 Ύ I I 2 ~ I I C I I

 + ε
· 

B y c a l c u l a t i o n s s i m i l a r t o t h e p r e v i o u s o n e s , o n e s h o w s t h a t 

β ' γ a n d γ ' β a r e H i l b e r t - S c h m i d t o p e r a t o r s i n H . P u t t i n g 

6 = β ' γ γ ' a n d n o t i c i n g t h a t δβ = ( $ ' Y ) ( Y ' 3 ) » we c o n c l u d e : 

the operator A = BC in Ε can be factored as V U with bounded 

operators U : Ε ->tf and Y : H -> Ε 3 in such a way that UV be a 

trace-class operator in Η with trace given by T r ( U V ) = T r ( Β ; C ) . 

We c a n c a l c u l a t e t h e t r a c e o f UV i n t e r m s o f i t s e i g e n v a -

l u e s . B y e a s y c a l c u l a t i o n s , o n e s h o w s t h a t f o r a n y 0 , a n d 

a n y i n t e g e r Ν > 0 , U m a p s t h e s e t o f s o l u t i o n s ψ i n Η o f 
Ν 

( U V - λ ) ψ = 0 i s o m o r p h i c a l l y o n t o t h e s e t o f s o l u t i o n s χ i n 
Ν 

Ε o f ( V U - λ ) χ = 0 . A s i m i l a r s t a t e m e n t h o l d s w i t h U , V i n t e r -

c h a n g e d a n d E , H i n t e r c h a n g e d . H e n c e t h e o p e r a t o r s UV i n Η 

a n d V U i n Ε h a v e t h e same e i g e n v a l u e s λ f 0 , w i t h a common 
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m u l t i p l i c i t y π ι ( λ ) . B o r r o w i n g f r o m t h e s p e c t r a l t h e o r y o f t r a c e -

c l a s s o p e r a t o r s i n H i l b e r t s p a c e s ( s e e s u b s e c t i o n 7 . 1 4 ) , we 

c a n c o n c l u d e : 

Let the operator A in Ε be factored as BC , where Β and 

C are nuclear. Let
 Σ
 be the set of nonzero eigenvalues of A 

and η ι (
λ
) the multiplicity of λ in Σ . Then the series 

Σ ιη (λ )λ is absolutely convergent and its sum is equal to 
λ€Σ 
T r ( B ; C ) . I n p a r t i c u l a r T r ( B ; C ) d e p e n d s o n l y o n B C , as a s s e r t e d . 

8 . 4 . F r o m now o n , i t i s v e r y e a s y t o t r a n s f e r t h e p r o p e r t i e s 

o f H i l b e r t - S c h m i d t o p e r a t o r s i n t o p r o p e r t i e s o f n u c l e a r o p e r a -

t o r s . T a k i n g Β = C i n t h e p r e v i o u s r e s u l t , we g e t : 

( a ) Let Β be a nuclear operator, not of finite rank. 

Then its eigenvalues (multiplicities included) can be arranged 

as a sequence (
λ

η)η̂ ^ -» tending to zero, with U-̂ l - U pj =
:
· · · 

Moreover
 Σ

 ^ π I ^
s
 finite and bounded by I I Β I I ^ · 

n
 k-1 

T h e n t a k i n g C = B
K
 , w i t h k ^ 2 : 

( b ) For every integer k 2 2 3 one gets 

T r i B i B ^
1

) Σ \
k
 . ( 8 . 1 5 ) 

n*l
 n 

T h e ( m o d i f i e d ) d e t e r m i n a n t o f 1 + Β c a n b e d e f i n e d a s 

f o l 1 o w s 

- λ 
deto(l+B) π (1 + λ ) e

 n
 ; ( 8 . 1 6 ) 

L
 n U

 n 

t h e c o n v e r g e n c e o f t h e i n f i n i t e p r o d u c t i s g u a r a n t e e d s i n c e 
Σ Ιλ

ηΙ i s f i n i t e . T h e characteristic determinant of Β i s t h e 

f u n c t i o n D 2 ( z ) = d e t 2( l - z B ) , t h a t i s 

D 2 ( z ) = π (1 - χ z ) e
A nZ

 . ( 8 . 1 7 ) 

H e n c e D 2 ( z ) i s a n e n t i r e f u n c t i o n o f t h e c o m p l e x v a r i a b l e z . 

We c a n e x p a n d i t a s a p o w e r s e r i e s 

D 2 ( z ) = Σ (-l)
k
 b.(B) z

k
 . ( 8 . 1 8 ) 

k ^ O
 K 

3 ' 3 

R e c a l l t h e e x i s t e n c e o f a f a c t o r i z a t i o n Ε -> Η Ε o f Β s u c h 

t h a t 3 ' 3 b e a H i l b e r t - S c h m i d t o p e r a t o r i n H . B y a p r e v i o u s r e -

m a r k , t h e o p e r a t o r s Β = 3 3 ' a n d Τ = 3 ' 3 h a v e t h e same e i g e n v a -
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v a l u e s , w i t h e q u a l m u l t i p l i c i t i e s . H e n c e o n e g e t s 

T r ( B ; B
k _ 1

) = T r ( T
k

) 

d e t 2 ( l - z B ) = d e t 2 ( l - z T ) 

( 8 . 1 9 ) 

( 8 . 2 0 ) 

N o t i c e a l s o t h a t , g i v e n ε > 0 , we c a n c h o o s e 3 a n d 3' s u c h 

t h a t |lTll 2 ^ IIB||J + ε. We c a n d e r i v e t h e p r o p e r t i e s o f 

D 2 ( z ) f r o m t h o s e o f Τ w i t h o u t a n y n e w c a l c u l a t i o n . F o r i n s t a n c e , 

we g e t 

D o ( z ) = e x p Σ T r ( B ; B
k

"
1

) z
k

/ k 
k^2 

f o r I ζ I < 1/IIBMJ a s w e l l a s t h e e s t i m a t e 

lbK(B)l * ( e / k )
k /2 I IBI l k 

( 8 . 2 1 ) 

( 8 . 2 2 ) 

F r o m ( 8 . 2 1 ) f l o w t h e u s u a l c o r o l l a r i e s , s u c h a s W a r i n g f o r m u l a s 

a n d P l e m e l j d e t e r m i n a n t s . F r o m ( 8 . 2 1 ) a n d t h e b i l i n e a r i t y o f 

T r ( B ; C ) i t f o l l o w s t h a t t h e r e e x i s t s c o n t i n u o u s m u l t i l i n e a r 

f o r m s b k ( B 1 , . . . , B k ) o n L
1

( E ) x . . . x L ^ E ) s u c h t h a t b k ( B ) = 

b k ( B , . . . , B ) . We c a n t a k e b ( <( B 1 , . . . , B k ) a s s y m m e t r i c a l , h e n c e 

g i v e n b y t h e p o l a r i z a t i o n f o r m u l a ( 7 . 8 7 ) . T h i s p r o v i d e s t h e f o l -

l o w i n g b o u n d , i m p l y i n g t h a t Β d e t 2 ( l + B ) i s holomorphic o n 

t h e B a n a c h s p a c e L * ( E ) : 

l b k ( B 1 , . . . , B k ) l * ( e k / 4 ) k / 2 ( k ! ) " 1 l I Β χ I I χ - 1 
( 8 . 2 3 ) 

L e t us m e n t i o n t h e f o l l o w i n g a n a l o g u e o f f o r m u l a ( 7 . 9 2 ) 

k ! b k ( B 1 , . . , B k ) = d e t 

< x ^ j x 2 > 

< x 2 I χ χ > 

< X î Χ ι > 

< x £ | x k > 

f o r Β χ = | x 1 > < x { | , 

< x
k '

x
l

> < x
k '

x
2

> 

. = I χ ι > < χ .'J 

( 8 . 2 4 ) 

We c o u l d u s e t h i s f o r -

m u l a t o e s t i m a t e b k ( Β · ^ , . . . , B k ) ; u s i n g H a d a m a r d ' s e s t i m a t e o n 

d e t e r m i n a n t s , we r e c o v e r ( 8 . 2 3 ) w i t h a s l i g h t l y l a r g e r c o n s t a n t , 

n a m e l y k
k / 2

/ k ! . 
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T o c o n c l u d e t h i s s u b s e c t i o n , l e t us m e n t i o n t h e modified 

multiplicative rule 

d e t 2 ( ( l + B ) ( l + C ) ) = d e t 2 ( l + B ) d e t 2 ( l + C ) e "
T r ( B ; C

) ( 3 . 2 5 ) 

w h i c h i s a n a l o g o u s t o ( 7 . 7 4 ) . T h e s i m p l e s t w a y t o d e r i v e i t , 

i s b y n o t i c i n g t h a t b o t h s i d e s a r e c o n t i n u o u s f u n c t i o n s o f Β 

a n d C i n t h e B a n a c h s p a c e L^(E) a n d t h a t f i n i t e r a n k o p e r a t o r s 

a r e d e n s e i n L * ( E ) . T h i s r e d u c e s t h e p r o o f t o t h e f i n i t e d i m e n -

s i o n a l c a s e w h e r e d e t 2 ( l + B ) = e ~
T r

(
B

^ d e t ( 1 + B ) a n d T r ( B ; C ) = 

T r ( B C ) ; t h e r e s t o f t h e c a l c u l a t i o n i s e a s y . 

8 . 5 . T h e t h e o r y b e h a v e s i n a m u c h s m o o t h e r w a y w h e n t h e 

B a n a c h s p a c e Ε e n j o y s t h e a p p r o x i m a t i o n p r o p e r t y . I n t h i s c a s e , 

t h e t r a c e o f a n u c l e a r o p e r a t o r i s d e f i n e d a n d T r ( B ; C ) i s t h e 

t r a c e o f t h e p r o d u c t B C . We t h e n d e f i n e t h e d e t e r m i n a n t b y 

d e t ( l + B ) = e

T r ( B)
 d e t 2 ( l + B ) . ( 8 . 2 6 ) 

F o r t h e c h a r a c t e r i s t i c d e t e r m i n a n t we g e t 

D ( z ) = d e t ( l - z B ) = e π (1 - λ η ζ ) e
 n

 ( 8 . 2 7 ) 

n a l
 n 

w i t h τ = T r ( B ) . I n g e n e r a l , t h e s e r i e s Σ λ η i s n o t c o n v e r -
n 

g e n t , a n d e v e n i f i t c o n v e r g e s , m a y f a i l t o sum t o t h e t r a c e 

τ o f B . 

T h e f o r m u l a s o f t h e p r e v i o u s s u b s e c t i o n s a d m i t o f t h e 

f o l l o w i n g v a r i a n t s : 

D ( z ) = e x p - Σ T r ( B
k

) z
k

/ k ( 8 . 2 8 ) 

( f o r I ζ I < 1/1 I Β I | j ) a n d 

D ( z ) = Σ ( - l )
k
 c . ( B ) z

k
 . ( 8 . 2 9 ) 

k ^ O
 K 

H e r e a g a i n c k ( B ) i s o b t a i n e d b y p u t t i n g B 1 = . . . = B k = Β i n 

a c o n t i n u o u s s y m m e t r i c a l m u l t i l i n e a r f o r m c k ( Β ^ » · · · » B ^ ) . I t 

i s c h a r a c t e r i z e d b y t h e f o r m u l a 

k l c ^ B i , . . . ^ . ) = d e t < x l | x . > ( 8 . 3 0 

l ^ k 
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f o r d e c o m p o s a b l e o p e r a t o r s B 1 = | χ ^ χ χ j | , . . . , B k = | χ k > < χ ^ | . 

U s i n g H a d a m a r d ' s e s t i m a t e f o r d e t e r m i n a n t s , o n e g e t s t h e 

e s t i m a t e 

I c k ( B 1 B k ) I * k
k / 2

( k ! ) "
1

| | B X | | r . . | | B kl | χ . ( 8 . 3 1 ) 

G r o t h e n d i e c k o r i g i n a l l y d e v e l o p e d h i s t h e o r y o f F r e d h o l m 

d e t e r m i n a n t s i n B a n a c h s p a c e b y u s i n g f o r m u l a s ( 8 . 2 9 ) a n d 

( 8 . 3 0 ) a s a s t a r t i n g p o i n t . 

A s we e x p e c t , t h e o p e r a t o r 1+B i s i n v e r t i b l e i f f 

d e t ( l + B ) φ 0 a n d f r o m ( 8 . 2 5 ) o n e d e r i v e s i m m e d i a t e l y t h e m u l -

t i p l i c a t i v e r u l e 

d e t ( ( l + B ) ( l + C ) ) = d e t ( l + B ) d e t ( l + C ) . ( 8 . 3 2 ) 

8 . 6 . T o m a k e t h e s t o r y c o m p l e t e , l e t us s p e c i a l i z e o u r t h e o r y 

t o t h e B a n a c h s p a c e Ε = 0 ( Ω ) o f c o n t i n u o u s f u n c t i o n s . F o r e v e r y 

i n t e g e r r ^ 1, c h o o s e a f i n i t e o p e n c o v e r i n g (
u

a ) a e i ( r ) ° f
 Ω 

b y s e t s o f d i a m e t e r < 1 / r . F o r e a c h a, c h o o s e a p o i n t x a i n 

U a a n d a c o n t i n u o u s f u n c t i o n Φ Α , t a k i n g p o s i t i v e v a l u e s a n d 

v a n i s h i n g o u t s i d e U . i n s u c h a w a y t h a t Σ φ = 1 ( " p a r t i -
α
 a e i ( r ) 

t i o n o f u n i t y " ) . D e f i n e t h e f i n i t e r a n k l i n e a r o p e r a t o r p p i n 

C ( n ) b y 

( p f ) ( x ) = Σ f ( x 0 ) < P a ( x ) . ( 8 . 3 3 ) 
a G l ( r ) 

A n y c o n t i n u o u s f u n c t i o n f b e i n g u n i f o r m l y c o n t i n u o u s o n t h e 

c o m p a c t s p a c e Ω , t h e s e q u e n c e o f f u n c t i o n s p r f c o n v e r g e s u n i -

f o r m l y t o f o n Ω . M o r e o v e r , b y A s c o l i t h e o r e m , t h e c o n v e r g e n c e 

i s u n i f o r m i n f w h e n f r u n s o v e r a c o m p a c t s u b s e t o f 0 ( Ω ) . T h e 

s p a c e C ( f i ) e n j o y s t h e r e f o r e t h e a p p r o x i m a t i o n p r o p e r t y . I t c a n 

b e s h o w n t h a t a n i n t e g r a l o p e r a t o r A ^ w i t h c o n t i n u o u s k e r n e l Κ 

acts on C(ti) as a nuclear operator, a l t h o u g h it does not act 
2 

on l (ti) as a trace-class operator, g e n e r a l l y s p e a k i n g . W i t h 

t h e p r e v i o u s n o t a t i o n s , t h e f i n i t e r a n k o p e r a t o r P r A K t r a n s f o r m s 

a f u n c t i o n f i n C{ti) i n t o Σ Φ (χ y a ( f ) w h e r e μ ( f ) = 
a 

/ K ( x a , y ) f ( y ) d y . T h e r e f o r e M p ^ ) i s e q u a l t o Σ μ α( φ α) = 
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Σ
 Ι Κ ( χ „ , χ ) Φ α ( χ ) d x . T h i s c o n v e r g e s t o | 0 K ( x , x ) d x h e n c e 

α Ω " 
the trace of A ^ as a nuclear operator in 0 ( Ω ) is equal to the 

"naive" trace jQ K ( x , x ) d x . 

F r o m t h i s f a c t a n d t h e r e s u l t s g i v e n i n s u b s e c t i o n 7 . 1 8 , 

i t f o l l o w s t h a t the Fredholm determinant d e t ( l + K ) is equal to 

the Grothendieck determinant d e t ( l + A ^ ) associated to the nu-

clear operator A . , . 

P A R T T H R E E : 

O V E R V I E W OF R E C E N T D E V E L O P M E N T S 

9 . G r a s s m a n n C a l c u l u s a n d B e r e z i n D e t e r m i n a n t s 

9 . 1 . L e t V b e a c o m p l e x v e c t o r s p a c e o f f i n i t e d i m e n s i o n n , 

a n d c h o o s e a b a s i s e ^ , . . . , e n o f V . We i n t r o d u c e d i n s u b s e c t i o n 

3 . 4 t h e s y m m e t r i c a l g e b r a SV a n d r e m a r k e d t h a t i t s e l e m e n t s 

c a n b e p u t i n b i j e c t i v e c o r r e s p o n d e n c e w i t h t h e p o l y n o m i a l s i n 

η v a r i a b l e s x ^ , . . . , x n . I n t h i s c o r r e s p o n d e n c e , t h e v e c t o r e^ 

c o r r e s p o n d s t o t h e v a r i a b l e x ^ . T h e m u l t i p l i c a t i o n o b e y s t h e 

commutative law x . j X j = +
 x

j
x

- j - F r o m t h e v a r i a b l e s we b u i l t t h e 

m o n o m i a l s , p r o d u c t s o f v a r i a b l e s , w h i c h c a n b e p u t i n t h e n o r -
α
 1

 α
 η 

m a l f o r m x-^ . . . x n b e c a u s e o f c o m m u t a t i v i t y . F r o m t h e m o n o -

m i a l s , o n e b u i l d s t h e p o l y n o m i a l s b y u s i n g l i n e a r c o m b i n a t i o n s 

w i t h c o m p l e x c o e f f i c i e n t s . 

C o n s i d e r n o w t h e e x t e r i o r a l g e b r a A V b u i l t o n V . I n a 

s i m i l a r w a y , i t c a n b e c o n s i d e r e d a s t h e a l g e b r a o f G r a s s m a n n 

v a r i a b l e s ξ ^ , . . . , ξ η , t h e v e c t o r e^ c o r r e s p o n d i n g t o ξ Ί· . T h e s e 
v a r i a b l e s o b e y t h e anti commutative law ξ . ξ _« = - ξ Ί · ξ Ί · . T h i s 

2 ι J J ι 

i m p l i e s ξ . ξ . = - ξ - , - ξ - ρ h e n c e = 0 . T h e m o n o m i a l s i n ξ 1 , . . . , ξ η 

c a n t h e r e f o r e b e n o r m a l i z e d a s ξ · . . . ξ 4 w i t h i n d i c e s i η , . . , i . 

i n s t r i c t l y i n c r e a s i n g o r d e r . A G r a s s m a n n p o l y n o m i a l i n t h e v a -

r i a b l e ξ ^ , . . . , ξ η c a n b e e x p r e s s e d i n a u n i q u e w a y a s a l i n e a r 

c o m b i n a t i o n o f t h e 2
n
 m o n o m i a l s w i t h c o m p l e x c o e f f i c i e n t s . 
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Σ
 Ι Κ ( χ „ , χ ) Φ α ( χ ) d x . T h i s c o n v e r g e s t o | 0 K ( x , x ) d x h e n c e 

α Ω " 
the trace of A ^ as a nuclear operator in 0 ( Ω ) is equal to the 

"naive" trace jQ K ( x , x ) d x . 

F r o m t h i s f a c t a n d t h e r e s u l t s g i v e n i n s u b s e c t i o n 7 . 1 8 , 

i t f o l l o w s t h a t the Fredholm determinant d e t ( l + K ) is equal to 

the Grothendieck determinant d e t ( l + A ^ ) associated to the nu-

clear operator A . , . 

P A R T T H R E E : 

O V E R V I E W OF R E C E N T D E V E L O P M E N T S 

9 . G r a s s m a n n C a l c u l u s a n d B e r e z i n D e t e r m i n a n t s 

9 . 1 . L e t V b e a c o m p l e x v e c t o r s p a c e o f f i n i t e d i m e n s i o n n , 

a n d c h o o s e a b a s i s e ^ , . . . , e n o f V . We i n t r o d u c e d i n s u b s e c t i o n 

3 . 4 t h e s y m m e t r i c a l g e b r a SV a n d r e m a r k e d t h a t i t s e l e m e n t s 

c a n b e p u t i n b i j e c t i v e c o r r e s p o n d e n c e w i t h t h e p o l y n o m i a l s i n 

η v a r i a b l e s x ^ , . . . , x n . I n t h i s c o r r e s p o n d e n c e , t h e v e c t o r e^ 

c o r r e s p o n d s t o t h e v a r i a b l e x ^ . T h e m u l t i p l i c a t i o n o b e y s t h e 

commutative law x . j X j = +
 x

j
x

- j - F r o m t h e v a r i a b l e s we b u i l t t h e 

m o n o m i a l s , p r o d u c t s o f v a r i a b l e s , w h i c h c a n b e p u t i n t h e n o r -
α
 1

 α
 η 

m a l f o r m x-^ . . . x n b e c a u s e o f c o m m u t a t i v i t y . F r o m t h e m o n o -

m i a l s , o n e b u i l d s t h e p o l y n o m i a l s b y u s i n g l i n e a r c o m b i n a t i o n s 

w i t h c o m p l e x c o e f f i c i e n t s . 

C o n s i d e r n o w t h e e x t e r i o r a l g e b r a A V b u i l t o n V . I n a 

s i m i l a r w a y , i t c a n b e c o n s i d e r e d a s t h e a l g e b r a o f G r a s s m a n n 

v a r i a b l e s ξ ^ , . . . , ξ η , t h e v e c t o r e^ c o r r e s p o n d i n g t o ξ Ί· . T h e s e 
v a r i a b l e s o b e y t h e anti commutative law ξ . ξ _« = - ξ Ί · ξ Ί · . T h i s 

2 ι J J ι 

i m p l i e s ξ . ξ . = - ξ - , - ξ - ρ h e n c e = 0 . T h e m o n o m i a l s i n ξ 1 , . . . , ξ η 

c a n t h e r e f o r e b e n o r m a l i z e d a s ξ · . . . ξ 4 w i t h i n d i c e s i η , . . , i . 

i n s t r i c t l y i n c r e a s i n g o r d e r . A G r a s s m a n n p o l y n o m i a l i n t h e v a -

r i a b l e ξ ^ , . . . , ξ η c a n b e e x p r e s s e d i n a u n i q u e w a y a s a l i n e a r 

c o m b i n a t i o n o f t h e 2
n
 m o n o m i a l s w i t h c o m p l e x c o e f f i c i e n t s . 
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A m o n o m i a l ξ . . . . ξ . i s c a l l e d even o r odd i f k i s r e s p e c t i -
Ί
1

 ]
k 

v e l y e v e n o r o d d . A n e v e n ( o d d ) p o l y n o m i a l i s a l i n e a r c o m b i -

n a t i o n c o n t a i n i n g o n l y e v e n ( o d d ) m o n o m i a l s . 

T h e r e i s o n l y o n e m o n o m i a l o f d e g r e e n , n a m e l y . . . ξ η < 

L e t A = ( a · · ) be a n y m a t r i x o f s i z e η χ η , a n d i n t r o d u c e t h e 

η 
G r a s s m a n n p o l y n o m i a l s π . = Σ a . . ξ . o f d e g r e e 1. T h e n t h e a n -

1
 j = l

 1J J 

t i c o m m u t a t i v i t y r u l e
 η

Ί · ^ ^ · = - n ^ . n ^ h o l d s a n d t h e p r o d u c t 
η

1 * ' *
η

η
 1S

 h o m o g e n e o u s o f d e g r e e n , h e n c e a s c a l a r m u l t i p l e 

o f ' · ·
ζ

π · S i n c e t h e G r a s s m a n n p o l y n o m i a l s a r e j u s t a n o t h e r 

w a y o f d e n o t i n g t h e e l e m e n t s o f A V , t h e i r p r o d u c t c o r r e s p o n d s 

t o t h e w e d g e p r o d u c t , h e n c e f o r m u l a ( 2 . 1 6 ) c a n b e r e w r i t t e n a s 

n r . . n n = ( d e t Α ) ξ χ . . . ξ ρ . ( 9 . 1 ) 

We c a n d e v e l o p t h e p r o d u c t n ^ . - . n a s t h e sum o f t h e n
n
 p r o -

d u c t s a , . . . . a . ζ . . . . ξ . . T h e m o n o m i a l ξ . . . . ξ . i s 0 u n -
i J

l
 n j

n
 J

l
 J

n
 J

l
 J

n 
l e s s t h e i n d i c e s j ^ . . . J n f o r m a p e r m u t a t i o n σ o f 1 . . . n , 

a n d i n t h i s c a s e i s e q u a l t o ( s g n a ) ξ ^ . . . ξ . H e n c e we g e t t h e 

f a m i l i a r c o m p l e t e e x p a n s i o n o f t h e d e t e r m i n a n t 

d e t A = J s ( s g n a ) βχ σ ( 1 ). . . a n a { n) . ( 9 . 2 ) 

9 . 2 . B e r e z i n ' s v e r y o r i g i n a l i d e a w a s t o d e f i n e a d i f f e r e n -

t i a l a n d i n t e g r a l c a l c u l u s o f G r a s s m a n n p o l y n o m i a l s . C o n s i d e r 

f i r s t t h e d e r i v a t i v e s . C h o o s e a n i n d e x i b e t w e e n 1 a n d n . T h e n 

a n y g i v e n G r a s s m a n n p o l y n o m i a l Ρ ( ξ ^ , . . . , ξ η ) c a n b e w r i t t e n u n i -

q u e l y a s A + ξ ^ Β , w h e r e A a n d Β a r e G r a s s m a n n p o l y n o m i a l s i n 

t h e v a r i a b l e s d i f f e r e n t f r o m ξ . . We d e f i n e t h e p a r t i a l d e r i v a -

t i v e δ^Ρ = δ Ρ / δ ξ ι · a s t h e c o e f f i c i e n t Β o f ξ . i n P . N o t i c e t h a t , 

d u e t o a n t i c o m m u t a t i v i t y we h a v e t o d i s t i n g u i s h ξ Ί · Β f r o m Β ξ Ί · . 

F o r t h i s r e a s o n , δ . Ρ i s c a l l e d t h e forward derivative w i t h 

r e s p e c t t o ξ η. . 

We r e c o r d h e r e a f e w b a s i c f o r m u l a s , w h i c h e x c e p t f o r t h e 

m i n u s s i g n s , a r e s i m i l a r t o f a m i l i a r f o r m u l a s 

V j = "Vi » ? i ç j • -
?
j

ç
T
 ( 9

·
3 ) 

« i 5 j + ξ . δ . = δ . . ( 9 . 4 ) 
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S . ( P Q ) = ( S . p . Q + . ( 9 . 5 ) 

I n f o r m u l a ( 9 . 4 ) , ξ . i s i n t e r p r e t e d a s t h e o p e r a t o r m a p p i n g 

a G r a s s m a n p o l y n o m i a l Ρ i n t o ξ ^ Ρ ( " f o r w a r d rr^ ' i t i p l i c a t i o n " b y 

ξ . ) ; h e n c e , we g e t m o r e e x p l i c i t e l y 

δ . ^ . Ρ ) + Ç j - C ^ . P ) = ö i dP . ( 9 . 6 ) 

I n f o r m u l a ( 9 . 5 ) , t h e s i g n i s + o r - i f Ρ i s e v e n o r o d d r e s -

p e c t i v e l y . N o t i c e t h a t
 δ

 Ί· Ρ i s o d d ( e v e n ) w h e n Ρ i s e v e n ( o d d ) , 

h e n c e
 δ

Ί · c h a n g e s t h e p a r i t y . A c c o r d i n g t o t h e s i g n r u l e f o r 

t h e p a r i t y o f p r o d u c t s 

e v e n χ e v e n = e v e n ; e v e n χ o d d = o d d ; 

o d d χ e v e n = o d d ; o d d χ o d d = e v e n , 

( s e e f o r m u l a ( 3 . 3 ) ) , t h e o p e r a t o r s δ., ( a s w e l l a s ξ . · ) a r e t o b e 

c o n s i d e r e d às odd * F o r m u l a ( 9 . 4 ) c a n b e r e w r i t t e n a s 

δ ξ = - ξ . δ . f o r i φ j i n a n a l o g y w i t h ( 9 . 3 ) . M o r e o v e r i n f o r -

I J J I 

m u l a ( 9 . 5 ) , a m i n u s s i g n o c c u r s o n l y a t t h e p l a c e w h e r e δ., 

a n d Ρ a r e i n t e r c h a n g e d a n d o n l y w h e n Ρ i s o d d . A l l t h i s a g r e e s 

f u l l y w i t h K o s z u l ' s s i g n r u l e ( s e e s u b s e c t i o n 2 . 9 ) ) . 

I f I i s a n y s u b s e t o f t h e s e t { ΐ , 2 , . . . , η > w i t h e l e m e n t s 

i ^ , . . . , ^ a r r a n g e d i n i n c r e a s i n g o r d e r , we s e t 

tr = ξ . . . . ξ . · , δ = δ . . . δ . ( 9 . 7 ) 

A c c o r d i n g t o t h e r u l e s ( 9 . 3 ) a n d ( 9 , 4 ) , we c a n s h i f t i n a n y 

p r o d u c t o f f a c t o r s a n d δ t h e f a c t o r s δ ^ t o t h e r i g h t a n d 

t h e f a c t o r s t o t h e l e f t . H e n c e a d i f f e r e n t i a l o p e r a t o r a c t i n g 

o n t h e G r a s s m a n p o l y n o m i a l s c a n b e w r i t t e n i n t h e n o r m a l f o r m 

D = a I >0 V j . ( 9 . 8 ) 

M o r e o v e r t h e m o n o m i a l s f o r m a b a s i s o f t h e G r a s s m a n a l g e b r a 

Λ ( ξ 1 5. . . , C n ) . T h e a c t i o n o f t h e o p e r a t o r ξ j <S ^ i s g i v e n a s 

f o l 1 o w s 

(ζιδοΗξκ) 
+ C L i f J c . Κ a n d I π ( K \ J ) = 0 

( 9 . 9 ) 

0 o t h e r w i s e 
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( w h e r e L = I υ ( K \ J ) ) . I t i s t h e n e a s y t o p r o v e t h a t a n y l i n e a r 

o p e r a t o r a c t i n g o n Λ ( ξ ^ , . . . , ξ ) c a n be u n i q u e l y w r i t t e n i n 

t h e f o r m (9.8). I n p a r t i c u l a r , any operator is a differential 

operator. 

L e t us a d d t w o r e m a r k s . When η = 1, w r i t e a s ξ. H e n c e 

t h e G r a s s m a n n a l g e b r a Λ ( ξ ) h a s a b a s i s Ι , ξ i n w h i c h t h e o p e -

r a t o r s ξ=
 a n c

*
 δ = δ ι a re

 e x p r e s s e d b y t h e m a t r i c e s 

Ό 0\ fo l\ 

\ , « = . (9.10) 

α ο j \o o | 

T h e r e l a t i o n s (9.3) a n d (9.4) t a k e t h e f o r m 

ξ ξ = δδ = ο, ξ δ + δ ξ = 1 , (9.11) 

w h i c h a r e e a s y t o c h e c k o n (9.10). N o t i c e t h a t t h e P a u l i m a -

t r i c e s a r e σ + = δ , σ _ = ξ , = δ ξ - ξ δ . 

M o r e o v e r , t h e r e l a t i o n s (9.3) a n d (9.4) d e f i n e a C l i f f o r d 

a l g e b r a w i t h g e n e r a t o r s ξ ^ , . . . , ξ η , δ ^ , , . , , δ ^ a n d o u r r e s u l t 

a b o u t d i f f e r e n t i a l o p e r a t o r s c o r r e s p o n d s t o t h e w e l l - k n o w n f a c t 

t h a t s u c h an a l g e b r a i s a n a l g e b r a M n ( I ) o f c o m p l e x m a t r i c e s 

o f s i z e 2
n
 χ 2

r ,n on" " 2
n 

9.3. We come now t o Berezin integral. W r i t e a G r a s s m a n n p o l y -

n o m i a l i n Λ ( ξ 1 , . . . , ξ η ) a s 

P
 =

 c
o

 + c
i

e
i
 +

 · · '
 + c

1 2 . . . n
 ζ

1 · · ·
ζ

η · 

T h e c o e f f i c i e n t c ^ n

 1 s
 c a l l e d t h e Berezin integral o f P , 

t o b e d e n o t e d b y | ρ · δ
η

ξ , o r / Ρ · δ ξ 1 . . . δ ξ η . T h i s i n t e g r a l c a n 

b e c a l c u l a t e d a s a r e p e a t e d i n t e g r a l 

M l ! ^ 2 ·•· / δ ξ η Ρ(ξι>···>ξη) 
I n t h i s k i n d o f c a l c u l a t i o n , we a s s u m e t h a t t h e δ ξ . a n t i c o m -

m u t e w i t h e a c h o t h e r , a n d commute w i t h t h e ξ., ( t h e r e i s no u n a -

n i m o u s a g r e e m e n t o n t h i s l a s t p o i n t ) . T h e b a s i c r u l e s a r e as 

f o l 1 o w s : 

/ P ( * l
 ξ

η )
δ ξ
1 · ·

ό ξ
η

 =
 / Ρ ( ζ ι - · - ξ ς ) δ ξ 1 . . . δ ξ ς · 

(9.12) 

/ R ( 5 q + 1. . . . . Ç n ) « Ç q + l " - ^ n 
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i f Ρ ( ξ 1 , . . . , ξ η ) s p l i t s a s Q( ζ χ ,... , ξ ς) R U q + 1, . . . , ξ η ) 

/ δ ξ , · = Ο , /ξ.δξ,. = 1 . ( 9 . 1 3 ) 

I n t h e d e r i v a t i v e δ · Ρ , we h a v e a G r a s s m a n n p o l y n o m i a l o f 

£χ ΐ _ 1 »£•,· + ! » · · · » £ n h e n c e t h e r e c a n b e no t e r m p r o p o r t i o -

n a l t o ξ^,...,ξη. H e n c e we g e t 

Jo.jP ·δ
η
ξ = 0 , ( 9 . 1 4 ) 

a n d f r o m ( 9 . 5 ) o n e d e r i v e s t h e r u l e o f integration by parts 

/δ .ρ.(}δ
η
ξ = + / Ρ · δ Ί · 0 δ

η
ξ ( 9 . 1 5 ) 

w h e r e t h e s i g n + ( - ) h o l d s f o r Ρ o d d ( e v e n ) . 

9 . 4 . L e t us m e n t i o n t h e f o r m u l a f o r a linear change of varia-

bles in a Berezin integral. R e c a l l f i r s t t h a t g i v e n a r e a l 

f u n c t i o n f ( x ) o n Q R
n
 a n d a n i n v e r t i b l e l i n e a r map A f r o m t R

n 

t o R
N

9 o n e g e t s 

/ f ( x ) d
n

x = d e t A / f ( A y ) d
n

y . ( 9 . 1 6 ) 

H e n c e t h e r u l e : t h e i n t e g r a l i s u n c h a n g e d u n d e r t h e s i m u l t a -

n e o u s s u b s t i t u t i o n s χ ν-» · A y , d
n
x ( d e t A ) * d

n
y . 

C o n s i d e r n o w a G r a s s m a n n p o l y n o m i a l Ρ i n Λ ( ζ 1, . . . 5ξ η) 

a n d e x p r e s s t h e ξ. a s l i n e a r c o m b i n a t i o n s o f new G r a s s m a n n v a -

r i a b l e s 

η 
ξ. = Σ a . . η . , o r i n s h o r t e r f o r m ξ = Αη, ( 9 . 1 7 ) 

1
 j = l

 1J J 

w h e r e t h e m a t r i x A = ( a - j j ) i s i n v e r t i b l e . T h e n we g e t 

/ Ρ(ξ)δ
η
ξ = ( d e t Α Γ

1
 / Ρ ( Α η ) δ

η

η ( 9 . 1 8 ) 

o r i n s y m b o l i c f o r m 

δ
η
ξ = ( d e t Α ) "

1
 δ

η
η f o r ξ = An . ( 9 . 1 9 ) 

T o p r o v e ( 9 , 1 8 ) , l e t us r e m a r k t h a t f o r Ρ(ξ) h o m o g e n e o u s o f d e -

g r e e k < n i n ξ, t h e G r a s s m a n n p o l y n o m i a l P(An) i s h o m o g e n e o u s 

o f d e g r e e k < n i n n, h e n c e b o t h i n t e g r a l s i n ( 9 . 1 8 ) a r e 0 , 
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I t r e m a i n s t h e c a s e Ρ ( ξ ) = ξ ι · · · ξ η » h e n c e P ( A n ) = ( d e t Α ) η ι. . . η η 

a n d o u r f o r m u l a f o l l o w s f r o m 

/?! . . . ξη i E j . . . β ξ η = J n ! . . . η η δ π ι . . . 6 n n = 1 . 

9 . 5 . We c o m e t o t h e exponential. I f Ρ a n d Q a r e e v e n G r a s s m a n n 

p o l y n o m i a l s , we g e t t h e c o m m u t a t i v i t y r u l e PQ = Q P . We d e f i n e 

t h e e x p o n e n t i a l o f Ρ b y t h e f a m i l i a r p o w e r s e r i e s 

00 

e x p Ρ = Σ p
m

/ m ! ( 9 . 2 0 ) 
m = 0 

p r o v i d e d i t c o n v e r g e s . T h e c o n v e r g e n c e c a n be p r o v e d a s f o l -

l o w s . W r i t e Ρ a s c + Q w h e r e c i s t h e c o n s t a n t t e r m o f P . T h e n 

Q h a v i n g no c o n s t a n t t e r m b e g i n s w i t h t e r m s o f d e g r e e ^ 2 , 

h e n c e Q
m
 = 0 f o r m > γ. T h e s e r i e s f o r e x p Q b r e a k s d o w n , 

n a m e l y N 

e x p Q = Σ Q
m

/ m ! , ( 9 . 2 1 ) 
m=0 

w h e r e Ν i s t h e i n t e g r a l p a r t o f M o r e o v e r , b y t h e b i n o m i a l 

t h e o r e m , o n e o b t a i n s 

Ν 
P

m
/ m ! = Σ ( c

m
"

r
/ ( m - r ) ! ) - ( Q

r
/ r ! ) . ( 9 . 2 2 ) 

r = 0 

B y t h e c o n v e r g e n c e o f t h e o r d i n a r y e x p o n e n t i a l s e r i e s f o r 

e x p c , we g e t , a f t e r r e a r r a n g i n g , t h e c o n v e r g e n c e o f t h e s e -

r i e s f o r e x p P , a n d t h e f o r m u l a 

e x p Ρ = e x p c · e x p Q . ( 9 . 2 3 ) 

T h e f u n c t i o n a l e q u a t i o n 

e x p ( P + Ρ ' ) = e x p Ρ - e x p Ρ ' ( 9 . 2 4 ) 

c a n n o w b e p r o v e d b y e x p a n d i n g t h e e x p o n e n t i a l s i n p o w e r s e -

r i e s a n d u s i n g t h e b i n o m i a l t h e o r e m t o c a l c u l a t e ( P + P
,
)

m
/ m ! . 

T h e a l g e b r a w o r k s b e c a u s e Ρ a n d Ρ ' c o m m u t e , a n d t h e c a l c u l u s 

g o e s o n b e c a u s e o f t h e c o n v e r g e n c e o f t h e s e r i e s . O n e c o u l d 

a l s o u s e f o r m u l a ( 9 . 2 3 ) . 

N o t i c e t h a t t h e s q u a r e o f a n y m o n o m i a l i n ξ]_,...»ξη 

i s 0 . H e n c e , a n y e v e n e l e m e n t Q o f Λ ί ξ ^ , . , . , ξ ^ w i t h o u t c o n -

s t a n t t e r m , c a n b e w r i t t e n a s Q = λ·ι + .'..+λΓ w h e r e 

544 



λ
1

 =
 · · ·

 =
 r

 = 0 a nd 0f c o u r se λ

Ί

, λ
3

 = λ
3

λ
ι ·

 If λ = 0 t h en 

β χ ρ λ = 1 + λ , a n d f r o m t h e f u n c t i o n a l e q u a t i o n ( 9 . 2 4 ) , o n e 

c o n c l u d e s 

r 
e x p Q = π ( 1 + λ . ) . ( 9 . 2 5 ) 

i = l
 1 

9 . 6 . We d e r i v e now t h e G r a s s m a n n a n a l o g u e s o f t h e g a u s s i a n 

i n t e g r a l s ( s e e s e c t i o n 4 ) . C o n s i d e r a n e l e m e n t 0 o f Λ ( ξ ΐ 9. . , ξ η ) 

h o m o g e n e o u s o f d e g r e e 2 , h e n c e Q = Σ q . - ξ . ξ . , w i t h a s k e w -
i , j

 ,J 1 J 

s y m m e t r i c m a t r i x ( ς , · . · ) · We c a n w r i t e a l s o 7Q = Σ q - . ξ . ξ . 
1 J c

 i < j
 J J 

a n d f r o m ( 9 . 2 5 ) , o n e d e r i v e s 

e x p | Q = π (1 + ς . , ξ ^ , - ) . ( 9 . 2 6 ) 

We h a v e t o c a l c u l a t e t h e c o e f f i c i e n t c o f ξ^^ • • · ξ η i n e x p Q . 

I t i s o b v i o u s l y 0 i f η i s o d d . S u p p o s e η e v e n , η = 2m s a y . 

T h e n c i s o b t a i n e d a s f o l l o w s : o n e c o n s i d e r s a l l p o s s i b l e 

p a r t i t i o n s o f t h e s e t { 1 , 2 , . . . , 2 m } i n t o m p a i r s { i ^ j ^ , . . . , 

{ i m , j m } , d e n o t e s b y ε t h e s i g n o f t h e p e r m u t a t i o n s e n d i n g 

12 . . . 2m i n t o i ι J χ
Ί
" 2

J
 2 ' · · ^ m ^ m *

 a nd m L , l t l
' P l i e s i t b y q ^ ^ j ^ . · · 

. . q . · . T h e n m a k e t h e sum o f a l l s u c h c o n t r i b u t i o n s , 
Ί
π τ m 

t w o p a r t i t i o n s i n t o m p a i r s d i f f e r i n g b y t h e o r d e r o f t h e p a i r s 

b e i n g c o n s i d e r e d a s i d e n t i c a l . T h i s i s t h e s o - c a l l e d Pfaffian 

o f t h e m a t r i x ( q . . ) 

Examples : a) for ill = 1 ,
 c

 ~ ^12 

b ) f o r m = 2 , c = Ρΐ2^34"^13^24+ς
14

ς
23 

T h i s P f a f f i a n , t o b e d e n o t e d P f ( Q ) o r P f i q ^ . ) i s a B e r e z i n i n -

t e g r a l 

P f ( Q ) = / e x p ^ Q ( Ç ) δ
η
ξ ( η e v e n ) . ( 9 . 2 7 ) 

T h e d e t e r m i n a n t o f a s q u a r e m a t r i x A = (
a
- j j ) ° f

 s i ze 

η χ η c a n a l s o b e i n t e r p r e t e d a s a B e r e z i n i n t e g r a l . N a m e l y 

i n t r o d u c e G r a s s m a n v a r i a b l e s ξ ^ , . - ^ ξ η , n1 9-.-9nn a n d t h e b i -

l i n e a r f o r m Α (ξ ,η ) = Σ a - . ξ , , η . , We c l a i m 

i , j
 J J 

/ / e x p Α (ξ ,η ) ΑοΛ = ( - i ) " ^
1

) /
2
 . d e t A . ( 9 . 2 8 ) 
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I n d e e d d e v e l o p Α ( ξ , π ) a s ξ ^ ί π ) + . . . + £ n

u

n ( n ) w i t h 
η 

u . - ( n ) = Σ a . . η . . E a c h o f t h e t e r m s C j U . ( n ) h a s a s q u a r e e q u a l 
1
 j _ χ

 1
 J J

 11 

t o 0 , h e n c e we h a v e t o c a l c u l a t e t h e c o e f f i c i e n t o f ξ , . . . ξ Μ n i n 
η ι . . . η η i n π ( 1 + ξ Ί · ι ι . ( η ) ) . T h e r e l e v a n t t e r m i n t h e p r o -

i n i = 1 ι ι 

d u c t i s ξ ^ ι ι ^ η ) . . . ξ η
υ

η ( ^ ) » w h i c h c a n b e r e a r r a n g e d as 

( - l , " ( n - l > /
2

 5n U l( n ) . . . u n ( n ) 

We r e m a r k e d a l r e a d y t h a t u ^ ( n ) . . . u ( n ) i s e q u a l t o 

( d e t A ) * n 1 . . . n n , h e n c e f o r m u l a ( 9 . 2 8 ) i s p r o v e d . We c o u l d 

r e w r i t e t h i s f o r m u l a a s 

/ J e x p i Σ ξ.à. .τ).} δ ξ ^ η ^ . . 6 ξ η δ π η = d e t Α ( 9 . 2 9 ) 

i n a n a l o g y w i t h f o r m u l a ( 4 . 2 2 ) . T o m a k e t h e a n a l o g y m o r e 

c o m p l e t e , s o m e a u t h o r s h a v e p r o p o s e d t h e n o r m a l i z a t i o n / ξ δ ξ = 

( - 2 π i )
1

/
2
 i n s t e a d o f / ξ δ ξ = 1. 

T o g e t a f o r m u l a a n a l o g o u s t o ( 4 . 1 0 ) , n a m e l y 

/ e x p ^ ( ξ ) δ
η

ξ = ( d e t Q )
1 /2

 , ( 9 . 3 0 ) 

we n e e d o n l y t o p r o v e t h e c l a s s i c a l r e s u l t t h a t t h e d e t e r m i n a n t 

o f t h e s k e w - s y m m e t r i c m a t r i x Q i s t h e s q u a r e o f i t s P f a f f i a n 

( f o r n e v e n ) . T h i s c a n be d o n e b y a t r i c k s i m i l a r t o t h e o n e 

u s e d i n s u b s e c t i o n 4 . 1 . N a m e l y , f r o m ( 9 . 1 2 ) a n d ( 9 . 2 7 ) we g e t 

( ~ l )
n /2

 P f ( Q )
2
 = / / e x p - l ( Q U ) - Q ( n ) ) δ

η

ξ δ
η

η . ( 9 . 3 1 ) 

I n t r o d u c e t h e b i l i n e a r f o r m Q(c,n) = Σ q . - ξ . η . . F r o m ( 9 , 2 8 ) 
•j -j · J ι J 

o n e g e t s '
J 

( ^ 1 }n ( n - l ) / 2 d et Q = ^ θ χρ ο ( ξ 9 η ) ίπ ξ δη η ^ {9 3 2) 

B u t t h e i n t e g r a l i s t r a n s f o r m e d i n t o t h e p r e v i o u s o n e , i f o n e 

m a k e s t h e s u b s t i t u t i o n ( ξ , η ) -> ( ξ - π , γ ( ξ + η ) ) , o f d e t e r m i n a n t 1 

η 2 / Ο 

( N o t i c e t h a t n i s e v e n , h e n c e ( - 1 ) = 1 ) . T h e i m p o r t a n t f a c t 

a b o u t f o r m u l a ( 9 . 3 0 ) i s t h a t i t c h o o s e s o n e o f t h e s q u a r e 

r o o t s o f d e t Q . 
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9 . 7 . We s h a l l n o w m i x o r d i n a r y v a r i a b l e s w i t h G r a s s m a n n v a -

r i a b l e s . So c o n s i d e r v e c t o r s χ = ( x i » . . . , X p ) i n C R
P
 a n d G r a s s -

mann v a r i a b l e s ξ = ( ξ ^ , . , . , ξ ^ ) . B y a superfunction we m e a n a 

G r a s s m a n n p o l y n o m i a l i n t h e v a r i a b l e s ξ w h o s e c o e f f i c i e n t s d e -

p e n d o n x , n a m e l y 

F ( x ; C ) = Σ Ρ τ ( χ ) . ξ τ ( 9 . 3 3 ) 
I
 1 1 

( s u m m a t i o n o v e r a l l s u b s e t s I o f i l q l ) . On s u c h a s u p e r -

f u n c t i o n , we o p e r a t e w i t h o r d i n a r y d e r i v a t i v e s 3. = d/dx^ i n 

t h e p a r a m e t e r x , a n d G r a s s m a n n d e r i v a t i v e s δ . = δ / δ ξ . . T h e 

j J 

r u l e s ( 9 . 3 ) a n d ( 9 . 4 ) a r e s u p p l e m e n t e d b y t h e c l a s s i c a l o n e s 

3 Ί. 3 Ί· . = 91.131· , χ , . χ . , = x . , x i ( 9 . 3 4 ) 

3

 Ί· x i - - ΧΊ·.3Ί· = δ... . ( 9 . 3 5 ) 

M o r e o v e r a n y o p e r a t o r i n t h e bosonic family x-^,...,Χρ, 
3
1 ' ' * '

9
ρ

 c o m m u t es
 w i t h a n y o p e r a t o r i n t h e fermionic family 

ξ χ * . - - , ξ ς , δ χ , . . . , δ ς . 

B e r e z i n ' s i n t e g r a l c a n be d e f i n e d i n t h e g e n e r a l c a s e 

/ Ι ί ( χ ; ξ ) d
p

x d ^ = / F 1 2_ q ( x ) d
p
x . ( 9 . 3 6 ) 

I n t e g r a t i o n b y p a r t w i t h r e s p e c t t o o r d i n a r y v a r i a b l e s a s w e l l 

a s t o G r a s s m a n n v a r i a b l e s i s now p e r m i t t e d . 

I n w h a t s e n s e i f F ( x ; £ ) a f u n c t i o n ? T h e q u e s t i o n h a s 

b e e n m u c h d e b a t e d . H e r e i s a s i m p l e a n s w e r . C o n s i d e r an a u x i -

l i a r y G r a s s m a n a l g e b r a A = Λ ( π 1 $. . . , η ) w i t h real c o e f f i c i e n t s . 

C o n s i d e r e v e n e l e m e n t s a i , . . . , a o f Λ a n d o d d e l e m e n t s 

α ^ , . , . , α o f Λ . F o r a n y s u b s e t I o f ί 1 , 2 , . . . , q } w i t h e l e m e n t s 

J i < J o
<
 . . .

 <
J C » t h e s u b s t i t u t i o n o f a . t o ξ . i n ξ τ = ξ Ί · . . . ξ Ί · 1 L 5

 J J ± J ι j s 

g i v e s o b v i o u s l y α γ= a . ...a. . We p r o p o s e t o d e f i n e 
1 J

1
 J

s 

F ( a x , . . . , a ;α χ , . . . ,α ) a s z F j ( a 1 , . . . > a p ) a j p r o v i d e d we g i v e 

a r u l e t o s u b s t i t u t e e v e n elements a ^ , . . . ^ o f Λ i n t o a n o r -

d i n a r y f u n c t i o n G ( x 1 9. . . , x ) . R e m a r k t h a t a . c a n b e w r i t t e n 
ο · ο 

as a j = a^. + b j w h e r e t h e c o n s t a n t t e r m a j i s a r e a l n u m b e r . 

S i n c e b^,...,bp b e g i n w i t h G r a s s m a n n m o n o m i a l s o f d e g r e e ^ 2 , 
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a n y m o n o m i a l i n b 1 ?, , . . , b ( w h i c h c o m m u t e t w o b y t w o ! ) o f d e -
r 

g r e e d > w i l l v a n i s h . H e n c e we c a n u s e a t r u n c a t e d T a y l o r 

s e r i e s t o d e f i n e G ( a ^ , . . . , a p ) a s a n e l e m e n t o f Λ , n a m e l y 
λ Ί λ 

G ( a ? + b T , . . . , a +b ) = Σ 3- ...3
 p

 G ( a ? , . . . , a ° ) 
λ
1

 +
 · * •

i
"

A
p = - Z 

• b ^ . . . b p P / λ ^ . . . Λ ρ ! ( 9 . 3 7 ) 

9 . 8 . L e t us r e t u r n t o o u r d i s c u s s i o n i n s u b s e c t i o n 3 . 5 . I n t r o -

d u c e a b a s i s e ^ , . . . , e n o f V. T h e a l g e b r a ΣΜ, d i r e c t sum o f t h e 

s p a c e s Σ
1
^ , i s a l s o t h e sum o f t h e s p a c e s Σ Β ' ^ = $ Β ν β A

F
V . 

I t f o l l o w s t h a t ΣW i s an a l g e b r a o f m i x e d p o l y n o m i a l s i n c o m -

m u t i n g v a r i a b l e s x l 9. . . , x n a n d a n t i c o m m u t i n g v a r i a b l e s 

ζ 1 , . . . , ξ η . T h e y c a n b e c o n s i d e r e d a s s u p e r f u n c t i o n s F ( x ; C ) = 

Σ F J ( X ^ J w h e r e e a c h c o m p o n e n t F j ( x ) i s a p o l y n o m i a l i n 

χ = ( x j , . . . , x ) . O n t h e s e m i x e d p o l y n o m i a l s , we c a n o p e r a t e 

w i t h t h e o p e r a t o r s χ · , ξ · , 3 / 3 χ · , δ/δξ.. We c o n s i d e r t h e t w o 

• j ι j 
d i f f e r e n t i a l o p e r a t o r s 

* ' f : Ί ~ · " " Â " J •
 < 9

'
3 8) 

We g e t t h e L e i b n i t z r u l e s 

d ( F G ) = d F . G + F - d G 

s ( F G ) = s F - G + F . s G 

( w i t h a p l u s ( m i n u s ) s i g n f o r F e v e n ( o d d ) ) . S i n c e 3/3χ· i s 

j 
an e v e n o p e r a t o r , a n d δ/δξ. a n d o d d o p e r a t o r , b o t h d and s 

J 

are odd operators. L e t us c a l c u l a t e s d + d s : 

sd +ds = . Σ (
x
 -j δ τ ξ j 3 j

 +
 Sj-aj^i) 

1
 » J 
' 5 J 

- Σ Χ · 3 . + Σ ξ . δ . 

( n o t i c e t h a t χ.ξ.δ-3. i s e q u a l t o ξ χ̂,-^,-δ.. s i n c e χ . c o m m u t e s 

t o ζ. a n d 3j c o m m u t e s t o δ ̂  ) . A n e l e m e n t Η i n Σ ' W i s a 
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h o m o g e n e o u s p o l y n o m i a l o f d e g r e e Β i n x , h e n c e b y E u l e r c l a s -

s i c a l r e s u l t , o n e g e t s Σ x . a ^ H = Β · Η . S i m i l a r l y , Η i s a h o m o -

g e n e o u s p o l y n o m i a l o f d e g r e e F i n ξ a n d t h e f o r m u l a Σ ξ ^ Η = 

F ' H i s e a s i l y p r o v e d . H e n c e s d + d s m u l t i p l i e s H b y ^ t h e t o t a l 

d e g r e e k = Β + F . 

I t r e m a i n s t o p r o v e t h a t o u r o p e r a t o r s s a t i s f y t h e 

r u l e s ( 3 . 2 0 ) a n d ( 3 . 2 1 ) . A n y e l e m e n t a i n W
+
 i s a l i n e a r c o m -

b i n a t i o n w i t h c o m p l e x c o e f f i c i e n t s o f x ^ , . . . , x n , h e n c e 

da = i r a . F r o m L e i b n i t z r u l e o n e d e r i v e s 

Β 
d ( a i. . . a ß ) = î a 1 . . . a i -1 d a . a i + 1 . . . a ß 

a n d m o r e o v e r e l e m e n t s o f W" a c t a s s c a l a r s w i t h r e s p e c t t o t h e 

d e r i v a t i o n d . F o r m u l a ( 3 . 2 0 ) f o l l o w s a t o n c e , a n d t h e p r o o f 

o f ( 3 . 2 1 ) i s s i m i l a r . 

9 . 9 . T h e b a s i c i d e a i n s u p e r s y m m e t r y i s t o c o n s i d e r t r a n s f o r -

m a t i o n s m i x i n g o r d i n a r y v a r i a b l e s χ ^ , , . , , χ ( h e r e a f t e r c a l l e d 

b o s o n i c v a r i a b l e s ) w i t h G r a s s m a n n v a r i a b l e s ξ ^ . , . , ξ ^ ( t h e 

" f e r m i o n i c " v a r i a b l e s ) , A l i n e a r t r a n s f o r m a t i o n w i l l t a k e t h e 

m a t r i x f o r m 

w h e r e Τ i s w r i t t e n i n b l o c k f o r m 

Τ = 

Ρ ^ 

F o r i n s t a n c e , o n e g e t s χ ' · = Σ m . . χ . + Σ η - , , ξ . . 
1
 j = l

 1J 1
 k = l

 1Κ k 

I f we i n s i s t t h a t x^. s h o u l d b e b o s o n i c ( t h a t i s e v e n ) , we c a n -

n o t a c h i e v e s u c h a t r a n s f o r m a t i o n w i t h o r d i n a r y n u m b e r s u n l e s s 
t h e η . , , ' ε a r e 0 , t h a t i s Ν = 0 , Ρ = 0 . I f Τ i s a m a t r i x w i t h 

/M 0\ 

c d m p l e x c o e f f i c i e n t s , i t w i l l h a v e t h e f o r m Τ = | \ a n d we 

s h a l l g e t n o m i x i n g \ 0 Q / 

χ ' = Mx , ξ ' = ( }ξ 

T h e t r i c k i s t o i n t r o d u c e a n a u x i l i a r y G r a s s m a n n a l g e b r a 

Λ = A ( n l 9. . . , n r ) a n d t o a s s u m e t h e f o l l o w i n g p a r i t y r u l e : 

t h e e l e m e n t s o f M a n d Q a r e e v e n 

t h e e l e m e n t s o f Ν a n d Ρ a r e o d d . 
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We s h a l l d e f i n e t h e ( B e r e z i n ) d e t e r m i n a n t o f s u c h a m a t r i x a s 

a n e v e n e l e m e n t o f Λ . 

L e t u s p r e f a c e t h e d e f i n i t i o n b y a f e w r e m a r k s : 

( a ) L e t us d e n o t e b y a
0
 t h e c o n s t a n t t e r m o f a n e l e m e n t 

a o f Λ ; we c a n s a y t h a t a
0
 i s o b t a i n e d b y p u t t i n g n^ = ...=n =0 

i n a . O n e c h e c k s t h a t ( a + b ) ° = a
0
 + b ° , a n d ( a b ) ° = a ° b ° f o r 

a , b i n Λ . So i f f o r i n s t a n c e P ( t ^ , . . . , t s ) i s a p o l y n o m i a l 

a n d a 1 9. . . , a s a r e e v e n e l e m e n t s o f Λ , t h e c o n s t a n t t e r m o f 

P ( a j , . . . , a ) w i l l b e e q u a l t o Ρ ( a ° , . . . , a ° ) . 

( b ) S u p p o s e a n e l e m e n t a o f Λ h a s a n i n v e r s e b , t h a t i s 

ab = 1; h e n c e a ° b ° = 1 h o l d s . T h e r e f o r e , a
0
 i s n o t z e r o . C o n v e r -

s e l y , i f t h i s i s s o , w r i t e a = a ° ( l - λ) w h e r e λ h a s a z e r o 
r + 1 ο — 1 r 

c o n s t a n t t e r m . T h e n o n e g e t s λ = 0 a n d ( a ) ( l+λ+...+λ ) 

i s a n i n v e r s e o f a . 

L e t us a s s u m e t h a t Τ = I ] i s as b e f o r e a n d t h a t t h e 
( Μ Ν \ 

Λ, J i! 

c o n s t a n t t e r m s o f d e t M a n d d e t Q a r e n o t z e r o . T h e n t h e m a t r i x 

M h a s an i n v e r s e , a n d t h e m a t r i c e s Q a n d Q - ΡM * N h a v e t h e 

same c o n s t a n t t e r m ( s i n c e Ρ a n d Ν h a v e o d d e l e m e n t s , a n d t h e 

c o n s t a n t t e r m o f a n o d d e l e m e n t i s 0 ) . H e n c e t h e d e t e r m i n a n t 

o f Q - P M " * N h a s t h e s a m e c o n s t a n t t e r m as d e t Q , w h i c h i s n o t 

0 , a n d o u r d e t e r m i n a n t h a s a n i n v e r s e i n Λ . We a r e j u s t i f i e d 

t o d e f i n e t h e super de terminant ( o r B e r e z i n d e t e r m i n a n t ) o f Τ 

a s 

s d e t Τ = d e t M · d e t ( Q - P M ^ N ) "
1
 . ( 9 . 3 9 ) 

T h i s f o r m u l a s h o u l d be c o m p a r e d t o f o r m u l a ( 1 . 2 4 ) . 

9 . 1 0 . T h e j u s t i f i c a t i o n o f t h e p r e v i o u s d e f i n i t i o n c o m e s f r o m 

t h e p o s s i b i l i t y t o e x t e n d t o s u p e r f u n c t i o n s a n u m b e r o f c l a s s i -

c a l f o r m u l a s . 

We b e g i n w i t h G a u s s i a n i n t e g r a l s . C o n s i d e r a mixed qua-

dratic form i n t h e v a r i a b l e s ( χ , ξ ) =(χ^9...9χ^9ζ^...ζ^) 

n a m e l y 

Q ( x . O = Σ a . . , x . x . , + 2 Σ b . - χ . ξ . + 
1 , 1

1 11 11
 i , j

 1J 1 J 

+ C
j j ' ^ j ' · (

9
-

4
° ) 

J 9 J 
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H e r e we a s s u m e a . . , = a . , , a n d c . . . = - C i · . We a s s u m e f u r t h e r -

• I I I J J J J 

m o r e t h a t a . . • a n d Cj j • a r e e v e n a n d t h a t j i s o d d . H e n c e 

Q ( x , £ ) w i l l t a k e e v e n v a l u e s w h e n we r e p l a c e χ ^ , . , . , Χ ρ b y e v e n 

e l e m e n t s i n Λ, a n d ξΐ 9...,ξ b y o d d e l e m e n t s i n Λ . I n t r o d u c e 
1
 Η ( Λ β\ 

t h e m a t r i x o f c o e f f i c i e n t s o f Q ( x , C ) , n a m e l v Q = ! . w h e r e 
V B C / 

A =(a.-i) e t c . A s s u m e t h a t t h e c o n s t a n t t e r m o f Σ a . - , χ . χ . , 

π ι , ι '
 11 1 1 

h a s a s t r i c t l y p o s i t i v e r e a l p a r t w h e n χ ^ , . , . , χ a r e r e a l . 

F u r t h e r m o r e , a s s u m e t h e m a t r i x C h a s a n i n v e r s e ( t h a t i s 

d e t ( C )
0
 f- 0 ) . N o t i c e t h a t t h i s i m p l i e s t h a t t h e i n t e g e r q i s 

e v e n . U n d e r t h e s e h y p o t h e s i s , o n e g e t s 

/ { e x p - l 0 ( χ , ξ ^
ρ

χ δ
ς

ξ = (2 T r )
p / 2

( - l )
q / 2

( s d e t Q ) "
1 /2 

( 9 . 4 1 ) 

a common g e n e r a l i z a t i o n o f f o r m u l a s ( 4 . 1 1 ) a n d ( 9 . 3 0 ) . T h e i n -

t e g r a t i o n v a r i a b l e s χ a r e real . 

I n a s i m i l a r w a y a s s o c i a t e t o t h e m a t r i x Τ = 
a b i l i n e a r f o r m 

$ ( χ * , ξ * ; χ , ξ ) = Σ x * m . . , χ . , + 
. . , 1 1 1 ι 
1 ,1

 ( 9 . 4 2 ) 
+

 Ί-
Σ

Ί .
χ

Τ
η

ι α ^ · Y ^ J i V . ^ . ^ ^ j ' · 
1
 » J J 5

 1
 J J J 

1 * 

A s s u m e t h a t t h e s e l f a d j o i n t p a r t ^ ( M + M ) o f M b e p o s i t i v e 

d e f i n i t e a n d t h a t Q b e i n v e r t i b l e a s a m a t r i x . T h e n we g e t t h e 

f o l l o w i n g g e n e r a l i z a t i o n o f f o r m u l a s ( 4 . 2 2 ) a n d ( 9 . 2 9 ) 

/ e x p - S ( x * , c * ; x , c ) d x * d x 1 . . . d x * d x p o ξ * ό ξ χ . . - δ ξ * ^ = 

= ( 2 t t i )
P
( S d e t Τ ) "

1
 . ( 9 . 4 3 ) 

I n t h i s i n t e g r a l , χ ^ , . , . , χ a r e c o n s i d e r e d a s c o m p l e x v a r i a b l e s , 

w i t h x * c o m p l e x c o n j u g a t e t o χ j , a n d d x * d X j i n t e r p r e t e d a s 

2 i d u - d v . i f x . = u . + i v . a n d u - , v . a r e r e a l ( s e e f o r m u l a 
j J j j j j j 

( 4 . 2 3 ) ) . 

We c a n a l s o g e n e r a l i z e t h e f o r m u l a f o r n o n l i n e a r c h a n a e s 

o f c o o r d i n a t e s . We c o n s i d e r a g a i n v a r i a b l e s x ^ , . . . , x , ξ ^ , , . , ξ ^ 

w h e r e t h e x j s a r e e v e n ( o r b o s o n i c ) a n d t h e ̂ ^s o d d ( o r f e r -

m i o n i c ) . A s u p e r c h a n g e o f v a r i a b l e s i s o f t h e f o r m 

551 



X i = U ^ y ; * ) , Çj = Y . g ( y ; n ) 

H e r e y = ( y l 5. . . 9 y p ) a r e e v e n v a r i a b l e s a n d η = ( π ^ · · - ^ ) 

a r e o d d v a r i a b l e s . M o r e o v e r , t h e s u p e r f u n c t i o n ( y ; n ) i s 

e v e n c o n t a i n i n g o n l y t e r m s w i t h a p r o d u c t o f a n e v e n n u m b e r o f 

o d d v a r i a b l e s η . , a n d V . ( y ; n ) i s o d d w i t h a s i m i l a r d e f i n i t i o n , 
j j 

D e n o t e b y 3U/3y t h e m a t r i x M = ( m . ^ i ) w i t h e n t r i e s 

m — ι = 3 υ Ί· ( y ; η )/3y . , a n d u s e s i m i l a r n o t a t i o n s i n t h e c a s e o f 

t h e o t h e r p a r t i a l d e r i v a t i v e s . T h e m a t r i x 

h a s t h e r e q u i r e d p r o p e r t i e s : 3U/3y a n d oV /δη a r e e v e n a n d 

ö U / δ η , 3V/3y a r e o d d . A s s u m e f u r t h e r m o r e t h a t t h e m a t r i c e s 

3U/3y a n d δν/δη a r e i n v e r t i b l e . T h e n t h e s u p e r j a c o b i a n d e t e r -

m i n a n t i s d e f i n e d a s t h e s u p e r f u n e t i o n J ( y ; n ) = s d e t T . 

G i v e n a n y s u p e r f u n c t i o n G ( x ; c ) we h a v e t h e f o l l o w i n g i n t e g r a -

t i o n f o r m u l a 

/ / G ( x ^ ) d
p

x ö ^ = / / G ( U ( y ; n ) ; V ( y ; n ) ) J ( y ; n ) d
p
y f i V ( 9 . 4 4 ) 

S y m b o l i c a l l y , w e h a v e 

J ( y ; n ) d
p

y ô
q

n d
p
x 5

q 
f o r = U ( y ; n ) , ξ = Y ( y ; n ) . 

( 9 . 4 5 ) 

9 . 1 1 . A s w i t h a n y d e f i n i t i o n o f d e t e r m i n a n t , t h e r e a r i s e s t h e 

q u e s t i o n o f t h e v a l i d i t y o f t h e m u l t i p l i c a t i v e r u l e . T h e d e f i -

n i t i o n o f s d e t Τ c a n b e r e c a s t a s f o l l o w s ( s e e o u r c a l c u l a -

t i o n s i n s u b s e c t i o n 1 . 8 ) . W r i t e Τ a s a p r o d u c t 

Τ = 

T h e n we g e t 

/ Α ( ή 
/ 

0 Β 

I . 

, - i s d e t ( T ) = ( d e t A ) . ( d e t B ) 

I n p a r t i c u l a r , t h e m a t r i c e s o f t h e f o r m o r 

( 9 . 4 6 ) 

( 9 . 4 7 ) 

h a v e a s u p e r d e t e r m i n a n t e q u a l t o 1, a n d t h e f o r m u l a 
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s d e t ( Τ Τ ' ) = s d e t ( T ) · s d e t ( Τ ' ) ( 9 . 4 8 ) 

h o l d s i f T i s o f t h e f o r m I
 K

 ] o r » o r e l s e i f Τ ' 

(Κ r\ / a - o \ 
i s o f t h e f o r m

 K
 o r { 1 . T o p r o v e t h e m u l t i p l i-s 

\0 I q | \θ B ' j 

c a t i v e r u l e ( 9 . 4 8 ) i n g e n e r a l , we n e e d o n l y t o s e t t l e t h e c a s e 

w h e r e 

(:· 0 
Τ = I * ' Τ ' = 

I t t h e n r e d u c e s t o t h e p r o o f o f t h e i d e n t i t y 

d e t ( I + Y X ) = d e t ( I - X ( I + Y X f H ) . ( 9 . 4 9 ) 

r H r 

U s i n g t h e i d e n t i t y 

I p - ( I p + Y X f ^ X = ( I p + Y X ) "
1
 · ( 9 . 5 0 ) 

i t s u f f i c e s t o p r o v e t h e r e l a t i o n 

d e t ( I + V U ) = d e t ( I + U V ) "
1
 , ( 9 . 5 1 ) 

r H 

i f U a n d V a r e m a t r i c e s o f r e s p e c t i v e s i z e s q x p a n d p x q 

w i t h o d d e l e m e n t s f r o m Λ . T h i s s h o u l d b e c o m p a r e d t o t h e s t a n -

d a r d f o r m u l a 

d e t ( I p + V U ) = d e t ( I q + U V ) , ( 9 . 5 2 ) 

w h e r e U a n d V a r e m a t r i c e s w i t h e l e m e n t s f r o m a c o m m u t a t i v e 

r i n g , f o r i n s t a n c e even e l e m e n t s f r o m Λ . We l e a v e i t t o t h e 

r e a d e r t o p r o v e f o r m u l a ( 9 . 5 1 ) d i r e c t l y . 

9 . 1 2 . L e t u s s k e t c h a n " i n v a r i a n t " d e f i n i t i o n o f t h e s u p e r d e -

t e r m i n a n t , d u e t o I . M a n i n . C o n s i d e r f i r s t p o l y n o m i a l s Ρ ( χ ; ξ ) 

i n o n e e v e n v a r i a b l e χ a n d o n e o d d v a r i a b l e ξ . S u c h a p o l y n o -

m i a l c a n b e w r i t t e n a s Ρ ( χ ; ξ ) = A ( x ) + Β ( χ ) ξ . D e n o t e b y δ t h e 

o d d p o l y n o m i a l χ ξ . T h e n t h e p r o d u c t 6 Ρ ( χ ; ξ ) i s e q u a l t o 
2 

χ Α ( χ ) ξ b e c a u s e ξ = 0 . H e n c e i f δ Ρ = 0 , we g e t x A ( x ) = 0 , 

h e n c e A ( x ) = 0 , h e n c e Ρ ( χ ; ξ ) = Β ( χ ) ξ . I n t u r n , B ( x ) c a n b e 

w r i t t e n a s B ( 0 ) + x C ( x ) , w h e r e C ( x ) i s a p o l y n o m i a l , a n d 

f i n a l l y 
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Ρ ( χ ; ξ ) = Β ( 0 ) ξ + 6 C ( x ) ( 9 . 5 3 ) 

T h i s c a n b e g e n e r a l i z e d t o a n y n u m b e r o f e v e n v a r i a b l e s 

x 1 5. . . , x n a n d o d d v a r i a b l e s ξ ^ , . . . » ξ η · C o n s i d e r t h e o d d p o l y -

n o m i a l δ = X]^i+ . . .
 + x

n ^ n - S e t t i n g <Sj = Xj£j» we g e t δ = 

6 1 + . . . + δ η and ^ . 6 . - s i n c e x i Xj = x ^ . a n d ξ ^ . = - ξ ^ . 

T h e r e f o r e δ = 0 . T h e n b y i n d u c t i o n o n n , o n e p r o v e s t h a t a 

p o l y n o m i a l Ρ = Ρ ( χ ; ξ ) s a t i s f i e s t h e e q u a t i o n δ Ρ = 0 i f f i t 

c a n b e w r i t t e n a s 

Ρ ( χ ; ξ ) = c ζλ. . . ξ η + δ ( } ( χ , ξ ) ( 9 . 5 4 ) 

f o r some p o l y n o m i a l ( ) ( χ ; ξ ) . T h e c o n s t a n t c i s u n i q u e l y d e f i n e d 

b y Ρ s i n c e ο ξ χ . . . ξ ρ = Ρ ( 0 ; ξ ) . 

C o n s i d e r a g a i n v a r i a b l e s x ^ , . . . , X p , ξ Ί , . . . , ξ ^ a n d a 

l i n e a r t r a n s f o r m a t i o n w i t h m a t r i x Τ = ^ \ a s b e f o r e . I n t r o -

VP Q j 

d u c e new v a r i a b l e s Υ χ » · · · » Υ ς » n - ρ . . . , η ρ w i t h y^ e v e n a n d n k 

o d d , a n d t h e o d d p o l y n o m i a l 

δ = Χ ιη 1 + . . . + x p n p + y 1 ?1 + . . . +y q Çq . ( 9 . 5 5 ) 

/ M ' Ν ' \ 
L e t us d e n o t e b y ( t h e i n v e r s e o f t h e t r a n s p o s e o f Τ 

VP' Q ' l 
a n d d e f i n e 

( 9 . 5 6 ) 

I f we a c t s i m u l t a n e o u s l y o n ( χ , ξ ) b y t h e l i n e a r t r a n s f o r m a t i o n 
•X· 

w i t h m a t r i x T , a n d o n ( y , n ) b y t h e m a t r i x Τ , we s e e t h a t δ 

r e m a i n s i n v a r i a n t . 

P u t ω = ξ χ · · · ζ ς
 η

ΐ · · ·
η

ρ ·
 T n en

 δω = 0 , a n d a n y s o l u t i o n 

Ρ = Ρ ( χ , ξ » Υ » η ) o f δΡ = 0 i s o f t h e f o r m c - ω + ôQ f o r s o m e 

c o n s t a n t c a n d s o m e p o l y n o m i a l Q = Q ( x ^ , y , n ) . T h e c o n s t a n t c 

i s e q u a l t o Ρ ( Ο , ξ , Ο , η ) . Now t r a n s f o r m s i m u l t a n e o u s l y χ , ξ b y 

Τ a n d y , n b y T * . L e t φ b e t h e t r a n s f o r m o f ω . F r o m δω= 0 a n d 

t h e i n v a r i a n c e o f δ , we g e t δφ = 0 , h e n c e 

φ = C O I + s q ( x , c , y , n ) . ( 9 . 5 7 ) 
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T h e c o n s t a n t c i s o b t a i n e d b y p u t t i n g χ a n d y e q u a l t o 0 , t h a t 

i s n e g l e c t i n g t h e t e r m s c o n t a i n i n g t h e s e v a r i a b l e s . B u t t h e n , 

ζ t r a n s f o r m s i n t o Q£ a n d η i n t o M ' n , h e n c e b y t h e G r a s s m a n n 

d e f i n i t i o n o f t h e d e t e r m i n a n t ( f o r m u l a ( 9 . 1 ) ) , o n e g e t s 

c = d e t Q« d e t N T . We w a n t t o s h o w t h a t the constant c , w h i c h 

we d e n o t e f o r a m o m e n t b y D ( T ) , is the inverse of the s up er de-

terminant of T . 

B y d e f i n i t i o n , Τ t r a n s f o r m s ω i n ϋ ( Τ ) · ω + <SQ f o r s o m e 

Q. A c t i n g n o w b y t h e t r a n s f o r m a t i o n a s s o c i a t e d t o a m a t r i x T
1

, 

we t r a n s f o r m ω i n ϋ ( Τ ' ) ω + <SQ' f o r s o m e Q' a n d Q i n t o Q " , 

h e n c e we t r a n s f o r m 0 ( Τ ) ω + δρ i n t o D ( T ) D ( T ' ) < * > + ö Q '
1
' f o r a 

s u i t a b l e Q ' " . T h e m u l t i p l i c a t i v e r u l e f o l l o w s 

D ( T T ' ) = D ( T ) · D ( Τ
1
 ) . ( 9 . 5 8 ) 

I t r e m a i n s t o c o n s i d e r t h e e l e m e n t a r y c a s e s : 

° \ ... τ* { °
λ
· 

\ t h e n Τ = , 

ν I-- *P 

( a ) I f Τ = ί
 p

 \ t h e n T * = | /
q
 I , h e n c e Q = I , 

• X I ,
 q 

M ' = I p a n d D ( T ) 

( b ) I f Τ =
 μ

 \ t h e n Τ = I
 q

 , h e n c e Q = I 

Vo I q ) V° I P l 

q
9 

M
1
 = I p a n d D ( T ) = 1, 

<°> " 1 • (Ô 3 τ · • ( Γ ν}· h e n c c 5 = Β· 
M

1
 =

 t
A "

1
, h e n c e D ( T ) = ( d e t B ) - ( d e t A ) "

1
 . 

T h e f o r m u l a D ( T ) = ( s d e t T ) "
1
 f o l l o w s now f r o m t h e r e m a r k s 

a t t h e b e g i n n i n g o f s u b s e c t i o n 9 . 1 1 . 

S i n c e s d e t Τ i s e q u a l t o D ( T ) "
1

, t h e m u l t i p l i c a t i v e 

r u l e f o l l o w s a t o n c e f r o m f o r m u l a ( 9 . 5 8 ) . 

9 . 1 3 . We c o n c l u d e b y a f e w r e m a r k s . 
(M N \ / q P\ 

( a ) F o r Τ = \ I a s b e f o r e , p u t Τ
π
 = \ , T h e n 

VP Q J IN M I 
s d e t ( Τ

π
) i s t h e i n v e r s e o f s d e t ( T ) . T h i s i s t h e g e n e r a l 

s y m m e t r y r u l e f o r c h a n g i n g t h e p a r i t y . I n d e e d Τ a c t i n g o n v a -

r i a b l e s χ Ί · , ξ ^ · 5 r e p l a c e t h e e v e n v a r i a b l e s χ Ί · b y o d d v a r i a b l e s 
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η . a n d t h e o d d v a r i a b l e s ξ . b y e v e n v a r i a b l e s y - . T h e n Τ i s 
π ^ 

t r a n s f o r m e d i n t o Τ . 

( b ) Same n o t a t i o n s a s b e f o r e . C o n s i d e r t h e v e c t o r s p a c e 

o f p o l y n o m i a l s i n χ , ξ h o m o g e n e o u s o f d e g r e e Β i n χ a n d F i n ξ ; 
ρ ρ 

i t i s t h e s a m e a s t h e s p a c e d e n o t e d Σ * V i n s u b s e c t i o n 2 . 9 , 

w h e r e V i s t h e v e c t o r s p a c e g e n e r a t e d b y x ^ , . . . , X p $ ξ ^ , . . . , 

w i t h o b v i o u s s u b s p a c e s V
+
 a n d V". I n t r o d u c e a n a u x i l i a r y v a r i a -

b l e t . We g e t t h e f o l l o w i n g g e n e r a l f o r m o f t h e M a s t e r t h e o r e m 

s d e t ( l + t T ) = Σ ( - l )
F

t
B +F

 Τ Γ ( Τ | Σ
Β
·

Ρ
Υ ) , ( 9 . 5 9 ) 

B sF 

w h e r e t h e l a s t t e r m i s t h e t r a c e o f t h e o p e r a t o r i n d u c e d o n 
p Γ 

Σ ' V b y t h e t r a n s f o r m a t i o n o f t h e v a r i a b l e s χ , ξ b y Τ i n t h e 
ρ ρ 

p o l y n o m i a l s Ρ ( χ ; ξ ) i n Σ
 9

 V. T h e M a s t e r t h e o r e m i n t h e f o r m 

( 3 . 1 6 ) r e a d s a s f o l l o w s 

s d e t ( 1 + t | J) = 1. ( 9 . 6 0 ) 

we d e f i n e i t s s u p e r t r a c e 

a s s t r ( T ) = T r ( M ) - T r ( Q ) . T h e f o l l o w i n g f o r m u l a s 

d l o g s d e t T = s t r ( T
- 1

d T ) , ( 9 . 6 1 ) 

s d e t ( l + z T ) = e x p { Σ ( - l ) " "
1
 s t r ( T

n
) z

n
/ n ) 

a r e t h e a n a l o g u e s o f f o r m u l a s f o r d e t e r m i n a n t s c o n s i d e r e d 

b e f o r e . 
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